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Viktor Levandovskyy. ”Non-commutative Computer Algebra for
polynomial algebras: Grobner bases, applications and implementation”.

Abstract. Non-commutative polynomial algebras appear in a wide
range of applications, from quantum groups and theoretical physics to linear
differential and difference equations.

In the thesis, we have developed a framework, unifying many impor-
tant algebras in the classes of G- and G R-algebras and studied their ring—-
theoretic properties. Let A be a G-algebra in n variables. We establish
necessary and sufficient conditions for A to have a Poincaré-Birkhoff-Witt
(PBW) basis. Further on, we show that besides the existence of a PBW ba-
sis, A shares some other properties with the commutative polynomial ring
K[z1,...,x,). In particular, A is a Noetherian integral domain of Gel’fand—
Kirillov dimension n. Both Krull and global homological dimension of A are
bounded by n; we provide examples of G—algebras where these inequalities
are strict. Finally, we prove that A is Auslander-regular and a Cohen—
Macaulay algebra.

In order to perform symbolic computations with modules over GR-
algebras, we generalize Grobner bases theory, develop and respectively en-
hance new and existing algorithms. We unite the most fundamental algo-
rithms in a suite of applications, called ”Grobner basics” in the literature.
Furthermore, we discuss algorithms appearing in the non-commutative case
only, among others two—sided Grobner bases for bimodules, annihilators of
left modules and operations with opposite algebras.

An important role in Representation Theory is played by various sub-
algebras, like the center and the Gel'fand-Zetlin subalgebra. We discuss
their properties and their relations to Grébner bases, and briefly comment
some aspects of their computation. We proceed with these subalgebras in
the chapter devoted to the algorithmic study of morphisms between G R—
algebras. We provide new results and algorithms for computing the preim-
age of a left ideal under a morphism of GR-algebras and show both merits
and limitations of several methods that we propose. We use this technique
for the computation of the kernel of a morphism, decomposition of a mod-
ule into central characters and algebraic dependence of pairwise commuting
elements. We give an algorithm for computing the set of one-dimensional
representations of a G-algebra A, and prove, moreover, that if the set of
finite dimensional representations of A over a ground field K is not empty,
then the homological dimension of A equals n.
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All the algorithms are implemented in a kernel extension PLURAL of
the computer algebra system SINGULAR. We discuss the efficiency of com-
putations and provide a comparison with other computer algebra systems.
We propose a collection of benchmarks for testing the performance of al-
gorithms; the comparison of timings shows that our implementation out-
performs all of the modern systems with the combination of both broad
functionality and fast implementation.

In the thesis, there are many new non-trivial examples, and also the
solutions to various problems, arising in different fields of mathematics. All
of them were obtained with the developed theory and the implementation
in PLURAL, most of them are treated computationally in this thesis for the

first time.

Viktor Levandovskyy. ”Nichtkommutative Computeralgebra fir

Polynomalgebren: Grébnerbasen, Anwendungen und Implementierung”.

Zusammenfassung. Nichtkommutative Polynomalgebren entstehen in
vielen verschiedenen Anwendungen, von Quantengruppen und Theoretis-
cher Physik bis zu linearen Differentiellen und Differenzengleichungen.

In der Arbeit wurde ein Rahmen entwickelt, in dem viele wichtige Alge-
bren der Klassen G— und G R-Algebren zusammengefiihrt und ihre ringth-
eoretischen Eigenschaften untersucht wurden. Sei A eine G—Algebra mit
n Variablen. Es werden notwendige und hinreichende Bedingungen dafiir
angegeben, daf A eine Poincaré-Birkhoff-Witt (PBW) Basis besitzt. Es
wird gezeigt, dass A neben der Existenz einer PBW Basis, weitere Eigen-
schaften mit dem kommutativen Polynomring K|z, ..., z,] gemeinsam hat.
A ist ein Noetherscher Integritdtsbereich der Gel’fand—Kirillov—Dimension
n. Die Krull- und die globale homologische Dimension von A sind durch
n beschrinkt ; es werden Beispiele von G—Algebren gegeben, bei denen
diese Ungleichheiten strikt sind. Schliefllich wurde bewiesen, dass A eine
Auslander-regulare und eine Cohen—Macaulay Algebra ist.

Fiir symbolische Berechnungen mit Moduln iiber G R—Algebren, wurde
die Grobnerbasentheorie verallgemeinert, neue und bestehende Algorith-
men werden entwickelt und verbessert. Wir verbinden die grundlegendsten
Algorithmen mit einer Reihe von Anwendungen, welche man in der Lit-

eratur als ”Grobner basics” bezeichnet. Weiterhin wurden Algorithmen
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diskutiert, die nur im nichtkommutativen Fall existieren, darunter zwei-
seitige Grobnerbasen fiir Bimoduln, Annihilatoren von Linksmoduln und
Operationen mit entgegengesetzten Algebren. Eine wichtige Rolle in der
Darstellungstheorie spielen die verschiedenen Unteralgebren, wie z.B. das
Zentrum und die Gel'fand-Zetlin Unteralgebra. Die Eigenschaften und
ihre Beziehungen zu Groébnerbasen wurden untersucht und einige Aspekte
ihrer Berechnung diskutiert. Im Kapitel iiber algorithmische Studien von
Morphismen zwischen G R—Algebren wurde die Untersuchung zu diesen Un-
teralgebren fortgesetzt. Es wurden neue Ergebnisse and Algorithmen zur
Berechnung des Urbilds eines Linksideals unter einem Morphismus von GR-
Algebren erzielt. Die Ergebnisse und Begrenzungen verschiedener Meth-
oden, die vorgeschlagen wurden, wurden gezeigt. Diese Technik wurde
auch fiir die Berechnung des Kerns eines Morphismus, die Zerlegung eines
Moduls in zentrale Charaktere und die algebraische Abhangigkeit von paar-
weise kommutierenden Elementen verwendet. Es wurde ein Algorithmus
fiir die Berechnung von eindimensionalen Darstellungen einer G—Algebra
A erstellt. Es wurde bewiesen, dass die homologische Dimension von A
iiber einem Korper K gleich der Anzahl der Variablen von A ist, falls es
endlich—dimensionale Darstellungen von A existieren.

Alle Algorithmen wurden in eine Kern-Erweiterung PLURAL des Com-
puteralgebrasystem SINGULAR implementiert. Die Effizienz der Berechnun-
gen wurde diskutiert und ein Vergleich mit anderen Computeralgebrasys-
temen erstellt. Es wurde eine Reihe von Benchmarks zum Test der Leis-
tung von Algorithmen vorgeschlagen. Der Zeitvergleich zeigt, dass unsere
Implementierung alle modernen Systeme hinsichtlich der Kombination von
Funktionalitat und Geschwindigkeit iibertrifft.

In der Arbeit gibt es eine Vielzahl von nichttrivialen Beispielen und
Losungen zu verschiedenen Problemen aus verschiedensten Bereichen der
Mathematik. All wurden mit Hilfe der entwickelten Theorie und der Im-
plementation in PLURAL erzielt, die meisten von ihnen wurden in dieser

Arbeit zum ersten Mal berechnet.
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Introduction

This thesis is devoted to symbolic computations in non—commutative
algebras with PBW bases (G—algebras). These algebras already have their
own history as well as symbolic methods, algorithms and implementations.
Yet it is still a long way towards the acceptance and wide usage of these
methods by the community of scientists, comparable to the years which were
gone before the Buchberger’s algorithm for computing a Grobner basis of
an ideal in a commutative ring become accepted by everybody. G-algebras
appear in many fields of science, from Non—commutative Algebra, Ring
Theory and Representation Theory of Algebras (being of a more theoreti-
cal nature) to the concrete applications to manipulating systems of linear
operator (differential, shift, difference etc) equations, System and Control
Theory et cetera. These algebras arise in Algebraic Geometry, Mathemat-
ical and Theoretical Physics, Statistics and many other fields of natural
sciences. They appear in different contexts and everywhere some different
computations are needed.

We revise G—algebras and enlist a list of their properties in Chapter 1;
a short overview of Grébner bases in free algebras helps us to formulate the
exact conditions and, on the other hand, to see similarities and differences
between different setups. We point out the role of monomial orderings and
show their impact on filtrations, coming to simplified and/or generalized
proofs of many known results.

In Chapter 2, we adopt the notion of Grobner basis to G-algebras and
note similarities and differences with the commutative case. Further on, we
concentrate on developing the fundament for applications, based on Grobner
bases; continuing a tradition, we call the set of most ubiquitous applications
Grobner basics. We provide both theoretical background and efficiency !
issues together with the implementation. A rich collection of examples,
mostly originated from concrete research problems, is a key point of this
thesis, since previous publications and even books were rather ascetic with
respect to examples.

T(}rébner basis computations are not efficient as the complexity is exponential or
even double exponential in the number of variables. When we talk about efficiency, we

mean ”practical efficiency”, that is, implementations which allow to compute interesting
and complicated examples in a reasonable time.

ix
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The morphisms between G R-algebras (the Chapter 3), appearing as of-
ten as such morphisms do in the commutative algebra, deserved however
less attention from other authors. We proceed with the partially commu-
tative and purely non-commutative situations separately, describing very
interesting applications in much details. A study of subalgebras such as
centers and various centralizers is naturally arising in this Chapter.

The implementation of all the algorithms, elaborated in previous sec-
tions, in a computer algebra subsystem SINGULAR:PLURAL comprises the
material of the Chapter 4. We provide timings, create and evaluate bench-
marks and discuss aspects of efficiency and software engineering applied to
computer algebra. All the examples, provided with this thesis, are computed
with PLURAL. It is freely distributed as an integral part of SINGULAR,
starting from the version 3-0-0. One can download binaries of SINGULAR
for various platforms, the documentation in several formats and supplemen-
tary files from the http://www.singular.uni-k1.de (note, that the source
code is available on request).

The atlas of important algebras, put in Chapter 5, contains both the
explicit presentation of algebras we use in examples and applications, and
structural properties like centers of every algebra. Everything in the atlas
has been computed with the help of PLURAL.

Every Chapter starts with an explanation on its organization, so we omit
such descriptions here.

In the Appendix we put the part of the SINGULAR manual, organized
as Chapter 6 and devoted to PLURAL with the detailed description of its
data types, functionalities and libraries.
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K*
T=(T1,...,2p)

K[S], Klzy, ..., z,)

K(S), K{zq,...,x,)

INTRODUCTION

Basic Notations

fields
the multiplicative group of units of a field K
n—tuple or a vector
a commutative polynomial ring,
generated by a finite set S or by {x1,...,z,}
a free associative K-algebra,
generated by a finite set S or by {z1,...,z,}
a left A—module, generated by S
a (A, B)-bimodule, generated by S
a two—sided ideal or (A, A)-bimodule,
generated by S
presentation of a K-algebra via S, a set of

generators and R C K(S), a set of "relations”



CHAPTER 1

From NDC Towards G—algebras

In his right hand there still had been
his broad, strange sword, so unusual for
the eyes of western warriors ...

