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Grébner basis computation with a

Definition
pis wrt F e o
Pp(Td(F) N Zp{X]) = Id{¢p(F)) Check (ideal inclusion, Gribner basis check)

pis for (F,<) & VfeF, o he< () Ordinary trace-lifting
GCId{F)isa lp-comoatibfe Gribner basis candidaﬁl g
of Fw.rt <« pis permissible for (G, <) and $p(G)
is a Grébner basis of Id(¢p{(F)) w.r.t. <. Finding a compatible p

e Compatibility - .- order-independent. +

Guess of a p-compatible candidate
o Checked by two Grobner basis computation Existence = Correctness
(over Q and GF(p)) w.r.t. any order. New method

e F is already a Grébner basis = permissibility
implies compatibility.

If “Finding a compatible p " is easier than

“check”
Main Theorem
p is compatible w.r.t. F and G is a p-cempatible ¥
candidate = G is a Grébner basis of F.
Improvement



Candidate computation by Linear
Algebra and Hensel Lifting

Direct computation of a Grobner basis element
as an inverse image of the corresponding modular
Grébner basis element.

F 1 already a Grdbner basis w.r.t. <y
p . a permissible prime for (F, <)
4
G <= GB<(¢p(F))
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@ 3 h = kh (Replace coefficients with
undetermined coefficients)

4
Solve NF<,(h,F) =0 w.r.t. the undetermined
coefficients

U

If the solvings succeed for all the elements of G,
then the obtained polynomials form a p-
compatible Grébner basis candidate.

Solving linear equations by Hensel
fifting
Problem 1 M, B : nxn, n x 1 integer matrix.

X ! nx 1 matrix with unknown entries. Assuming
det{¢pp{M)) # O, solve MX = B over Q.

Algorithm 2
solve_linear_equation.by.hensel{ M, B, p)
R ¢p(M)=1, c~ B, 2+ 0, g 1; count < 0
do {
t ¢;1(R¢p(c)); T+ x4 gt c+ (c— Mt)/p;
q + gp, count + count 4+ 1
if count == Predetermined._Constant then {
count + 0, X + inttorat(z, q)
if X #£ nil then return X

}

Solving linear equations
Ej, : the linear egation made from h3 G

[Properties of E|

1. Ej; is stable w.r.t. p.
2. ¢p(Ey) has the unique solution h.

3. A subsystem E;Z exists s.t.
¢ The number of undetermined coefficients = the
number of equations in E},

¢ E} has the unique solution over Q and GF(p).
s The solution is stabie w.r.t. p.
s A solution of E; is a solution of Ej.

Solving Ey,
1. Choose E}.
2. 5 « the unigue solution of E}L

3. If § satisfies E), then § is the unique solution of
E;,, else By has no solution,

Experiments

Machine --. Sparc2Q/61 {89 SPECInt92; 160MB of mem-

ory)
QOrderings

D the degree reverse lexicographic order

L the lexicographic order

E D for the first n — 1 variables, L for the last variable,
Trace-lifting

1tDc Input = D by [ti_guess() + ticheck{}]

Dtlc D = i by {thguess() + tl.check()]

Change-of-ordering by new algorithms

Dt D = L by ti.h_guess_dh{)

Dt EtL [D = E by ti_h.guess_dh()] + [E = L by tl_guess(}}
DIL D = L by candidate_by_linear_algebra{)

Others

FGLM totalex(} on GB (Verzion 3.940).

co memory exhaustion, or production of a base with very

large coefticients, compared with a successful computa-
tion



Comparison of various
change-of-ordering algorithms

Edn Dt,L | Dt,EtL | DIL | FGLM
Cs 24 9 10 24
C7 1.6days o 3137 | 1.3daysf
Mod 291 87 83 731
MKg 13C 50 174 696
K 78 27 45 210
Kg 7201 1553 1571 | > 11280
K7 12dayst | 1.7days | 1.0day —
RoseO4 16 186 14 647
RoseO» 213 29 61 4711
Parallel execution time in DIL
Eqn Cs | C7 |.Mod| MKs | Ks
DIL 10 1 3137 | 83 i74 | 45
Dil-parallel | 4.4 ] 688 16 32 10
Egn Kg K7 RoseOy | RoseOs
DI 1571 | 1.0day 15 68
Dil-parallel | 286 | 13939 13 45

ton Sparci0/40 (53 SPECInt92)
ton Sony NEWSE000 (53 SPECintg2)

Conclusion

| Omission of Grébner basis check|

e Efficient when results have farge integer coef-
ficients.

Candidate computation by linear algebral

s Existence of problems which are hard by Buch-
berger algorithm

= [Linear algebra + Hensel lifting} is efficient
if modular Grébner basis and normal forms of
terms can be easily computed.

s Parallelization is very easy.

