Some Generic Results on Algebraic Observability and Connections with Realization Theory

Krister Forsman Dept. of Electrical Engineering, Linköping University S-581 83 Linköping, Sweden

email: krister@isy.liu.se

1992-09-29

This report and other reports from the automatic control group in Linköping are available by anonymous ftp on the address 130.236.24.1 (joakim.isy.liu.se) This report is contained in the compressed ps-file named /pub/reports/LiTH-ISY-I-1403.ps.Z

Some Generic Results on Algebraic Observability and Connections with Realization Theory

Krister Forsman Dept. of Electrical Engineering Linköping University, S-581 83 Linköping, Sweden email: krister@isy.liu.se Phone: +46 - 13 - 281882, Fax: +46 - 13 - 282622

1992-09-29

Abstract. We analyze Glad/Fliess algebraic observability for polynomial control systems from a commutative algebraic/algebro-geometric point of view. Furthermore we show some relations between algebraic observability and realization theory for polynomial differential equations. Most issues are treated in a constructive framework, and we use Gröbner bases for performing elimination.

Keywords: nonlinear control systems, observability, realization theory, Gröbner bases, elimination theory, commutative algebra, differential algebra, genericity

1 Introduction

Algebraic observability has been introduced in a differential algebraic setting by Glad, Fliess and Diop [6, 7, 13]. It was also discussed for discrete time systems, from a slightly different perspective, in [10]. It should be noted that the term has also been used by Sontag et al. in a different meaning [25]. The concept applies for nonlinear systems in which all nonlinearities are polynomial and, as explained in [7], it basically agrees with the standard definitions of observability given in e.g. [14, 20]. Some basic results in this direction were also presented in [8, chapter 5].

It is the purpose of this paper to

• give some additional aspects of algebraic observability in the light of Gröbner base theory.

• indicate how the observer relations can be used to obtain information on alternative state space realizations of the same input-output equation and inequations that may have to be added to the i/o-equation.

Theorems 3.4 and 3.3 seem to be new, as do the proofs of theorems 3.1 and 3.2. The methods suggested section 4 also appear to be new, though the results of that section are still rather preliminary. Some of the results are not new, merely restated in a language different from the one of differential algebra. The author firmly believes that differential algebra is a natural and appropriate framework for dealing with polynomial control systems, both from a theoretical and constructive basis. However, according to the golden rule of science known as Occam’s razor, one should never use more machinery than necessary to obtain desired results and in this spirit the reformulation might have an interest of its own.

We suppose that the reader is familiar with some basic concepts from commutative and differential algebra, such as polynomial ring, ideal, prime ideal, height and dimension of an ideal, quotient ring, field of quotients, transcendence degree and differential field. Some references are [1, 17, 24, 18, 8].

The following notation is used:

• The ideal generated by the set F is written ⟨ F ⟩.

• We use the abbreviations

x̄ = x_1, . . . , x_n, ȳ = y_0, . . . , y_n�_1 (1)

so that e.g. k(ȳ)[x̄] = k(y_0, . . . , y_n�_1)[x_1, . . . , x_n].

• The field of quotients of an integral domain R is denoted Q(R).

• For the variable y we use subscript to denote time-derivative, as is made in e.g. [22]:

y_i = d dt y(t) (2)

• For a prime ideal p ⊂ k[x_1, . . . , x_n] the dimension of p is the number

dim p = trdeg_k Q(k[x_1, . . . , x_n]/p) (3)

Some refer to this as the coheight of p. It is proved in e.g. [16] and [18] that this number is equal to the length of the longest ascending chain of prime ideals starting with p.

2 Elimination Theory

Elimination consists in finding the elements of an ideal that belong to a certain subring. For example we may wish to find a ∩ k[X] for an ideal a ⊆ k[X, Y ] where X, Y are sets of variables. One way of doing elimination is to compute a so called Gröbner base, or standard base, of an ideal w.r.t. the purely lexicographic term-ordering (plex). The Gröbner base (GB) for an ideal is a subset of it having some nice properties; see e.g. theorems 2.1 and 2.2 and formula (5) for some of them. For an introduction to GB see e.g. [21, 11, 2, 8]. The computer algebra programs Maple, Reduce and Macsyma all have packages for computing GB:s.