"You’ve got an interesting sword
there”, — she said slowly, — ”What are
these rings at the blade for?”

"It’s so funny when they're ringing”, —
answered the warrior.

Nik Perumov, Henna’s Adamant

The famous Poincaré-Birkhoff-Witt (or, shortly, PBW) theorem, which
appeared at first for universal enveloping algebras of finite dimensional Lie
algebras ([23]), plays an important role in the representation theory as well
as in the theory of rings and algebras. Analogous theorem for quantum
groups was proved by G. Lusztig and constructively by C. M. Ringel ([67]).

Many authors have proved the PBW theorem for special classes of non—
commutative algebras they are dealing with ([40], [38]). Usually one uses
Bergman’s Diamond Lemma 1.9 (see also [11]), although it needs some
preparations to be done before applying it. We have defined a class of
algebras where the question ”Does this algebra have a PBW basis?” reduces
to a direct computation involving only basic polynomial arithmetic.

This chapter is organized as follows.

Our approach is constructive and consists of three tasks. Firstly, we want
to find the necessary and sufficient conditions for a wide class of algebras
to have a PBW basis, secondly, we are going to investigate this class for
ring—theoretical and other properties and thirdly, we will apply the results
to the study of certain special types of algebras.

The first part resulted in the non—degeneracy conditions (Theorem 2.3),
the second one led us to the G— and G R-algebras (3.2, 3.7) and their proper-
ties (Theorem 4.7, 4.14), and the third one — to the technique of computing
G—quantizations (7.1) and to the structural studying of algebras (7.1, 7.3)
together with the description and classification of G—algebras among the
quadratic (7.2), diffusion algebras (7.4) and some more advanced applica-
tions (7.5).



2 1. FROM NDC TOWARDS G-ALGEBRAS

We have simplified many proofs of known results and unified differ-
ent notations. We are additionally motivated by the fact, that up to our
knowledge, no source before featured a complete treatment of the problems,

arising in connection with PBW bases.

1. Grobner Bases on Free Associative Algebras

Let K be a field and T' = T,, = K(z1,...,x,) be a free associative K-
algebra, generated by {xi,...,z,} over K, also called a tensor algebra
T (V) of the vector space V=K @& Kz, & -+ @ x,. We will omit the tensor
product sign while writing multiplication and we will mean by an ideal a
two—sided ideal, whenever no confusion is possible.

We say that the monomials in 7" are the elements from the set of all

words in {z1,...,2,},
Mon(T) = {aftag? ... afm | 1 <iy,ig, ... im <1, ai > 0}.

Note, that Mon(T') is a K-basis of T'. Moreover, Mon(7") is a free monoid
with the neutral element 1.
The set of standard monomials which we will need later is defined as

Mong(T') = {af'ai? . apm | 1<y <ipg <...<ipm<n, g >0} C Mon(T).

T m

In what follows, we always assume every associative algebra A to be
finitely generated and unital with K C A. Moreover, we assume that K
always belongs to the center of A (that is, Vk € K, a € A we have ka = ak)
and that any morphism of K-algebras is the identity on K.

Any associative K-algebra is isomorphic to T,,/I for some n and some
two—sided ideal I C T,,. Since T, is not Noetherian, I need not be finitely
generated, but we are interested only in ideals, which are finitely generated.
If a fixed isomorphism A = T,,/1 is given, we say that A is finitely presented
by T,, and write A =1T,,/I or just A ="T/I.

If the set of standard monomials is a K-basis of an algebra A = T'/I,
we say that A has a PBW basis (in the variables z1,...,x,). We say that
an abstract algebra A has a PBW basis, if there exists an isomorphism
A = T/I, such that T'/I has a PBW basis. Of course, any commutative
polynomial ring K[z, ..., x,] has a PBW basis. Therefore, algebras which
are Noetherian domains with PBW basis are in this sense " close to commu-
tative”.

Now we will present the short account of the Grobner bases theory on
tensor algebras. It was first Teo Mora, who considered a unified Grobner

bases framework for commutative and non—commutative algebras ([61]),
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which has been recently exploited by Li in his book [56]. We follow this
approach partially and write in the spirit of the book [35].

DEFINITION 1.1. Let I' be a finitely generated monoid.

A total ordering < on I' is called a well-ordering, if every non—empty
subset of I has a least element with respect to <.

A well-ordering < on T is called finitely supported, if

Va € T there exist finitely many b € I' such that b < a.

DEFINITION 1.2. We call a total ordering < on Mon(7') a
monomial ordering if the following conditions hold:

(1) < is a well-ordering on Mon(T'),
(2) ¥p,q,s,t € Mon(T), ifs<t, thenp-s-g<p-t-q,
(3) Vp,q,s,t € Mon(T), if s=p-t-qand s #t, thent < s.

In this work we are dealing with well-orderings only. As an example
of a well-ordering, consider the lexicographical ordering on K(xy, ..., x,),
considering that the variables are ordered in a descending way, that is

Tp < Tpoq < --- < Ty < x1. The lexicographical ordering is defined as
follows: given two monomials (that is, words in finite alphabet {1, ..., 2,})
my, my from Mon(7T'), we find their biggest common left subword m such
that m; = mwy, may = mws or set m = 1 if no such subword exists. Then,
my < my <= w; < wy <= the first symbol x; of w; is smaller that the
first symbol z; of wy <= x; < 7; &= j < 1.

DEFINITION 1.3. Any f € T~ {0} can be written uniquely as

f=c-m+f', where c € K* and m’ < m for any non-zero term ¢ -m’ of f’.

We define

Im(f) =m, the leading monomial of f,
le(f) =¢, theleading coefficient of f.

For a subset G C T, define a leading ideal of G to be the two-sided
ideal L(G) = r({lm(g) | g € G\ {0}} )r CT.

DEFINITION 1.4. Let < be a fixed monomial ordering on 7. We say
that a subset G C I is a (two—sided) Grdobner basis for the ideal I with
respect to < if L(G) = L(I).

Although we can work formally with infinite Grobner bases ([4]), in this

work we are interested only in finite bases.
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DEFINITION 1.5. Let m,m’ € Mon(T") be two monomials.

We say that m divides m/ if there exist p, ¢ € Mon(T") such that

m' =p-m-q. The set G C T is called minimal, if Vg, 9, € G, 1m(g;)
does not divide Im(g,) and vice versa.

DEFINITION 1.6. Let G be the set of all finite and ordered subsets of T'.
Amap NF: T x G — T, (f,G) — NF(f|G) is called a
(two—sided) normal form on T if
(i) NF(0|G) =0,
(ii) NF(f|G) #0 = Im(NF(f|G)) € L(G), and
(iii) f —NF(f|G) € r(G)r, forall f € T and G € G.

Here we give an algorithm for computing a normal form.

Algorithm 1.1 NF
Input : feT =K(xy,...,2,), GEG;
Output: h € T, a normal form of f with respect to G.

h:=f;
while ( (h #0) and (G}, = {g € G : 1Im(g) divides lm(h)} # 0) ) do
choose any g € Gp;
compute [ = I(g),r = r(g) € Mon(T") such that lm(h) =1 -1m(g) - r;
o b le(h) ‘

le(g)
end while

l.g-r;

return h;

PROOF. We see that each specific choice of "any” in the algorithm may

give us a different normal form function.
Termination:

Let hy := f, and in the i—th step of the while loop we compute h;.
Since lm(h;) < lm(h;—1) by construction, we obtain a set {lm(h;)} of lead-
ing monomials of h;, where Vi h;;; has strictly smaller leading monomial
than h;. Since < is a well-ordering, this set has a minimum, hence the

algorithm terminates.
Correctness:

Suppose the minimum is reached at the step m. Let h = h,, # 0 and
l;, ; are monomials, corresponding to ¢g; € G in the algorithm. Making back
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substitutions, we obtain the following expression

m—1
h=f— Zligﬂ”i,
i=1

satisfying Im(f) = lm(l1g;71) > Im(l;g;7;) > lm(hyy,).
Moreover, by construction Im(h) ¢ L(G). This proves correctness, in-

dependently of the specific choice of “any” in the while loop. O

DEFINITION 1.7. Let f,g € T. Suppose that there are
p,q € Mon(T) such that

(1) Im(f)g = plm(g),

(2) Im(f) does not divide p and Im(g) does not divide q.

Then the overlap relation of f, g by p, q is defined as

1 1
o(f.9,p.q) = qu e

Overlaps occur if the end of Im(f) coincides with the beginning of Im(g), as
for example in f = xyz and g = yz? (both overlapping at yx) or f = g = 2?
(with the self-overlap at ). The overlap relation cancels the leading terms
of fq and pg and we see that lm(o(f,g,p,q)) < lm(f)q = plm(g). Hence,
overlap relation is a generalization of the notion of s—polynomial from the
commutative theory (cf. [35]). See also the Remark §2, 4.13.

Now we cite slightly reformulated Termination theorem from [33].

THEOREM 1.8. Let < be a well-ordering on T" and G be a finite set of
polynomials from 7. If for every overlap relation with ¢, g, € G

NF( O(glaQQap7 Q) | G) - 07
then G is a Grobner basis for 7(G)r.

In particular this theorem ensures that for a given finite set F', we are
able to check whether F' is a Groébner basis in a finite number of steps.
However, even starting with a finite set, we can obtain, in general, an infinite
Grobner basis for it.

The proof of the theorem is relying heavily on the use of the famous
Bergman’s Diamond Lemma ([11], 1978), which can be regarded as the
first building stone for the theory of non-commutative Grobner bases.

Bergman’s Diamond Lemma

Following Bergman, let 7' = K(xy,...,2,), X = Mon(7) and < is a
well-ordering on X. Let S = {0 = (w,, f,) | w, € X, fy € T, Im(f,) <
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wy}. Forall o € S and z,y € X let ryy, : T'— T denote the K-linear map,
defined on the basis Mon(7") by sending a monomial of the form pzw,yq to
a polynomial px f,yq for any p, g € Mon(7T') and fixing all other monomials,
not containing rw,y.

Let R denote the semigroup generated by the {r,,, | 0 € S,z,y € X}.
We call € X reduced if r(z) = x for all » € R. An ambiguity of S is
a 5-tuple {o,7;7,y,2} € S* x X? for which w, = zy, w, = yz. Such an
ambiguity is said to be resolvable if there exists r € R such that r(f,z) =
r(zf.). The following Theorem is a short version of Bergman’s Diamond

lemma.

THEOREM 1.9. ([11], Theorem 1.2.) The reduced elements form a K-
basis for the quotient algebra 7'/ r(w, — f, | o € S)r if and only if every
ambiguity of S is resolvable.