» Ail the methods, including parallel computa-
tion have been implemented on Risa/Asir.
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Further applications of Hensel

Lifting
» Computation of Generalized Shape Lemma (GSL.
I C Qlz1,---,zn] is zero-dimensional and in

normal position with respect to zn,
= Zeros of I are represented in the following
form:
{(z1, s zadle; = gi(zn)/gp(2n)(i = 1, ,n —
1), gn(zn) = 0}
gi{zn)(@ =1,.-- ,n) can be computed by Hensel
construction.

o Computation of minimal polynomials in zero-
dimensional ideals.
For zero-dimensional ideal I, univariate poly-
nomials with respect to each variable with the
towest degree in I (=minimal polynomial) can
be computed from the corresponding modular
template polynomial,
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An example : cyclic-5 roots
| modulus = 99999989 |

cj_s + u}_czio + uzcg +ug

2lug —u3—2563 =0  198uq —up ~ 24278 = 0
165147 — 20130 =0 ~110uy + 13420 =0

55u3 = 6710 =0 —55uq +6710=0

—55u; 6710 =0 —55u; + 6710 =0 —165u; +20130=0

(ci 4 “1)‘% + (u.zc%:!L + ugcg +ugeqde3 + usc‘}? + ”5':1 + u-,rcz
=

165ugp ~ 288ug — 2uy =0
—233uy —2ug =0

440ug ~ 110ug =0

—2u1 +53us =0

—165uy + 286ug ~ 2ug =0
23lup —2uz =0

~440uy 4+ 110ug = ¢

—55uy—2=0
cg +u1C4cg + uzcgcg +u3c§ + (u4c£1 +u5c2 +ugeales +u7c}12 +u8cz +
uacl
9Cy
=

73Tuy — 468ugy — 1650uy + 2880uy + 20ug — 5703 =0
—163u; + 32ug + 2330uy + 20ug ~ 333 =0

—192u; — 492up — 4400u, + 1100uy — 9932 =0
—110uy +40uy +290 =0

63u) — 232up + 20uz — 550u, ~ 3917 = 0

110u) — 40up ~ 290 =0

580u) — 2201y ~ 1520 =0

~580u; + 220up 4+ 1520 =0

—470uy -+ 180us ++ 1230 =0

—377u + 348us + 1650uy - 2860u7 + 20ug + 4763 =0
213uy — 32up — 2310w, 4 20ug -+ 333 = 0

—858uq + 8%2uyp + 4400uy — 1100uy + 12682 = ¢
987u; ~ LG8Bug - 550uq + 1187 =0

110u3 — 4Qupy — 290 =0
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(€3 + uyep + ug-:};l + u3cg +ugcs
=

ldduy +ugq =0 uy 4+ 5Buy =0
—143u2+u3mo —55up+1 =0

{e3 - ujeqden + u284cg -+ u3c£cg + u4c2c§ + u5c§ + (ueckl + u?cg_ +
ugeq ez ugc}i2 + umcz + uucg,
=

—737uy + 46Bug + 28u, + 1650ug ~ 2880ug — 20ugq = 0
193up — 32ug — Buy — 2330upg ~ 20ug =0

—20u} + 192uy + 492u3 — 96uy -+ 4400ug — 1100ug = 0
110uy ~ 40ug =0

~63us + 23%us + 161, — 20ug + 550ug = 0

~110up + 40u3 — 20ug — 20 = 0

~580uy + 220Qu3 + 40uy = 0

580upy — 220uz — 40uy = 0

470up — 180ug — 40ug =0

3TTuy — 348wy + 12u4 — 1650ug + 2860ug — 20ugg = 0
—213ug + 32ug + Buy + 2310ug ~ 20uy = 0

858up — 892us + 36uy — 4400ug + 1100ug = 0

~8987up + 168ug + 44uy — 550ug =G

=110usp +40uz =0

cg + ulc,gc% + uzczcg + u3c3_cg + u4c2cg -+ uscgcg' + u5C4c§ + (u7cgi2 +
uacz + ugci)% + “10%1;3 - “11‘:3 -+ “12‘%
=

—28ug+ Lduy — Bug ~ 3168uy - 26ug 4+ 26841usg~210%uy1 +u19 -2 =0
18u3 — 10uy + Bug + 13421uy — 109%ug +ug - 5126u g +42u1 1 +2=0
un — Bduy 4 27uy ~ 15ug — 14630u7 + 120ug + 2563u;—2luy; ~3 =0
~19u3 + Guy — 3ug + 768%uy — G3ug + 22693uy - 186uy; ~3 =0
5¢u3 —2Tug + 15ug -§-u6 4 14630uy — 120118 - 2563u10 +2lu;43=0
1lug — 3ug ~ug = 12441uy + 102ug — 15983u1g + 131uy; +2=0

Su3 ~ 3uq — 4147u7 + 3dug -+ 1684uyq ~ 13uy;+2=0

uy ~ Ldug -+ Tuy — 3ug ~ 3168uy 20ug - 671011.10 i 557.!11 —-3=0
2u5 E 35421:7 -~ 29ug — 92?31‘10 + T6u11 =0