The GB for an ideal is unique, under some natural assumptions [11], so we write GB(a) for the GB of a. The following two theorems on GB are of special interest in this paper. Recall that a polynomial in k[x_1, . . . , x_n] is regular w.r.t. x_i if the leading term is in k[x_i] for a plex term-ordering ranking x_i highest.

Theorem 2.1 Let a be an ideal in k[x_1, . . . , x_n]. If G = GB(a) w.r.t. plex then dim a = 0 iff for all i there is a p ∈ G such that p is regular w.r.t. x_i.

Proof. See [11] or [2, page 209]. 2

Theorem 2.2 Let k be any field of characteristic zero. A plex GB for a prime zerodimensional ideal in k[x_1, . . . , x_n] has n elements.

Proof. See [11]. 2

This means that a plex-GB for a prime zero-dimensional ideal w.r.t. the variable ranking x_1 ≺ . . . ≺ x_n looks as follows:

x^qn_n − p_n(x_1, . . . , x_n)

x^qn�^1_n�_1 − p_n�_1(x_1, . . . , x_n�_1) . . x^{q2}_2 − p_2(x_1, x_2)

x^{q1}_1 − p_1(x_1)

(4)

where ∀i : deg(p_i, x_i) < q_i. This is particularly interesting in the case when k is not a number field and the ideal in question is prime, because in this case we can use lemma 3.2 below to adjoin variables to the coefficient ring until the ideal becomes zero-dimensional. We can compare the GB to a Ritt characteristic set and easily see that the GB is actually a characteristic set after such simple manipulations. This observation is also made in [4].

We say that a property is generic on a space if it holds on a dense subset of the space in question.

Theorem 2.3 Let G be a plex GB for a prime zero-dimensional ideal in k[x_1, . . . , x_n]. Generically the n − 1 first elements of G are linear in the leading variable.

Proof. Proved in [11]. 2

Here the term generic refers to the coefficients of the polynomials that generate the ideal. Thus the generic look of a plex-GB for a zero-dimensional prime ideal w.r.t. the variable ranking x_1 ≺ . . . ≺ x_n is x_n − p_n(x_1) . . x_2 − p_2(x_1) p_1(x_1) (5)

where ∀i : p_i ∈ k[x_1] and deg p_1 > deg p_i for i = 2, . . . , n (note that this is not entirely correctly stated in [11]).

3 Algebraic Observability

Consider a polynomial system in state space form:

ẋ(t) = f(x(t)), y(t) = h(x(t)) (6)

where f is a polynomial mapping R^n → R^n and h a polynomial output map R^n → R ; i.e. h ∈ k[x_1, . . . , x_n], ∀i : f_i ∈ k[x_1, . . . , x_n] (7) Thus there is no input signal so far. Most of the analysis below goes through in the case of an input signal as well, though; just change the coefficient field k to include u, u̇, . . . , u^{(ν)} for some ν large enough. Some of the additional difficulties arising when inputs are added are treated in [7].

Definition 3.1 The Lie derivative w.r.t. f is the differential operator L_f = n∑ i=1 f_i ∂ ∂x_i . 2 One of our main objects of study in this paper will be the ideal

L^j_f h = ⟨ y_0 − h, y_1 − L_f h, . . . , y_j − L^j_f h ⟩ (8)

for different values of j. The generators of the ideal are thus some j polynomials L^i_f h, each one associated to a “tag-variable” y_i. The technique of tag-variables is commonly used in constructive commutative algebra; see e.g. [23, 11]. In the current context, we of course think of the subscript of y as denoting time-derivative:

y_i = d dt y(t)

Let us state some important properties of the ideal L^j_f h. Recall the abbreviations (1).

Lemma 3.1 We have that (L^j_f h) ∩ k[x̄] = 0 where L^j_f h is defined by formula (8).

Proof. Write a_i = y_i − L^i_f h. Suppose that s ∈ k[x̄] ∩ L^j_f h. By definition s = ∑ i α_i a_i, α_i ∈ k[x̄] (9)

If s ≠ 0 then we choose a value ξ ∈ k^n of x̄ such that s(ξ) ≠ 0. Then, for each i, we choose y_i = f_i(ξ). This implies that the right hand side of (9) is zero, and we get a contradiction. 2

Theorem 3.1 The ideal L^j_f h is prime for all j.