2. Non—degeneracy Conditions and PBW Theorem

Again, let T = K(zy,...,x,) be a free associative algebra and < be
a fixed monomial ordering on 7. For fixed n, define the set of indices
Up = A{(i1, .. yim) | 1 <y < ... <y <n}.

Suppose there are two sets C' = {¢;;} C K* and D = {d;;} C T, where
(i,7) € Us. We construct a set F' = {f;; | (i,7) € Us}, where
(%) fii = 2@ — ¢y - iy — dij,

Im(f;;) = zjz; and 1lm(d;;) < z;z;.

It means that, in particular, polynomials d;; can involve terms z;x; for
7 > i, that is nonstandard monomials. But this situation can be always
reduced to the easier case by the following simplification procedure.

Simplification
Assume that there is a fixed well-ordering < with z,, < ... < 1, then
Tpo1Tp < Tp_oTp < Tp_olp_1 < ... < x129. Hence, d,,_1, consists of

standard monomials only. Next, d,,_3, can have only x,x,_; in addition to
standard monomials, but we replace x,x,—1 with ¢,—1 n2n_12, +dy—1,, thus
obtaining d’,,_s ,,, consisting of standard monomials only. Since V (i, j) € Us
Im(fj;) = zjz; and lm(d;;) < z;x;, after finitely many steps we obtain a set
F := F', where each of the d';; is given in terms of standard monomials.
That is, we can assume without loss of generality, that every d;; consists of

standard monomials only.



2. NON-DEGENERACY CONDITIONS AND PBW THEOREM 7

After the simplification of the set F' by means of the procedure above,
we construct the two-sided ideal I = ¢(F)p C T.

For (i, j,k) € Us define the non—degeneracy condition for (i, j, k)
NDCji, = circjk - dijry — Tpdij + Cjip - Tidig — Cij - digy + djpx; — Cijcip - Tid .

LEMMA 2.1. F is a Grobner basis for I with respect to < if and only if

Proor. We will compute Grobner basis of I symbolically, but as ex-
plicitly as we can. Following the theorem 1.8, we have to consider all the
possible overlaps of elements from F'. It’s straightforward, that the only
nonzero overlaps can occur for the set of pairs {(f;; , fx;) | (4,7, k) € Us}.
Computing the overlap relation of (fj; , fx;) for fixed (¢, 7, k) € Us, we get

01 = Ik{L‘jZL‘i — Cijl‘kl‘il'j — xk;dij — ZEkZEjZEZ' + Cj]gCL’jCL’Z‘ + dijL’i =
= —cija:kxﬂj + Cjkl‘jl‘kl‘i — CBkdij + d]kﬂjl
The o0; can be reduced with fj; to
09 — Cjkil?jﬂfkl’i — cl-jcik:cixkxj — Cijdikl’j — l‘kdij + djk.ilﬁi,
where 05 could be further reduced with fz; to

03 = cjkcikxjxixk — Cijcikxixkxj — Cijdikxj — xkdij + djkxi + cjkxjdik.
On its own, we reduce o3 with f;; to o4 =
—CijCikl’i.’L'k.’L'j+CjkCikCij.’L'i.1'j$k+Cjkcikdijl’k—Cijdikl'j—l’kdij—i‘djkl'i—i‘cj‘kl‘jdik,
and, respectively, fi; finishes the reduction of o4:

05 = Cjkcikdijxk — xkdij + Cjk:xjdik — Cijdikxj + djkxi — CijCijL‘idjk.

As we see, o5 = N'DC,ji, and o5 cannot be further reduced with the
elements of F' without the more specific information on {d;;}.
If NF(NDCy;i. | F') # 0, F is not a Grobner basis of I. Hence the claim. O

LEMMA 2.2. Given a K-algebra A = T'/I with I = ¢(F)p, F satisfying
(%), as above. Then A has a PBW basis with respect to the variables of T’
if and only if F' is a Grobner basis for I with respect to <.

ProoF. If F'is a Grobner basis for I with respect to <, the underlying
K-vector space of A is generated by {m € Mon(T) | Im(f;;) does not divide
m} by the property of Grobner bases ([34]). We see immediately that this
vector space is the set of standard monomials, since no standard monomial
is divisible by Im(f;;) Vj > 1.

Conversely, assume A = T'/I has a PBW basis. Then we can interpret
it as a K—-algebra, generated by z, ..., x, with the multiplication
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(x) V1<i,j<n Tjrx; = Lt iz
cij - vy +dig(z), it <.

Since A is an associative algebra, we expect that the multiplication %

is well-defined, in particular, (zy * ;) * x; — xp * (x; * ;) = 0 V(4, j, k).

It is easy to see that this holds trivially for all the cases except that when

(1,7, k) € Us, which we analyze. A bit lengthy technical computation similar

to the one of Lemma 2.1 in this case delivers

(g * ;) *x; — T * (T *2;) =
= CirCik - dijr, — Tpdij + Cjg - Tidi, — Cij - digy + djpi — CijCir, - Tidjy =

So, N'DC,jj are identically zero in A. Hence NF(NDC;;x|I) = 0in T
and, by the Lemma 2.1, F' is a Grobner basis of I. Il

We formalize the lemmata in the following:

THEOREM 2.3. Suppose there is a set
F={fi|l1<i<j<n}CT=K(xy,...,x,), where

VJ > Z fji = a:ja:i — Cij . iL'Z'.CEj — di]’, cij € K*, dij & T

Define the ideal I = 7(F)r C T. Assume that there exists a well-ordering
< on T, such that Im(f;;) = x;z; and lm(d;;) < x;z;, then the following

conditions are equivalent:

1) F is a Grobner basis for I with respect to <,
3) The K-algebra A = T'/I has a Poincaré-Birkhoff-Witt basis w.r.t.

T1y.eoyTp.

REMARK 2.4. Some historical remarks can be found under Remark 3.8.

(1) If we assume that V ¢ < j ¢;; = 1 and d;; are linear polynomi-
als, N'DC;i becomes a famous Jacobi identity, written in the uni-
versal enveloping algebra of a finite dimensional Lie algebra. So,
non—degeneracy conditions are generalized Jacobi identities and the
Theorem above is clearly a generalization of the PBW Theorem
(123).

(2) At first, the non—-degeneracy conditions were written explicitly by
Teo Mora ([60]) but weren’t investigated further there and re-
mained unnoticed by the community for a long time (e.g. R. Berger
did not cite Mora’s work in his articles [9], [10]). We reported on
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non—degeneracy conditions already in ([48]), having found them
independently and used them for structural analysis of algebras.

(3) As for recent textbooks, Li ([56]) followed both Mora and Berger.
Bueso et al. in [14] wrote a whole chapter, where they applied Di-
amond Lemma directly to relations like in the set F' above, which
resulted in the equivalence of the condition zy(x;z;) = (rrx;)x;
with the PBW property of an algebra. These conditions were not
developed further and were not commented. The relation of Di-
amond Lemma to the non-commutative Grobner bases was not
mentioned.

(4) The equivalence 1) < 3) with several restrictions appeared already
in [41], [61]. E. Green in [33] (Th. 2.14) has proved it under an
assumption that d;; are homogeneous quadratic polynomials.

(5) From the proof of the Lemma 2.2 we extract another characteri-
zation of PBW property, particularly simple and especially useful
for computer algebra systems. Assume that the multiplication %
(from the Lemma) is implemented on A = T'/I and lm(d;;) < z;z;.
Then we can say whether A has a PBW basis w.r.t. zq,...,x, by
directly checking, that

V1<i<j<k<n (vp*z;)*xx;—xp* (z;*x2;) =0.

Some people before used this ”formal associativity” for extract-
ing a kind of non—degeneracy conditions for special algebras (among
others, [40]).

2.1. Types of Degeneracy. What happens if we are dealing with an
algebra, where non—degeneracy conditions do not vanish?

Consider an algebra A, resembling the universal enveloping algebra of
a finite dimensional Lie algebra — that is, for all i < j ¢;; = 1 and d;;
are linear in generators x;. Suppose that non-degeneracy conditions do not
vanish. Then, there is no Lie algebra g, such that A = U(g), since otherwise
the Jacobi identity would not hold in g.

Let I € T'and A = T/I be as in Theorem 2.3. In general, if the non—
degeneracy conditions in the algebra A do not vanish, then I is given not
in its Grobner basis in 7'. Speaking in the language of generators and rela-
tions, we observe the following phenomenon — there are more relations than
only those of the type (x), and these hidden relations consist of standard
monomials (which total degree do not exceed 3 if < is a degree ordering
and deg(z;) = 1). In some cases it is possible to remove degeneracy, thus

passing to an isomorphic algebra with less variables.
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DEFINITION 2.5. We say that a degenerate algebra A = T,/I in n
generators has remowvable degeneracy if it is isomorphic to another algebra
B = T/J, which is generated by k < n variables {z,..., 2} and has
PBW basis in these variables (we can also say we are dealing with surplus
variables or even with overdeterminacy).

We say, that A degenerates to B in this case.

Algebras of the type A = T'/I with I as in Theorem 2.3, arise from

various constructions in mathematics and physics.

EXAMPLE 2.6. Consider the algebra K(q1, ¢2)(x, y, z) with the relations
YT = Gy +, 20 = qQITz+ 2z, 2Y=yYz.

Here we see that there is non—degeneracy condition, which translates to
((g2 — )y + 1)z = 0. So, we have found the hidden defining relation in the
algebra, since the Grobner basis of the ideal (yr—qry—x, ze—qrrz—2, 2y —
yz) C K(q1,q2)(z,y, z) with respect to, say, degree reverse lexicographical

ordering, is
G=A{yr — qry —x,zx —qrzz —2,(@2 — Dzy — 2z, (g2 — 1)yz — z}.

As we see, K(q1,¢2)(z,y, 2)/(G) has a canonical subalgebra, isomorphic to
Kla,b]/(ab), hence it has non-removable degeneracy. In particular, it has
no PBW basis and there are zero divisors.

If we specialize ¢» at 1, we obtain G' = {yxr — 2y — x,z}. Hence,
the algebra K(qi)(x,y,2)/(G’) degenerates to the algebra K(z,y)/(yz —
xy — x), which is integral and has a basis {2}, though a PBW basis for
K{x,y)/{yx — xy — x) itself, but only a subset of the PBW basis {z%°2¢}
for the algebra we were starting with, which is expected from the defin-
ing relations. The latter shows us a typical example of the algebra which

degeneracy is removable.