Bug — Bug + dug + 4752uy — 39ug ~ 6710ujg 4+ 55u31 + 1 =0

ug — dug + 4ug + 7315u7 — 60ug + 5126u1p — 42u3; +1=0

31u3 — 16ug + 9u5 j 6336u7 — 52ug — 2013Ou10 + 165uj3 +2=0
—31(3 + 3uy —~ 3ug — 6710147 + 55ug + 2563u10 ~2luyy =0

—17u3z + 10uy — Bug — 13420uy 4 110ug + 5126uyn — 42u11 —1==0
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c% + uicqeq + u2c4cg + u3c§cg + “4‘%5% + u5c‘41‘c§ + uﬁcg + (u-(c%_l +
ugc‘? + u964)C3 + ‘\'.l]_oc‘].i_2 + ullcz + 'u12cz
=

T37up — 468uz + 242u, — 28ug — 1650uy -+ 2880u g + 20u37 ~20=0
=-183uy + 32u3 «~ l4uy 4 Sug + 2330uy + 20ug = ¢

—192us — 492u3 + 3601, - 96ug —~ 4400u7 + 1100ugg ~ 20 =0
20u) — 110up + 40uz — 40uq ~ 40 = 0

63uy — 232uz + B2uy — 16up + 20ug — 550uy =0

110un — 40uz + 40uq 4+ 20us +20=0

580ug ~ 220ug3 + 100uy — 40ug -~ 20 =0

—580us + 220uz — 80uy + 4Gug =0

—470us + 180ugz ~ 60uy + 4C0ug =0

—377Tuq + 348uz — 202uy — 12ug + 1650ug — 2860uyg + 20uy; =90
213unp ~ 32ug 4+ lduy — Su5 —2310uy + 20u8 =

—858ug + B892u3 — 520ug — 36ug + 4400u7 — 1100uyg =0

987ug -~ 168uz + 78uy — 44ug + 550u7 =0

110ug ~ 40ug 4 20uy =0

¢ +ujey tuses +ugea b ugen
=

ug—=1=0 u3z~1i=0
up~ 1 =20 uy ~1=0

| modulus = 11 |

cgi_5-5-u1

=

—ul + 21 =0
198=0 1656=0
-110=0 55=0
-55=0 -55=0

—55=0 -165 =0
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(ci +uqley + ugcé‘_l + u3c2 +uge04
- )

—144ugy ~u4 =0 ~58up+1=0 -u3-1=0
143uq —ug3 =0 5Bup-1=90

(C3 + 1(164)61 + u2c4cg -+ u3c£cg + u4cgcg =+ 1.'.563(:% -} (uﬁc‘]il + u'?cg 4
ugeq ez + ugciz + ulocz + ullcg
=

~T3Tugy + 468ug — 242uy + 28ug + 1650ug — 2B80ug — 20uy; =0
193ug —~ 32uz + l4uy — Bug — 2330ug — 20ug = 0

192u5 + 4%2u3 ~ 360uy — 96ug + 4400ug — 1100ug = 0

~20uq + 110ug ~ 40uz + 40uy =0

~63uy + 232uz - B2ug + 16'115 + 550216 =

~110un + 40uz ~ 40ug - 20u5 =0

—580uy -+ 220us — 100uy + 40ug ~ 20 =0

580us — 220us + BOuy — 40ug = G

470uq ~ 180u3 + 60ugq — 40u5 =

377un - 348uz + 202uy + 12ug ~ 1650ug + 2860ug — 20u3g =0
=213up + 32u3 — 14uy + Bug + 2310ug — 20uy =0

858un ~ 892u3z + 520ug + 36ug — 4400ug < 1100ug =0

~987uy -+ 168Buz — T8ug + 44ug — 550ug =0

=110uy + 40uz ~20uy =0

{cn+uicq)ey + uzc% + ugcqen + u4¢4cg + u5c3_cg + u5cgcg e “7‘33‘% +
uged + (uge}? +u1ged +uyicades +uyac? + uzae] +uiqcd
=

—73Tuy + 468ug — 242ug + 28uy + 1650ug — 2680uq 5 — 20usq = 0
193uy — 32ug + ldug — Buy — 2330ug —~ 20uqq =0

~20ugz 4+ 192uy -+ 4921).5 - 3501&6 —96u7 + 4400&9 —~1i00ujp =0
—20uy + 110uy — 40ug +- 40ug = 0

~63uy + 232ug — 82ug + 16u7 — 20ug + 550ug == 0

—110uy + 40ug —~ 40ug — 20uy = 0 .

—580uy + 220ug — 100ug 4+ 4047 =0

—20ug + 580uyq — 220ug + 80ug — 40uy = ¢

470ug ~ 180ug + 60ug — 40uy — 20 =0

3T Tug ~ 348ug + 202ug + 12u7 ~ L650ug + 2860u1y — 20u;3 = 0
—213uy + 32ug — ldug + Buy +2310ug — 20u1g = 0

6581, — B92ug + 520ug + 36up — 4400ug + 110081y = 0

—98Tuy + 168ug — T8ug + 4duy — 550ug = O

—110ug + 40ug — 20ug =90
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