Proof. We prove that A = k[x̄, y_0, . . . , y_j ]/( L^j_f h) is an integral domain. Suppose that pq = 0 in A. According to lemma 3.1 it is impossible that both p and q are in k[x̄]. Suppose p contains some y_i. Then we use the relation a_i = 0 to replace y_i with an expression in x̄. In this way we can eliminate all y_i from p, and get a contradiction. 2 The above theorem can also be proved using Ritt’s characterization of prime ideals via characteristic sets [22, page 89], as is done in [12].

Now we only need the following theorem in order to state some facts about algebraic observability (the theorem is also used in e.g. [11]):

Lemma 3.2 Let R be an integral domain and x an indeterminate. There is a one-to-one correspondence between the prime ideals p of R[x] such that R ∩ p = 0 and the prime ideals of Q(R)[x].

Proof. See [15, Theorem 36]. Corollary 1 to theorem 16 in chapter IV of [26] is a slightly more general formulation of this theorem. 2

Lemma 3.3 We have that dim(L^n�^1_f h) = n. Proof. Since, for any prime ideal p in k[x̄, ȳ] we have dim p + ht p = dim k[x̄, ȳ] = 2n (10) where ht p denotes the height of p it is necessary and sufficient that ht (L^n�^1_f h) = n. Now L^n�^1_f h ⊃ . . . ⊃ L^1_f h ⊃ L^0_f h ⊃ 0 (11) is a strictly descending chain of prime ideals according to theorem 3.1. Thus ht (L^n�^1_f h) ≥ n. The generalized Krull’s Hauptidealsatz (see [16, theorem 3.4] or [18, theorem 13.5]) states that the height of a prime ideal is less than or equal to the minimal number of generators of the ideal, so ht (L^n�^1_f h) ≤ n and we have equality. 2 Definition 3.2 The system (6) is algebraically observable if each x_i is algebraic over the differential field k⟨y⟩. 2 This just means that the system is algebraically observable if for each x_i there is an r such that there is a polynomial a_i ∈ k[x_i, y_0, . . . , y_r], deg(a_i, x_i) > 0 (12) We call this a_i, if it exists, an observer relation for x_i.

The lemma below serves to simplify the concept of algebraic observability a little. To prove it we need the elementary fact trdeg L/k = trdeg L/K + trdeg K/k (13) for an arbitrary tower of field extensions L ⊃ K ⊃ k (see e.g. [24, theorem 12.56]). Lemma 3.4 The system (6) is algebraically observable iff each x_i is algebraic over k(ȳ). Proof. Let r ∈ N be arbitrary. It is easy to prove (done in e.g. [8]) that the extension k(y_0, . . . , y_r)/k(ȳ) is algebraic. It is a direct consequence of formula (13) the extension k(x_i, y_0, . . . , y_r)/k(y_0, . . . , y_r) is algebraic iff k(x_i, y_0, . . . , y_n�_1)/k(ȳ) is. 2 The following theorem was first proved by Glad in [13]. The proof given here differs substantially from the original one.

Theorem 3.2 The system (6) is algebraically observable iff (L^n�^1_f h) ∩ k[ȳ] = 0 Proof. Consider the two fields k(x̄, ȳ) = Q(k[x̄, ȳ]/(L^n�^1_f h)) (14) and k(ȳ) = Q(k[ȳ]/(k[ȳ] ∩ (L^n�^1_f h))) (15)

If (L^n�^1_f h)∩k[ȳ] = 0 then k(ȳ) is a purely transcendental extension of k, of course. The system is algebraically observable iff trdeg k(x̄, ȳ)/k(ȳ) = 0 according to lemma 3.4. Formula (13) gives that trdeg k(x̄, ȳ)/k = trdeg k(x̄, ȳ)/k(ȳ) + trdeg k(ȳ)/k (16)

Lemma 3.3 implies that trdeg k(x̄, ȳ)/k = n. But this means that we have algebraic observability iff trdeg k(ȳ)/k = n. 2

Thus we have a simple test for algebraic observability: we just check if there is a relation between y_0, . . . , y_n�_1 using elimination theory.

To be able to use the results on zero-dimensional GB:s we will now change the ground field using theorem 3.2. In other words we will make embedddings of the type φ : k[x̄, ȳ] → k(ȳ)[x̄] (17) The extension of a prime ideal p in k[x̄, ȳ] to k(ȳ)[x̄] is

p^e = φ(p) k(ȳ)[x̄] (18)

For an arbitrary p the extension p^e is not necessarily prime (see e.g. [1]), but the ideals that are of interest to us turn out to have prime extensions.