The first known example of an algebra with relations as before but with-
out PBW basis was given already in [41] (Example 1.8). In the paper it is
written as B = K(z,y, z | yr = xy+x, zx =xz, zy=yz+z). However, B
has a PBW basis, we can check that the non-degeneracy conditions indeed
vanish. We believe that there should have been a printing error in the origi-
nal paper: the algebra K(z,y,z | yr = 2zy+x, zx =xzz+z, zy=yz) from
the previous example looks pretty similar to B and it has removable degen-
eracy equal to z. Hence, it degenerates to the algebra K(z,y | yz = xy+x).
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3. Introduction to G—algebras

Now we concentrate on studying the properties of algebras, satisfying
the conditions of the Theorem 2.3.

Take an algebra A = T'/I as in Theorem 2.3. Since it has a PBW basis,
we call the elements of this basis monomials of A, which is, in fact, the
set of standard monomials of 7". This abuse of notation should not create
any confusion but is very convenient.

The set of monomials of A is denoted by Mon(A) and, due to the exis-
tence of PBW basis can be identified with the N™ by

r® =zxTay? . oaer = (g, e, ., Q) =

3.1. Monomial Orderings.

Let us recall orderings on N".

Perhaps the most known ordering is the lexicographical ordering,
which we denote by 1p: for any «, 5 € N,

B <ip o A% the first non—zero entry of a — (3 is positive.

By the theorem of Robbiano ([35]), for any monomial (cf. Def. 3.1)
ordering < there exists a (non—unique) matrix A € GL(n,R) such that
f<aifandonlyif A- 38 <, A-a.

In the sequel, we will give matrices for all ordering we mention.

1 ... 0 1 ... 11 11 .. 1
1 ... 0 1 ... 00 0o 0 .. -1

lp~1. . | Dp~ | .o dp
00 ... 1 0 ... 10 0O -1 .. O

Here, dp denotes a degree reverse lexicographical ordering, which
can also be defined as
B <ap o PN Y0 < > ayor Y. fi = > «; and the last non—zero

entry of a — (3 is negative.

DEFINITION 3.1. Let < be a total well-ordering on N" and A be an
integral K-algebra with a PBW basis.

(1) An ordering <=<, is called a monomial ordering on A if the
following conditions hold:
eVo,3eN'a< 3 = 2% <y’
e Vo, 3,7 € N" such that 2% <4 2° we have 227 <4 2717,
(2) Any f € A\ {0} can be written uniquely as f = cx® + f’, with
c € K* and 2% <4 2* for any non-zero term ¢z® of f’. We define
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Im(f) =z% the leading monomial of f,
le(f) =¢, the leading coefficient of f,
le(f) =a, theleading exponent of f.

3.2. Definition and Examples of G—algebras.

DEFINITION 3.2. Let K be a field, T' = K(x1,...,z,) and I be a two—
sided ideal of T', generated by elements
xjxi—cij-xiscj—dij, 1 §Z<j <n,

where ¢;; € K* and every d;; € T is a polynomial, involving only standard
monomials of T'.

A K-algebra A =T/I is called a G—algebra, if the following

two conditions hold.

e Ordering condition:

there exists a monomial well-ordering <4 on N" such that
Vi < j lm(d;;) <a ziz;.
e Non—degeneracy condition:
the sets C' = {¢;;} and D = {d;;} satisfy the following identities in A:
NDCij,=0V1<i<j<k<n.

If A is a G-algebra we usually consider a fixed ordering <4 satisfying
the above conditions as part of the data of A.

By Theorem 2.2 and the construction, a G—algebra in variables x4, . .., z,
has a canonical PBW basis {z{'z5%...2%" | oy, > 0}. Hence we regard a

G—algebra (in n variables) as a generalization of a commutative polynomial
ring in n variables.

If all d;; = 0, we call an algebra quasi—commutative.

If all ¢;; = 1, we are dealing with an algebra of Lie type.

If all ¢;; =1 and d;; = 0, an algebra is commutative.

COMPUTATIONAL REMARK 3.3. In SINGULAR:PLURAL, a G-algebra
can be defined by the following data:

1) a commutative ring (R, <), where R = K]z, ..., z,] and < is a well-
ordering on R,

2) a matrix C' € Mat, «,(K) with entries C[i, j] = ¢;; # 0,

3) a matrix D € Mat,,x,(R) with entries D[i, j| = d;; such that Vi < j
lm(dw) < T;%y.
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As soon as one has declared an ordered ring (R, <) with the help of
the SINGULAR built-in type ring (it is explained in the SINGULAR Man-
ual), one defines C' and D of the type matrix in R. Finally, one calls
ncalgebra(C,D). The function ncalgebra checks whether the ordering con-
dition is satisfied and if it is so, turns a ring (R, <) into a non—-commutative
G-algebra with the relations like in the definition above. Note, that the
non—degeneracy condition may be checked with the procedure ndcond()
from the nctools.1lib.

Let us illustrate setting the G—-algebra and checking the non—degeneracy

condition on the Example 2.6.

ExAMPLE 3.4. We consider the algebra
A=K(g1, @) (. y, 2 | yr = @y + x, 20 = qzz + 2,2y = yz).
Let us write matrices C' and D explicitly:

0 ¢ @ 0z 2
C=10 0 1|,D=1]00 0
00 0 000

Then, the SINGULAR:PLURAL code looks as follows:
ring A = (0,q1,92), (x,y,2),dp;
Here, we consider a ground field to be the transcendental extension of
Q by q1,g92. We choose the degrevlex dp as the ordering on the variables
{‘1.7 y? Z}
matrix C[3][3];
C[1,2] = q2; C[1,3] = q1; C[2,3] = 1;
matrix D[3][3];
D[1,2] = x; D[1,3] = z;
ncalgebra(C,D); // the non--commutative initialization

Since no error message appeared, the given ordering is admissible. We
can print the properties of this algebra.

// characteristic : 0

// 2 parameter : ql g2

//  minpoly : 0

//  number of vars : 3

// block 1 : ordering dp
// : names Xy z

// block 2 : ordering C
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// noncommutative relations:
// yx=(q2) *x*y+x
// zx=(ql) *x*z+2

If two variables commute, their commutative relation is, of course, not
printed among ”noncommutative relations” above.

Now, let us compute the non—degeneracy conditions.

LIB "nctools.1lib"; // load the library '"nctools.lib"
ideal N = ndcond(); // put the result of ndcond into ideal N
N;
==>
N[1]=(-q2+1) *y*z-z

So, the algebra A violates non—degeneracy condition from the Definition
3.2 and hence is not a G—algebra, cf. Example 2.6. Although it is possible
to define an algebra, which do not satisfy the non—degeneracy condition,
we do not recommend to perform any computations in such algebra (see
the interpretation of non—degeneracy in terms of the multiplication x in the
proof of Lemma 2.2).

ExAMPLE 3.5. Consider the algebra B = K(z,y,z | yx = xy + =z,
zx = xz, 2y = yz + z) from the last part of Example 2.6. As wee see, in

this case the matrices look as follows:

011 0 =z 0
C=|001|,D=|0 0 =z
000 0 00

Since all the entries of C' are equal, we can pass just the corresponding
value (that is, 1) as an argument (instead of the matrix) to the function
ncalgebra. Hence, the code for setting B is the following:

ring B = 0, (x,y,2),dp;
matrix D[3][3];
D[1,2] = x; D[2,3] = z;
ncalgebra(1,D); // the non--commutative initialization
B;
==>
//  characteristic : O

// number of vars : 3

// block 1 : ordering dp
// : names Xy z
// block 2 : ordering C

// noncommutative relations:



3. INTRODUCTION TO G-ALGEBRAS 15

// YX=Xy+X

// Zy=yz+z
LIB "nctools.lib";
ideal N = ndcond();

REMARK 3.6. (1) Properties of lm:

In a commutative polynomial algebra A, Im enjoys the following
property: ¥V f,g € A Im(f - g) = lm(f) - Im(g).

In a G—algebra A, a product of two monomials is, in general, a
polynomial. But nevertheless, since V a, 3 € N” the leading term
of x22P is c(a, B)x*P with c(a,3) € K*, the following weaker
property holds:

Vf,g€Alm(f-g)=Im(m(f)-Im(g)) =Ilm(g- f).

Equivalently, in terms of exponents both properties mean

VfgeA le(f-g)=le(f)+le(g).

In order to unify both commutative and non-commutative G-
algebras, we are going to work rather with exponents than with
monomials.

(2) Consider now a K-algebra B, built on the vector space {z{* - - - 2%~ |
a; > 0} with a multiplication (-) and a function le : BN\ {0} — N™.

IfV f,g € B lesatisfies le(f-g) = le(f)+le(g) and le(f+g) =

max (le(f),le(g)) (unless le(f) =le(g) and le(f) +1c(g) = 0) and,

in addition, the non-degeneracy conditions vanish, then B is a G—
algebra.
(3) Non—additivity of Im:
If le(g) Im(g) = —le(f) Im(f) then
Im(f + g) < max.(Im(f),Ilm(g)). For all other f,g € A,

Im(f + g) = max(lm(f),m(g)).

(4) Properties of lc:

Forall f,ge A le(f-g)=1lc(Im(f)-1m(g)) -le(f) - le(g).
However, in algebras of Lie type (¢;; = 1,Vj > i), we have

le(f - g) =le(f) - 1e(g).
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DEFINITION 3.7. An algebra A is called a Grobner—ready, or simply
a GR—algebra, if there exist an automorphism ¢ : A — A and a well-
ordering < 4, such that ¢(A) is either a G—algebra or there exist a G—algebra
B and a proper nonzero two-sided ideal I C B such that ¢(A) = B/I.

In order to treat factor-algebras constructively, we need, in particular,
two—sided Grobner bases. Therefore we treat G R—algebras in detail in Sec-
tion §2, 3.2.

REMARK 3.8.  G-algebras were first introduced by J. Apel ([3]), how-
ever, without requiring the vanishing of the non—degeneracy conditions;
they were omitted also in the work on PBW algebras ([30]) and in the book
on solvable algebras ([56]), which are indeed G—algebras since the presence
of PBW basis is required in the definition. In the classical work [41] on
algebras of solvable type and in the recent book [14] the authors obtained a
criterion for non—degeneracy but did not mention the polynomial conditions
NDC;j explicitly. In [9] and [10] R. Berger introduced g-algebras (in our
notation, these are the G-algebras with the restriction that the polynomials
d;; are quadratic), and imposed the vanishing conditions for what he calls
”g-Jacobi sums” (which coincide with the non—degeneracy conditions). He
treated these conditions as quantized Jacobi identities. We have obtained
the non—degeneracy conditions independently ([49]) and, moreover, we have
shown that the restriction to quadratic polynomials is not really essential.
Li in his recent book [56] did not overcome the restrictions of Berger.

It is very natural to study G—algebras and their factor—algebras within
the same framework. We avoid the name PBW-algebras ([14]) because,
strictly speaking, a factor—algebra of an algebra with a PBW basis does not
have a PBW basis itself. Moreover, consider a free algebra T' = K(x, y) and
a two—sided ideal I C T, generated by yx. Then, indeed, the algebra T'/I
has the K-basis {z'y’} (like a PBW basis of any G-algebra in {z,y}). But
T'/I has zero divisors and is quite far from the context of G—algebras.

ExAMPLE 3.9 (Examples of G-algebras). Quasi-commutative polyno-
mial rings (for example, the quantum plane yz = ¢-zy), universal enveloping
algebras of finite dimensional Lie algebras (see some of them explicitly in
§5, 1), some iterated Ore extensions (see Def. 3.12 below), many quan-
tum groups ([14]), some nonstandard quantum deformations ([36], [38]),
Weyl algebras and most of various flavors of quantizations of Weyl algebras
(like additive and multiplicative analogues of Weyl algebras, non—localized
Hayashi algebras [56] etc), many important operator algebras (Section 6
and [18], [56]), Witten’s deformation of U(sly), Smith algebras, conformal
sly—algebras ([8]), some of diffusion algebras ([40]) and many more.
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REMARK 3.10. Consider the Sklyanin algebra ([73])
Sklz(a, b, c) = K(xo, z1, 22)/ {({az;vip1 + b vi+cxi, | i =1,2,3 mod 3}),

where (a,b,c) € P2\ F, for a known finite set F'. Suppose that a # 0,b # 0.
Then we can rewrite the relations in the following way:

a c 4 a c o, b c o

TiTo = —3ToT1 — 3Ty, Ta¥1 = —TTy — 3Ty, Talo =TTy — .
Suppose there is a well-ordering < with x5 < x; < x¢, satisfying the in-
equalities 23 < wor1, T3 < T1T9, T3 < ToTo. But since zor3 < xizry < Ti,,
it follows that moxe < x?, a contradiction to the assumption on < to be
a monomial ordering. Hence, unless ¢ = 0, there is no monomial well-
ordering, such that this algebra is a G-algebra (If ¢ = 0, Skls(a,b,0) is
a quasi-commutative algebra). Note, that the non—degeneracy conditions
formally vanish on this non—-G-algebra, hence the ordering condition in the

definition 3.2 is essential.

ExaMPLE 3.11 (Examples of G R-algebras). Exterior algebras, Clifford
algebras, finite dimensional associative algebras ([24]), primitive quotients
of universal enveloping algebras, some quantum groups and so on.

3.3. Ore Extensions versus (GG—algebras.

DEFINITION 3.12 ([59]). Let R be an associative ring with 1, o be a
ring endomorphism of R and ¢ be a o—derivation, that is an additive map
d : R — R such that V a,b € R, 6(ab) = d(a)o(b) + ad(b). In particular,
o(1) =1and 6(1) = 0.

Let x be a new indeterminate, satisfying the relation z-r = o(r)-z+4(r)
for all » € R. Then, we denote the obtained ring by R[z;0,d] and call it
an Ore extension. Applying similar operation with further variables, we
obtain an (iterated) Ore extension R|[xi; 01, 01][xs; 09,02] ... [Tn; 00, 0n].

Let R be a field (K or K(tq,...,ts)). Then, an iterated Ore extension
Rlx1;01,01][x9; 09,02 . .. [Ty; 00, 0y] is called an Ore algebra, if for 1 <
i,j <n, 0;0; =0;0; and moreover, for i < j, o;(x;) = x; and §;(z;) = 0.

The framework of Ore algebras is used in applications ([19], [18]) and
can be distinguished for the two following situations: purely polynomial Ore
algebras (R = K) and rational Ore algebras (R = K({y,...,ts)). In both
cases it can happen that {z;} do not commute with {¢;}: as an example we
present the rational Weyl algebra K(z)(0 | 0z = z0 + 1).

In this work we are not going to consider the case of rational non—
commutativity (like rational Ore algebras), although it is very interesting
and deserves special attention due to several important applications.
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For polynomial iterated Ore extensions over a field, there is the following
proposition, appearing in [41] and, in generalized form, in [14]. It estab-
lishes a criterion when a G-algebra can be realized as a polynomial iterated

Ore extension.
PropPOSITION 3.13. Let A be a G—algebra
A:K<£I§'1,...,l’n | T;T; :cijxi:vijdij, 1 <9 <] < n>

If every d;; depends only on variables x1,...,2;_1, then 1p is an admis-
sible ordering on A. Moreover, (A,1p) can be realized as iterated Ore exten-
sion A = Klzq][wg; 02,02] . .. [xn; 00, 0] With 0;(z;) = ¢;52; and §;(z;) = dj,
1<i<j<n.

REMARK 3.14. Handling non—-commutative polynomial algebras con-
structively as iterated Ore extensions makes some sense, but brings also
some negative effects. Indeed, we cannot restrict ourself to polynomial Ore
extensions only: an important algebra U (so3) (which is a G-algebra, see §5,
1.2 for the definition) does not satisfy the conditions of the above proposi-
tion.

Meanwhile we know that over C, Uc(so3) = Uc(sly) (note, that this
is not true over Q) and the latter algebra (see §5, 1.1) can be realized as
the following Ore extension: Klh|[e;1d, é.][f;1d, df] with 6.(h) = —2e and
dr(h) =2f,6¢(e) = —h over a field K.

Hence, once we are over C and have the explicit isomorphism as above,
we can present Uc(s03) as an Ore extension. It is, however, not clear whether
we can do this when K = Q.

Another voice ”contra” says that Ore extensions seem not to be good
objects for unifying algebras and factor-algebras under one roof like we do
for G R-algebras.

In what follows, we will use Ore extensions only in an auxiliary role,

thus concentrating ourselves on G R—-algebras.

4. Filtrations and Properties of G—algebras.

4.1. Preliminaries.

DEFINITION 4.1. We recall some definitions explicitly:

(1) An algebra A is called filtered, if for every non—negative integer i
there is a subspace A; such that

=0

The set {4; | i € N} is called a filtration of A.
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(2) An associated graded algebra Gr(A) of a filtered algebra A is
defined to be

Gr(A) = P Gi where G; = Ai/A;_y and A_; =0,
i=1
with the induced multiplication (a; + A;—1)(a; + Aj—1) = a;a; +
Ai+j—1-

THEOREM 4.2 (Jacobson, [59]). Let A be a filtered algebra and G =
Gr(A) be its associated graded algebra . Then

o If Gr(A) is left (right) Noetherian, then A is left (right) Noetherian,
e if Gr(A) has no zero divisors, then A has no zero divisors, too.

THEOREM 4.3 (Goldie-Ore, [59]). Let R be an integral associative unital
ring. If it is left (resp. right) Noetherian, then it has a left (resp. right)

quotient ring.

LEMMA 4.4. Let @ = {q;; | 1 <i < j < n}. Consider the transcendental
extension K(Q) of K. A quasi—commutative ring in n variables, associated
to the set () is defined as follows:

Kolz1, ...,z = K(Q) (21, ...,z | Vi<j xjx; = qijmiz;).

Then Kglz1, ..., 2,] is a Noetherian domain.
PrOOF. We can present Kg[zy,...,x,] as the iterated Ore extension
Klz1;01 = 1,0][xe; 09,0] ... [2; 04,0] with o;(x;) = ¢;z; and oj(z;) =

xj for @ < j. Thus, every o; is an automorphism. By the theorem 1.2.9

from [59] and induction by n, Kg[z1,...,x,] is a Noetherian domain. [
For a G—algebra A, there are two different kinds of filtrations.
4.2. Weighted Degree Filtration.
Let <,= (<,w) be a weighted degree ordering on A, i.e. there is an

n-tuple of strictly positive weights w = (wq, ws, . .., w,) and some ordering
< (for example, a (reverse) lexicographical ordering) on A such that

n n n n
a <, P Zwiai < Zwibi or, if Zw,ai = sz‘bi; then a < (3.
i=1 i=1 i=1 i=1

Assume that w; > ... > w, and all the weights are positive integers.



20 1. FROM NDC TOWARDS G-ALGEBRAS

The corresponding matrices for such orderings as weighted deglex Wp
and weighted degrevlex wp look like follows:

W ... Wp—1 Wp W W2 .. Wy

1 ... 0 0 o o0 .. -1
Wp~ . P

0 ... 1 0 0O -1 .. O

Let us define deg,(z®) := wiay + -+ - + wya, and call it a weighted
degree function on A. For any polynomial f € A, we define deg,(f) :=
deg,,(Im(f)), and we note that deg,(z*) =0 < a = 0.

LEMMA 4.5. deg,(fg) = deg,(f) + degu(g)-

PROOF. Since on monomials we have
deg, (z*2%) = deg, (z*) = Z w;(oy + B;) = deg, (z) + deg,,(27),
i=1

hence, using Remark 3.6,

degu(fg) = deg,(Im(Im(f) Im(g))) = deg.,(Im(f)1Im(g)) = deg..(f)+deg.(g)-
In particular, deg,(f - g) = deg.(g - ). O
<

Let A,, be the K—vector space generated by {m € Mon(A) | deg,(m)
n}. So, we see that Ay = K, A,, = K& Kz, if w,—1 > w,, or 4,, =
Ko _ Kz, if w; = ... =w,, hence

VO<i<j A CA;CAand A=|]JA;:
i=1
From the Lemma 4.5 it follows that V0 <¢ < j A;- A; C A;4;. In this
case, G; = A;/A;_1 is the set of weighted homogeneous elements of weighted
degree ¢ in A with Gy = Ay = K. We have the following:

LEMMA 4.6. Suppose we have an algebra A, where Vi < j deg,(d;;) <
deg,(z;x;) = w; +wj. Denote T; = x; + A;—;. Then

=1

We see that in this case Grgeg, (A) is isomorphic to the quasi-commutative
ring in n variables. Hence, by the Jacobson’s Theorem (4.2) A is a Noe-

therian domain.

This Lemma guarantees Noetherian and integral properties for Weyl
algebras, universal enveloping algebras and some other algebras. Unfortu-

nately, many important algebras (like positively graded quasi-homogeneous
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algebras) do not satisfy the conditions of the Lemma directly. But there is
another filtration that behaves better in more general situation.

4.3. Filtration by a Monomial Ordering.

A weighted degree filtration is well-known and used in every source on
(non—commutative) computer algebra. However, there is another filtration
which mainly remained unnoticed in spite of its natural appearance. Al-
though we should note that the filtration by ordering has nothing to do with
the homogeneity in the classical sense, since a homogeneous part of every
polynomial with respect to the filtration by ordering is always a monomial.