Theorem 3.3 If the system (6) is algebraically observable, then (L^n�^1_f h)^e a zero-dimen-sional prime ideal in k(ȳ)[x̄] and (L^n_f h)^e is zero-dimensional prime in k(ȳ)[x̄, y_n].

Proof. According to theorem 3.1 L^n�^1_f h is a prime ideal in k[x̄, ȳ]. Theorem 3.2 assures that L^n�^1_f h contracts to zero in k[ȳ], so lemma 3.2 implies that (L^n�^1_f h)^e is prime in k(ȳ)[x̄]. Lemma 3.3 implies that the dimension is zero, since we have decreased the dimension of the ring to n by adjoining variables to the ground field. The situation is completely analogous for L^n_f h and (L^n_f h)^e. 2

Theorem 3.3 is not only of theoretical interest, it also has practical consequences if we wish to compute with L^n_f h in a computer algebra system such as Maple [3]: computations are more efficient when made in a ring of fewer variables (K[x̄, y_n] compared to k[y_0, . . . , y_n, x̄]). This observation was used by the author in the Maple package Polycon [9].

It now follows from theorem 2.2 that for an algebraically observable system there is only one observer relation for each variable, in principle.

Theorem 3.4 Suppose that (6) is a generic algebraically observable system. Then, for all i, x_i is a rational function of y_0, . . . , y_n where subindices denote time derivatives of y.

Proof. According to theorem 3.3 the result follows as we apply theorem 2.3 to (L^n�^1_f h)^e. 2

So, even if L^n�^1_f h always contains observer relations for all state variables if the system is algebraically observable, the chance of getting a relation linear in x_i is much greater if we compute in L^n_f h instead.

We conclude this section by restating the main results in terms of morphisms, as defined in algebraic geometry (see e.g. [19]).

Define the observability morphism H : C^n → C^n to be the mapping H : (x_1, . . . , x_n) → (h(x̄), (L_f h)(x̄), . . . , (L^n�^1_f h)(x̄)) (19) Now theorem 3.2 can be reformulated as:

The system (6) is algebraically observable iff H is dominant.

According to [19, page 71] the fibres of a dominant morphism are generically finite, i.e. there is a dense set U ⊆ C^n such that ∀y ∈ U : dim H�^1(y) = 0 (20)

4 Connections with Realization Theory

This section contains some preliminary results on how the observer relations described in the previous section can be used to obtain some information on

• alternative state space realizations of the same input-output equation and observer relations.

• inequations that may have to be added to the i/o-equation in order to get equivalence between solutions.

The mathematical rigor of this section is not yet as satisfactory as that of the preceding one, but the results seem interesting enough to deserve being mentioned in this context.

The basic idea is to differentiate the observer relations in order to retrieve the state equations by elimination. This is not interesting in the case where the elimination only renders a single equation that tells us that ẋ_i = f_i, which we already knew.

It becomes more interesting when the ideal considered is non-prime, for then we may get several suggestions for state equations and also some expressions in x̄ only that give conditions on the states. Let us first describe the method suggested in general terms and then consider some simple examples:

Suppose that the system considered is algebraically observable. Starting with L^n�^1_f h we 1. Find a differential equation p = 0 for y, for example by elimination in (L^n_f h)^e as described in [8] 2. Compute a plex Gröbner base G for (L^n�^1_f h)^e ranking x_i, say, lowest. This gives an observer relation a_i(x_i, ȳ) = 0 for x_i according to the previous section. and implemented in [9].

3. Differentiate a_i w.r.t. time, to get da_i ∈ k[ȳ, y_n, x_i, dx_i]. 4. Repeat steps 2 and 3 for each i in order to get a_1, . . . , a_n, da_1, . . . , da_n 5. Compute Gröbner bases for the ideal a = (L^n�^1_f h) + ⟨ p, da_1, . . . , da_n ⟩ (21) in k[ȳ, y_n, x̄, dx_1, . . . , dx_n] w.r.t. rankings such that the y_i and all dx_i except one are eliminated. This gives one or several expressions for dx_i in terms of x̄.

Summarizing we get an answer to the question: “Which state space realizations have the prescribed input-output equation and observer relations?” and “Do we have to put constraints on the state variables for equivalence to hold?”