Let < be any monomial well-ordering on A. For a € N”, let A, be the
K-vector space, spanned by the set <% U {2}, where 1<% := {2 € A |
2? < 2%}, Note, that each A, is finite dimensional only if < is a finitely
supported well-ordering (cf. Def. 1.1). We see immediately that Ay = K
and

VB<a AsCA,CAand A= ] A
aEeNn

The property A, - Ag C A,y p holds because Im(z%2%) = 22 (cf. 3.6).
Since the filtration is indexed not by N as in the classical definition 4.1,
but by N we call it a multi—filtration, according to [31]. So, A is a
multi-filtered algebra. Further on, let o(a) := max.{v | v < a}, o(0) = 0.
Then Va € N, G, = Ay/As) = {2*}. It follows that

Gre(A) = @PGCGa = K(@1,..., Ty | TjT; = cyTiT; ¥ j > 1),
aEeNn
where 7; = x; + Ag(e,), & = (0,...,1,...,0). So, Gr.(A) is isomorphic to
the quasi-commutative ring in n Varziables.
Applying the generalizations of the Theorem of Jacobson to the case of
multi-filtered algebras ([31]) we get a more general statement than using
just the weighted—degree filtration.

THEOREM 4.7. Let A be a G—algebra. Then

1) A is left and right Noetherian,
2) A is an integral domain,
3) A has both left and right quotient rings.

REMARK 4.8. One can prove 1) also using the PBW Theorem and the
Dixon’s Lemma, like it is done in [15].

Indeed, the existence of PBW basis in a G—algebra implies 2). By 3.6,
for any two nonzero polynomials f, g in a G-algebra A, there exists a finite
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index set I C N, such that f-¢g = Z cox®, where ¢, € K*. Since A has a
ael

PBW basis {27 | 3 € N"}, we have fg = 0 < ¢, = 0 Va € I, hence either
f of g is zero.

However, there are algebras (not G—algebras), which have PBW basis
but also zero—divisors: for example, the algebra K(x,y)/(yz).

EXAMPLE 4.9. Consider the example 8.3.9 from [59]: let R be an Ore
extension R = K[u, v][z;1d, §] with § = wv?:Z. That is,

R=K(u,v,7 | vu = uv, vu = ur + uv?, v = vx).

According to the ordering condition, Im(ux) > Im(uv?), hence Im(z) >
Im(v?). Suppose there exists such an ordering, then non—degeneracy condi-
tion vanishes. Let us explore two possibilities for choosing the admissible
ordering;:

1) If we’'d like to work with the PBW basis {u%’z¢}, we have to in-
troduce weights. If we choose the ordering <, to be, say, weighted de-
grevlex wp(w,, w,, w,), then it suffices to take <, = wp(1l,w,2w + wy) for
any w € Zs1,wy € Z>o. The minimal weight vector is then (1, 1, 2); for any
w € Z> the vector (1,w,2w) is turning R into the algebra with weighted
homogeneous relations. By definition, R is a G—algebra with respect to <,
hence it is Noetherian. In [59] it has been shown, that Gr(R), computed
with respect to the classical filtration (that is, with weights (1,1, 1)) is not
Noetherian. It is not surprising, since any degree—ordering with weights
(1,1,1) violates the ordering condition from the definition of G—algebra.

2) There exists an ordering, where we do not need weights at all. Let

2

R =K{z,v,u | v = zv, ux = xu — uwv’, uwv = vu),

and let the ordering < be just the lexicographical ordering 1p with z > v >
u. Then, uv? < zu and R’ is a G-algebra with respect to <. Note, that in

this situation R’ can be realized as Ore extension K[z, v][u; Id, —uv-2].

4.4. Filtration on Modules and Gel’fand—Kirillov dimension.
Let R be an associative K-algebra with generators xi,...,x,,. Assuming
that each x; has degree 1, we define an increasing degree filtration on R as
above in 4.2. Then we have Fy = K, F; = K& @Zl Kz; and so on. Here
x1,...,T, form a so-called generating subspace for R.

For any finitely generated left R—module M, there exists a finite dimen-
sional subspace My C M (called a generating subspace for M), such that
RMy = M. An ascending filtration {F,,,n > 0} on R induces an ascending
filtration on M, defined by {H,, := F,,My,n > 0} .
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DEFINITION 4.10. Let {F,,n > 0} and {H,,,n > 0} be filtrations on R
and M as before. The Gel’fand—Kirillov dimension of M is defined to
be

GKdim(M) = lim suplog, (dim H,,)

n—oo

in particular,

GKdim(R) = GKdim(gR) = lim suplog, (dim F,,).

Indeed, GKdim(R) and GKdim(M) are independent of the choice of
generating subspaces. For a commutative algebra C' = Klzy,...,z,],

GKdim(C) equals the Krull dimension Kr.dim(C') = n.

PROPOSITION 4.11. ([59]). Let A be a G—algebra in n variables. Then,
for any finitely generated A-module M,

GKdim(M) = GKdim(Gr(M)), hence GKdim(A) = GKdim(Gr(A)) = n.

In both books by Li ([56]) and Bueso et al. ([14]) there are algorithms
for computing the GKdim(M ), so we are not going to discuss this here (but
note, that due to the previous proposition, it reduces to the computation of
dimension of Gr(M) over Gr(A), what is a (quasi—)commutative algebra).
The latter algorithm together with accompanying tools has been already
implemented in SINGULAR:PLURAL by J. Lobillo and C. Rabelo ([57]).

Let us recall several further definitions.

DEFINITION 4.12. ([59], 8.5.8) Let M be a module over an algebra A.
M is called holonomic, if GKdim(A/ Anny M) = 2 - GKdim(M).

DEFINITION 4.13. Let A be an associative K-algebra
and M be a left A-module.
1) The grade of M is defined to be

J(M) = mini | Extf, (M, A) # 0},

or j(M) = oo, if no such i exists. By convention j({0}) = oc.

2) It is said, that an algebra A satisfies the Auslander condition, if for
every finitely generated A-module M, for all # > 0 and for all submodules
N C Ext’ (M, A) the inequality j(N) > i holds.

3) A is called an Auslander regular algebra, if it is Noetherian with
gl.dim(A) < oo and the Auslander condition holds.

4) An algebra A is called a Cohen—Macaulay algebra, if

J(M) + GKdim(M) = GKdim(A) < oo for every finitely generated
nonzero A-module M.
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Using the structural results from [59] on quasi-commutative rings, which
appear as graded rings of G—algebras, we have the following.

PROPOSITION 4.14. Let A be a G—algebra in n variables. Then

1) the global homological dimension gl. dim(A) < n,
2) the Krull dimension Kr.dim(A) < n,
3) A is Auslander-regular and a Cohen—Macaulay algebra.

REMARK 4.15. 1) and 2) were proved in [30] with the multifiltering
technique, which was also applied for the proof of 3) in [31]. We will give a
constructive proof of 1) in Theorem §2, 4.16, which was obtained indepen-
dently using Grobner bases and our generalization of Schreyer’s theorem on
syzygies.

Note, that both 1) and 2) may be strict inequalities. It is known, that for
a n—th Weyl algebra W, in 2n variables over a field of char 0, gl. dim W,, = n.
We will discuss the conditions on the equality further in the Proposition §3,
4.17.

Concerning the Krull dimension, T. Levasseur showed in [55], that for a
complex semisimple Lie algebra g of dimension d, the Krull (more precisely,
Krull-Gabriel-Rentschler) dimension of U(g) is equal to the dimension of a
Borel subalgebra of g and hence, is strictly smaller than d.

3) was first proved in [31], using the multifiltering technique.

5. Opposite algebras

Let A be an associative algebra over K. Then the opposite algebra A°PP is
defined by taking the same vector-space A and introducing a new ” opposite”
multiplication on it, that is f %« g := g¢- f. Like A, it is an associative
K-algebra. Of course, (A°P)PP = A,

Let A be a G—algebra in n variables. What is the opposed algebra of it?

In the two subsections which follow, we present two natural construc-
tions for A°PP and for both of them we conclude, that A°P is a G—algebra.

Let M be a left A—module. Then, Va € A, m € M, am € M. In the
opposite algebra, (am)°PP? = m°PPxa°PP. Hence, setting M°PP to be the same
vector space as M, it naturally becomes a right A°°°’—module. Similarly, for
any right A-module N, N°PP is naturally a left A°°’—module.

Hence, we can perform right-sided computations like Grobner basis,
syzygy modules et cetera, having implemented only left—sided functionality
and procedures for an effective treatment of opposite algebras and transfer

of objects from an algebra into its opposite.
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Let B = A/I be a GR-algebra. Then BPP = A°P/[PP ig a GR-
algebra, since A°PP is a G—algebra, as we will see below, and I°PP is a proper
two—sided ideal in A°PP.

For p € A, we denote the opposed polynomial either by p* or by P.

Note, that using the characterization of non-degeneracy 2.4, V1 <1 <
Jj<k<n,0=NDCj = (x-x;) x;—xk-(rj ;). In the opposite algebra
this looks like 0 = (2] * x7) * 7}, — o7 * (2] * 23).

5.1. Opposite Algebra with Reversed PBW Basis. The form of
non—degeneracy conditions motivates the following choice PBW basis of
A°PP,

Since there is a bijection between vector-spaces of A and A°PP we can
find a particular one, which induces a bijection on monomials. Choose a
bijection, sending x; to X,,11_; := x;. Denote the induced monoid auto-
morphism by ¢ : N* — N" o(a) = o((a1,...,a,)) := (an, ..., aq).

Since a K-basis of A is the PBW basis Mon(A) = {z® | « € N}, where
x® = - ... - 2%, it is quite natural to define a monomial on A°PP to be
(%) := X7 = X x5 X Hence, with this choice of monomial, the
non—degeneracy conditions are vanishing.

Then, on A°PP with PBW basis {X” | 8 € N"} there are relations,
opposed to A, namely V1 < i < j <n, X;X; = C;X,;X; + Dj;. Define
Cji = Ccny1—imr1—j and Dy == d} ;. ., then the pair (X;, X;) together
with the relation is opposed to the pair (z,4+1—i, Tpt1—;)-

Let M € GL(n,K) be the matrix, representing an admissible well-
ordering ordering <,; on A. Define a matrix M* by reverting the order of
columns from M = (M; | --- | M,) to M* = (M, | --- | M;y). Note that
<~ is a well-ordering if and only if <,; is. Moreover, for any a@ € N,
Ma = M*o(«). Hence, we have the following:

1® <y 2’ e Ma <y, MB & M o(a) <1, M*o(B) & X7 <3 X709,

Then, from Im(d;;) <u z;x; follows, that Im(Dj;) <~ X;X; and the
ordering condition is satisfied. Hence, A°PP is a G—algebra in n variables by
the Definition 3.2.

ExAMPLE 5.1. In our implementation, the command opposite con-
structs an opposite algebra from a given G-algebra, using the method de-
scribed above. A command oppose computes an opposite object in A°PP
from a given object in A. We cut some lines from the output in order to

present the example in more compact form.