The reader should please keep in mind that it has not yet been proved that the procedure always gives all the information wanted. The weak spot is clearly step 5: Is it always possible to eliminate the variables mentioned? This question is subject to ongoing research.

The following examples illustrate on simple systems how the method outlined is intended to work.

Example 4.1 (Inspired by example 2 in [5]) Consider the simple system ẋ = x, y = x^2 + x (22)

If we compute a Gröbner base for the ideal

L^1_f (x^2 + x) = ⟨ y_0 − x^2 − x, y_1 − 2x^2 − x ⟩ (23)

w.r.t. the ranking x ≻ y_1 ≻ y_0 we get

G = { x − 2y_0 + y_1, p } (24)

where p = y_0 + 4y^2_0 − (4y_0 + 1)y_1 + y^2_1 (25)

So p = 0 is a differential equation for y but, as is noted in [5], whereas y(t) ≡ −1/4 is a zero of p there is no corresponding solution to (22). Thus we have to add the inequation y ≢ −1/4 to get equivalence between solutions. In [5] a method from differential algebra due to Seidenberg is used to keep track of inequations.

Now, the method described above will work as follows in this example: the observer relation for x in L^n�^1_f h is simply the generator y_0 − x^2 − x. Differentiate it and add its derivative and p to L^0_f h to get ideal

a = ⟨ y_0 − x^2 − x, (2x − 1)dx − y_1, y_0 + 4y^2_0 − (4y_0 + 1)y_1 + y^2_1 ⟩ (26)

A GB for a w.r.t. the ranking y_1 ≻ y_0 ≻ dx ≻ x is

^G = { y1 − (2x + 1)dx, y0 − x2 − x, (1 + 2x)2(x + 1 − dx)(x − dx)} (27)

The last element of ^G is the only non-trivial one. It shows that a is not prime, and each of the factors tells us something: we have that

either x = −1/2 or ẋ = x or ẋ = x + 1

The interpretation is clear: if x(t) ≢ −1/2 (i.e. y(t) ≢ −1/4) and y = x^2 + x then the equation p = 0 can be realized either as ẋ = x or as ẋ = x + 1.

To illustrate that the method is completely algorithmical we show a Maple session for doing the above computations (by the way also using Polycon):

> with(grobner): read(‘polycon.m‘):
> f:=vector([x]): h:=x^2+x:
> p:=ss2ioc(f,h,[x]);
                       2 2
                p := y1 + (- 4 y0 - 1) y1 + 4 y0 + y0

> a:=[y0-x^2-x,y1-(2*x+1)*dx,p]:
> ghat:=gbasis(a,[y1,y0,dx,x],plex):
> nops(ghat);
                                   3
> factor(ghat[3]);
                            2
                   (1 + 2 x) (x - dx + 1) (x - dx)

2 Example 4.2 For the realization ẋ = 1/2, y = x^2 of the differential equation y^2_1 − y_0 = 0 we get the ideal a = ⟨ y_0 − x^2, y^2_1 − y_0, y_1 − 2xdx ⟩ (28) Now we see quite easily that eliminating y_1, y_0 we get

4x^2 dx^2 − x^2 = x^2(2 dx − 1)(2 dx + 1) (29)

In other words: the realization only covers solutions with x(t) ≢ 0 and an equivalent realization is provided by ẋ = −1/2, y = x^2. 2

Example 4.3 Consider the second order system

ẋ_1 = x_2, ẋ_2 = x_1x_2, y = x^2_1 (30)

If we proceed as described above we find that e.g.

a_1 = y0 − x^2_1, a_2 = 4x^2y_0 − y^2_1 (31)

etc. The GB for a w.r.t. the ranking

y_2 ≻ y_1 ≻ y_0 ≻ dx_2 ≻ dx_1 ≻ x_2 ≻ x_1

contains 6 elements, among which are

x^6_1x_2 (x_1x_2 − dx_2) (x_1x_2 + dx_2) (32) and − x_1 (x_2 − dx_1) (33) So, for example, we can conclude that ẋ_2 = ±x_1x_2 follows from the “input-output equation” and a_1 = a_2 = 0 together, as long as x_1x_2 ≠ 0. 2

Acknowledgement

This work was financially supported by the Swedish Council for Technical Research (TFR).

References

[1] M.F. Atiyah and I.G. MacDonald. Introduction to Commutative Algebra. Addison- Wesley, 1969.