LIB "ncalg.lib";
def S = makeQso3();
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setring S; S;
==>

// : names Xy z
//  noncommutative relations:
// yx=(Q2) *xy+(-Q) *z
// zx=1/(Q2) *xz+1/ (Q) *y
// zy=(Q2) *yz+(-Q) *x
poly p = (xy+z)~2; p;
==>
(Q2) *x2y2+(-Q3+2) *xyz+(Q3-1) / (Q) *x2+1/(Q) *y2+z2
def Sop = opposite(8);
setring Sop; Sop;
==>

// . names ZYX
// noncommutative relations:

// YZ=(Q2) *ZY+(-Q) *X

// XZ=1/(Q2) *ZX+1/(Q) *Y

// XY=(Q2)*YX+(-Q) *Z

poly q = oppose(S,p); q;
==>

(Q2) *Y2X2+(-Q3+2) *ZYX+(Q3-1) / (Q) *X2+1/(Q) xY2+Z2

5.2. Opposite Algebra via Opposed Relations. Indeed, there is
another canonical way of viewing A°PP as a G-algebra. We can keep the
PBW basis but change relations instead. Let Y; := 2}, a new multiplication
be denoted by * and the basis consists of monomials {Y;*' x ... x Y}
Opposed monomials will be again monomials, but the relations of an algebra
will become {Y; *Y; = C;;Y;Y; + D;;}, where C;; := é and D;; = —éd;}}.
Hence, we can use the same ordering as of A on A°PP since it respects the
ordering property from the definition of G-algebra.

In order to see that the non—degeneracy conditions vanish, consider one
of the three parts of the polynomial N'DC;j:

(circjr - digry, — wpdij)* = cncip - Yadi; — di; Yy =

= _CijcikcjkYkDij + CijDink = m(CZkC]le]Yk — Ysz])
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We see that the totally symmetric coefficient came out and the same
will happen with two other parts of N'DC;j,. Hence, V1 <i < j <k <n,

o 1
NDCE” = ——NDC, = 0.
ak CiiCit.Cje ak

6. The Ubiquity of G R—algebras

Let t be a variable and 0 denotes the operator of a partial differentiation
with respect to t, %. For any function f € C*°(t), we introduce an operator
F, F(t) = f -t, that is the operator of left multiplication by f. We call f
a representative of F. In general, the operators F' and 0 do not commute,

but there is still a relation between the two actions.
LEMMA 6.1. o F = Fod+ d(f).

PROOF. V h € C*(t), we have the following:
(o F)(h) =0(f-h)=[-0(h)+0(f)-h=(Fod)(h)+(f) - (h),
hence do F' = F o d+ J(f). O

In the sequel, we will denote both the operator and its representative
by the same letter.

ExaMPLE 6.2. Taking ¢t and d = % as variables, we obtain the algebra

Ay = K(t,d | dt = td + 1), the first Weyl algebra — a very famous

object in mathematics. Note, that the n—th Weyl algebra is defined to be

A, =K(x1,...,2,,01,...,0, | Ojx; = x,;0;+6;;), where §;; is the Kronecker

symbol (0;; = 1 and 6;; = 0, V ¢ # j). Here, 0; could be viewed as the
&l

operator of partial differentiation Rr

EXAMPLE 6.3. Let e denotes the operator e*, where \ considered as a
parameter. Then there is the exponential algebra

E=K\)(e,0]|0-e=e-0+ Xe).
Both examples 6.2 and 6.3 are G—algebras for any degree well-ordering.

EXAMPLE 6.4. Let sin denotes the operator with the representative
sin(t), then O - sin = sin - 0 4+ cos and hence we need the variable cos,
corresponding to the operator with the representative cos(t). Then, 0-cos =
cos - 0 — sin and there is the algebra

T° = K(sin, cos,d | 0-cos = cos-0—sin, d-sin = sin-0+cos, cos-sin = sin-cos).

A direct computation shows that the element ¢ = sin? + cos? commutes

with @ (even more, we can show that ¢ generates the center of T if char K =
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0). Hence, we should take the factor—algebra by the the ideal, generated by
cos? + sin? — 1. In such a way we obtain
the trigonometric algebra T = T°/{cos* + sin® — 1).

This algebra is a G R-algebra for any degree well-ordering.

ExAMPLE 6.5. Consider the operator [n, assigned to the natural loga-
rithm In(¢). Then, @ -In =In-0+t'. Adding s := ¢! as a variable, we
obtain the logarithmic algebra:

L=K(s,In,0|0-s=5-0—5%0-In=1In-0+s,In-5s=5-In).

Note, that in order to be a G—algebra, the monomial ordering < should

satisfy the property s < 0. Then, s

satisfied.

< s0 and the ordering condition is

We can also consider other operations instead of differentiation.
Consider the shift operator with respect to a constant ¢ € K,

0 : f(x) — f(z— ).

Then, by the analogous statement to the Lemma 6.1, there is

the shift algebra S(z,d.) = K(z,d. | 0c- @ =0, — cd.).

If ¢ <0 (resp. ¢ > 0), d. is called an advance operator (resp. a time—
delay operator) ([19]).

Consider the difference operator
A f(x) = flz+1) = fla).
Again, there is an analogue to Lemma 6.1, and the difference algebra
K{x,A | Arx=2-A+A+1).

Note, that both shift and difference algebras are GG-algebras.
Many important operators allow such algebraic presentations as G— and
G R-algebras. See [18] for details, implementation and applications.

7. Applications of Non—degeneracy Conditions

DEFINITION 7.1. Let A be a GR-algebra over a field K.
We call an algebra A(qy, .. ., qm), depending on parameters (qi, ..., ¢mn),
a G—quantization of A, if

o A(q1,-..,qm) is a GR-algebra over K(qi,...,qn),
e A(q1,...,qm) is a GR-algebra for any values of ¢, € K,
o A(1,...,1)=A.
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Let A be a G—algebra, generated by xy, ..., x,.
How to determine the set of all G—quantizations of A?

(1) Compute the non—degeneracy conditions and obtain a set S of poly-
nomials in z, ..., x, with coefficients depending on ¢, ..., ¢n.

(2) Form the ideal Is € Klg, ..., ¢n] generated by all the coefficients
of monomials of every polynomial from S.

(3) Compute the associated primes from the primary decomposition of
the radical of Ig.

(4) Throw away every component (that is, an associated prime) which
violates A(1,...,1) = A.

REMARK 7.2. We use the computer algebra system SINGULAR:PLURAL
(53], with its commutative backbone SINGULAR and non—commutative ex-
tension PLURAL. We proceed with the described procedure as follows:

We compute the non-degeneracy conditions either with the help of
PLURAL or manually. Then, using SINGULAR and its library PRIMDEC
[21], we compute the Grobner basis of Z and then the associated primes
of the primary decomposition of the radical of Z. An implementation of
the essential algorithms including the primary decomposition is available in
polynomial rings over various ground fields K (like char K = 0 or char K > 0
as well as their transcendent and simple algebraic extensions). Here, how-
ever, we assume our coefficients ¢y, ..., g, to be specialized in the field C.

Of course, one can insert further constraints in order to analyze the set
one obtains. Parametric ideals, modules and subalgebras can be studied in
a similar way to the investigation of parametric algebras that we present

here.

In what follows, we will work with semi-algebraic sets. Recall, that
for a field K, a semi—algebraic set is a subset of K", which is a finite
Boolean combination of sets of the form {# € K" : f(z) > 0} and {z € K" :
g(z) =0} for f,g € K[zy,...,z,]. In particular, for any h € K[z], the set
H; = {z € K" : h(z) # 0} is semi-algebraic.

7.1. G—quantizations of Weyl Algebras.

Let A, = K(x1,...,%n,Y1,---,Yn | viti = x;y; + 1) be the classical
n-th Weyl algebra, where we can interpret y; as the differential operator

Oy 1= 2

i (%cl
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From now on, we use the following compact way for encoding the G-
algebra in 4 variables (c;;, d;; are from the Definition 3.2):

X1 Ci2 Ci13 Ci14
di2 Xg €23 Co4
dig dos X3 Ca

dig dyy d3g X4

Let’s take Ay = K(z,0,,y,0, | O,z = 20, + 1,0,y = y0, + 1). In our

new notation it corresponds to the matrix

x 1 1 1
1 0 1 1
0 0 y 1
0 0 1 0oy

With such an ordering of variables the PBW basis is {02y 0, }.
We specify the following constraints to be fulfilled:

- let the general G—quantization be A(Ay) = A(Ay, {c;},{d;;}, <) =
K(z1,x9, 23,24 | 2@ = cijwixj + dij, Y5 > 1)

-Vi<j ¢ €KY dj € K (as for d;j, we consider two cases
only: d;; = 0 and d;; # 0). It means we investigate only Weyl-like
G—quantizations.

- dpp=dz =1

Since V ¢ < j di; € K, for any well-ordering < on A(Ay) we have
d;; < zyx; and A(As) is a G-algebra in 4 variables, if non-degeneracy
conditions vanish. However, if we choose < to be a well-ordering, A(A,)
does not depend on the concrete one. In our encoding it looks the following
way:

X Ci2 CG3 Cuy
1 Ox co3 cx
dig das Yy
dig dog 1 Oy
Since the set Us = {(i,7,k) | 1 <i < j < k <4} in this case is equal to
{(1,2,3),(1,2,4),(1,3,4),(2,3,4)}, we have four equations derived from the
four non-degeneracy conditions which V (4, j, k) € Uz look as follows:

dij(cikcjr — 1) - g + dir(cjr — cij) - @5 + djr(1 — cijei) - @i

Now we define two sets of commutative variables C'= {¢;; | 1 <i < j <

4} and D = {dU | 1 <i< ] < 4} \{d12,d34} (SiIlCQ dig = d34 = 1) Then
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we have the following ideal in the commutative polynomial ring K[C, D] in
10 variables,

T = (dij(circip — 1), din(cjr — cij), djn(cijea — 1) | (3,5, k) € Us).