[2] B. Buchberger. Gröbner bases: An algorithmic method in polynomial ideal theory. In N.K. Bose, editor, Multidimensional Systems Theory, pages 184–232. Dordrecht Reidel, 1985.

[3] B. Char, K.O. Geddes, G.H. Gonnet, B.L. Lelong, M.B. Monagan, and S.M. Watt.

Maple V Language Reference Manual. Springer, 1991.

[4] S.-C. Chou. Machanical Geometry Theorem Proving. Mathematics and Its Applications.

D. Reidel, 1988.

[5] S. Diop. Elimination in control theory. Math. Control Signals Systems, 4(1):17–32, 1991.

[6] S. Diop and M. Fliess. Nonlinear observability, identifiability and persistent trajectories.

In Proc. 30th CDC, volume 1, pages 714–719, Brighton, UK, 1991. IEEE.

[7] S. Diop and M. Fliess. On nonlinear observability. In Proc. First European Control Conf., volume 1, pages 152–157, Grenoble, France, July 1991. Hermès.

[8] K. Forsman. Constructive Commutative Algebra in Nonlinear Control Theory. PhD thesis, Dept. of Electrical Engineering, Linköping University, S-581 83 Linköping, Sweden, 1991.

[9] K. Forsman. Polycon - a Maple package for polynomial and rational control systems.

Technical Report LiTH-ISY-I-1386, Dept. of Electrical Engineering, Linköping University, S-581 83 Linköping, Sweden, August 1992. Included in the Maple share library. Also available by anonymous ftp 130.236.24.1.

[10] R. Germundsson and K. Forsman. A constructive approach to algebraic observability.

In Proc. 30:th CDC, volume 1, pages 451–452, Brighton, UK, 1991. IEEE.

[11] P. Gianni, B. Trager, and G. Zacharias. Gröbner bases and primary decomposition of polynomial ideals. In L. Robbiano, editor, Computational Aspects of Commutative Algebra, pages 15–33. Academic Press, 1989. From J. Symb. Comp. Vol. 6, nr. 2-3.

[12] S.T. Glad. Nonlinear state space and input output descriptions using differential polynomials. In J. Descusse, M. Fliess, A. Isidori, and D. Leborgne, editors, New Trends in Nonlinear Control Theory, pages 182–189. Springer, 1988.

[13] S.T. Glad. Differential algebraic modelling of nonlinear systems. In M.A. Kaashoek, J.H.

van Schuppen, and A.C.M. Ran, editors, Realization and Modelling in System Theory. Proc. Intl. Symp. MTNS-89, volume I, pages 97–105, Amsterdam, 1990. Birkhäuser.

[14] A. Isidori. Nonlinear Control Systems. CCES. Springer, second edition, 1989.

[15] I. Kaplansky. Commutative Rings. The University of Chicago Press, revised edition, 1974.

[16] E. Kunz. Introduction to Commutative Algebra and Algebraic Geometry. Birkhäuser, 1985.

[17] S. Lang. Algebra. Addison-Wesley, 1984.

[18] H. Matsumura. Commutative Ring Theory., volume 8 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, 1986.

[19] D. Mumford. The Red Book of Varieties and Schemes, volume 1388 of Lect. Notes in Math. Springer, 1988.

[20] H. Nijmeijer and A.J. van der Schaft. Nonlinear Dynamical Control Systems. Springer, 1990.

[21] F. Pauer and M. Pfeifhofer. The theory of Gröbner bases. L’Enseignement Mathématique, 34:215–232, 1988.

[22] J.F. Ritt. Differential Algebra. Dover, 1950.

[23] D. Shannon and M. Sweedler. Using Gröbner bases to determine algebra membership, split surjective algebra homomorphisms and determine birational equivalence. In L. Robbiano, editor, Computational Aspects of Commutative Algebra, pages 133–139. Academic Press, 1989. From J. Symb. Comp. Vol. 6, nr. 2-3.

[24] R.Y. Sharp. Steps in Commutative Algebra, volume 19 of London Mathematical Society Student Texts. Cambridge University Press, 1990.

[25] E.D. Sontag. Polynomial Response Maps, volume 13 of Lecture Notes in Control and Information Sciences. Springer, 1979.

[26] O. Zariski and P. Samuel. Commutative Algebra I, volume 28 of Graduate Texts in Mathematics. Springer, 1975.