Using a computer algebra system SINGULAR ([35]), we compute the
Grobner basis of Z and then the primary decomposition of the radical of 7
([21]). Performing the computations, we find out, that the 4-dimensional
variety, defined by v/Z, consists of 8 components (corresponding to associ-
ated prime ideals). Let us denote the corresponding types of algebras by
A1, ..., Ag. Now we list them all, using the following considerations:

e d;;: if there are no restrictions on some d;;, we depict it by * in the
matrix, interpreting it as a free ("random”) parameter,

e ¢;;: if no conditions on some ¢;; are given, we will introduce the
parameters ¢, ¢” for "single” (appearing only once) coefficients and
q for "block” (appearing more than once) coefficients in the corre-
sponding matrix. These parameters are viewed then as the gener-

ators of the transcendental field extension K(g).

x 1 1 1 x —1 -1 -1
18, 1 1 1 0, -1 —1
Alz 5 AQZ a 5
x x y 1 * % y -—1
x o+ 1 0Oy x % 1 0Oy
x ¢ 1 1 x ¢ -1 -1
1 0 1 1 1 0, -1 -1
A —A - ; A :A = ,
3 3(q') 00 y 1 4 1(q) 00 y -1
« 0 1 0, £ 0 1 0
x ¢ q q' X q ¢' ¢
1 0 ¢ ¢ 1 0 q qt
A ,7 ,/7 - x b A :A - * )
5(d,4",q) 00 y ¢ 6 6(q) 0« q
00 1 a 00 1 a
X ¢ q¢' q x ¢ q ¢!
1 Oy -1 1 0y ¢!
Ar = Aq(q) = T Av=Adg) = @1
* 0 y ¢ 0 =« y ¢
00 1 8 00 1 &

Now we check, whether A;(1,...,1) = A. Using the encoding it turns to
be especially simple — all the G—quantizations of A can be represented by
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the As(¢, 4", q), since, substituting everywhere the free parameter x with

0, we have

AI :A5(17171>7 A3:A5(q/7171)7 A6:A5<QJQ7(]—1)7
A? = AS(qaq_lvq_1)> AB = AS(Qaq_17Q)'

If we substitute * with a unit, the only G—quantization of A is As(¢, ¢”, q).
Note, that in any case Ay and A, are not G—quantizations. We could have
avoided them by restricting ¢;; to values in K.

It’s interesting to see how this classification reflects some of classical
algebras related to As. Recall the encodings of algebras:

x 1 X q
A ~ A ~
1 (1 8)() ’ l(q) (1 ax)

Then it’s easy to see that

e Ay = A; ®k A, is of the type Ay,
o Ai(q') k(g Ay is of the type As,
o A1(¢) ®r(y.q) A1(q") is of the type As(q,¢", 1).

What happens to As, Ag, A7, Ag, if we substitute the free parameter
with some unit? They are not G—quantizations anymore, but still interesting
G—algebras, like A7 where x is replaced with 1: we get an algebra with 0,, 0,
acting as classical differentials on w,y (which generate A;(¢7!) = K(z,vy |
yr =q vy +1)).

In order to go back to the classical PBW basis {z™y™020,} it is

enough just to change our encoding, permuting the corresponding entries:

1

x ¢ q q x q q¢ q
1 0 ¢! ¢ 0y ¢ ¢
0 0 S0 6 ¢
00 1 8, 01 0 9,

The G—quantization of the type A := Aj can be generalized for higher
Weyl algebras.

THEOREM 7.3. Consider A, = K(zy,...,2,,00,,...,0s, | Onzi =
2;0y, + 1). Given n ”single” parameters pq,...,p, and m = %n(n - 1)
"block” parameters qi,...,qn,, then there exists a m + n—parameter G-

quantization A, (p, ¢) which has the following form in the compact encoding:
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X1 D1 Qo9 e q 4q;

(@]
@)
—
l?;QD

0 O 0

0 O 0 0 ...... .l Gm
0 0 0 0 ...... Xn Pn
0 O 0 0 ...... 1 Ok,

We count in such a way that in the matrix above i = 1(n — 1)(n —2) +
1, n>2.

This deformation has the following properties:

(1) Vn > 1 A,(p,q) is a simple Noetherian domain with the PBW
basis

{afrogmtt L apr ™ | o€ N2},

which can be easily rewritten as the classical PBW basis.

(2) Let 1 < s <m and v(k) :== k(k — 1).
Define the index set

m—s—1

I= €P I. where I = {v(s+t)+1,...,v(s+t+1)—t} VO <t < m—s—1.
t=0

Set ¢ :={q; |i€l}and ¢" :={q¢ |v(s+1)+1<i<m}\q.
Then, if ¢ = 1, we have

An(]_% g) = As(pla - Psiq1, - aQV(s)) ®K(Q,g\q7/) Am—s(ps-‘rla <+ vy Pn; q//).

In particular,

/

¢ = (g, qm) =1 = Dn(p, @) = Dna(p\ Pny g\ @) @kp) Ar(pn),
q= 1= An(£7 2) = A1<p1) ®K(B) s ®K(3) Ay (Pn%

Q:l7£:l = An(]_%g) = An - ®A1
i=1

PRrROOF. We have to show that A is a G—algebra. It becomes clear from
the definition we have to show only that the non-degeneracy conditions
vanish. We do it by induction on n. A;(p;) is a ¢—Weyl algebra A;(p;), and
the theorem is obviously true for it. Now assume that A,,_; is a G—algebra.
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We construct A,, from A,,_; with a single parameter p, and n — 1 block
parameters ¢, . .., ¢,. We have to show that the following equalities hold:

Opp * Wk * Y1) — Oz * ) ¥ Y1 = 0, 2y % (Y * 1) — (T * Yi) * 0 = 0,

Op, * (Tn % yg) — (Op, * xp) * yp = 0.

where (yg,y;) are pairs of generators of A, _; with y, > y; and * is the
multiplication on A. In fact it suffices to show that V1 < k <n

Oy, * (O, * T) — (O, * Oy, ) * T, = 0,
T (Op, % xg) — (T % Oy, ) % g, = 0,
O, * (T x ) — (O, *wn)*xk:()
Ox, * ) — (@

n

Let us prove the first equality (the other will follow analogously). Denote
by R the polynomial pyxy0y, 0y, + O,. Then

Oy, * (O, * Tf) = Oy, * (Dpxp0y, + 1) = pkq;k_lxkaxnaxk +0,, =R,

(O, * O,) * T = q;k_laxk(axn * Xp) = qurk,l@xkq;rlk_lxkaxn =R,

where i = 1(n — 1)(n — 2) + 1. The claim follows.

The properties of A one can read directly from the encoding we use.
O

7.2. Quadratic Algebras in 3 Variables.

Consider a class of G-algebras in n variables which relations are homo-
geneous of degree 2. We call these algebras quadratic G-algebras. Let us
have a look at the case when n = 3.

Assume that the relations are given in terms of non—deformed commuta-
tors (i.e. ¢;; = 1Vj > i). Let us fix an ordering, say, Dp (degree lexicograph-
ical ordering) with > y > z. Then the relations of quadratic algebra A,
satisfying the ordering condition from the definition of G—algebras, should
be of the following form:

yr = zy+ axz + ay’ + azyz + 27,
zr = xzz+ &Y’ + asyz + agz’,
2y = yz+ a2
Computing the non—degeneracy conditions, we construct the ideal

T = (2asa4 + a1as5 — agas, 2a2a3 — a2as + a1a6 + a3a4).
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We see that the non—degeneracy conditions do not depend on &, &, (this
fact motivates us to treat &;,&> as generic parameters of a different na-
ture than the a;’s) so we are working further within the ring Klaq, ..., ag].
Moreover, the ideal 7 is a radical ideal. Computing the primary decompo-
sition, we get two associated prime ideals 77 = (2asa4 + ajas — aqas, alag -
azas + 2asa¢ — asag, a1a4a5 — azay — ajag) and Zy = (aq, ay), corresponding
to components V; and V, of the 4-dimensional variety V(Z) = V; U V.

Let us start with the component V5. Since a; = a4 = 0 on it , consider
the subalgebra H = K(y,z | zy = yz). In fact we may call the algebra A
”solvable”, since then [H,z| € H, [A, A] = H and [[A, A], A] = 0. So, the
component Vs, gives us the family of ”solvable” algebras, depending on six

arbitrary parameters asq, as, as, ag, &1, &2 having the following relations:
_ 2 2 _ 2 2 _
yr =xy +ay” +azyz + &12°, zx =z + &y +asyz + agz”, 2y = yz.

Note that such solvable algebras admit a natural presentation as an Ore
extension Ky, z][x; Id, §] with

0 = —(asy® + agyz + &2°) 5. — (&a9” + asyz + ag2?) 3.

For the analysis of the rest of conditions, we use the decomposition
VIZ) =VoUV, = Vo @ (V) \ Va). On the latter semi-algebraic set the
parameters are algebraically dependent, so we can express, for example,

as = %(1 - Z—i)ag,, ag = ag(as — Z—i’).

We see, that the family of algebras, arising from V; \ Vs, depends on
two nonzero parameters (here a;,a4) and four arbitrary parameters (here
as, as, &1, &2). Moreover, for generic &1, &, there are no solvable algebras in
this class. However, setting & = 0 and a5 = a3 = 0 implies that ay = ag = 0

and there is a family of algebras with relations
Zr = T2, 2Y = Yz + a4z2, Yr =Y + a1z + 5122,

which are solvable algebras for the subalgebra H = K[z, z] (since then
[H,y] € H, [A,A] = H and [[A, A], A] = 0) and can be realized as an Ore
extension K[z, z][y; Id, §] with

J= —a4228% + (mzz + &2 2.

In order to complete the list of quadratic G—algebras in 3 variables,
realizable as Ore extensions, we note, that taking H to be the proper
subalgebra, generated by x,y implies that a; = a3 = 0 and & = 0.
Then H = K(z,y | yr = 2y + asy?) and A = H|z;1d, ] if additionally
ay = as = ag = 0, then § = fgyza%.
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This algebra belongs to algebras, associated with component V; and
does exist (like the previous one) only for non—generic value of £ (since &

has to be zero).

REMARK 7.4. We have divided quadratic G—algebras in 3 variables into
two distinct groups. The members of the first group are ”solvable” algebras,
where each algebra has a natural commutative subalgebra and is easily
realizable as an Ore extension.

The variables of algebras from the second group are mutually non—
commutative. Moreover, since by construction a; # 0, the relation of y
and x will always have a term a;xz, what makes the realization of such
an algebra as an Ore extension impossible. Note, that all these algebras
share the natural subalgebra S = K(a4){y,z | 2y = yz + a42?), which is
not a ”solvable” algebra, too. The connection of a ”solvability” with the
genericity of parameters &1, &, may have interesting consequences in further

investigations.

7.3. Witten’s Deformation of U(sl,).

E. Witten introduced and studied a 7—parameter deformation of the
universal enveloping algebra U (sly). Witten’s deformation is a unital asso-
ciative algebra over a field K (which is assumed to be of characteristic 0),
depending on a 7-tuple of parameters § = (&1,...,&7). It is the algebra
K(&1, ..., &)(x,y, z) subject to relations

1z — &za = &, 2y — &Yz = &y, yr — Esvy = 62 + &z

The resulting algebra is denoted by W(£); in the sequel, we assume that
£1&3¢5 # 0. As an admissible ordering one can take Dp (degree lexicograph-
ical ordering) with z > y > 2.

The structural analysis of W (€) was done in [8]. We are going to use
the non—degeneracy conditions to carry such an analysis on our own.

The only non—degeneracy condition equals (£3& — £166)2 + (£1€4&5 —
£28385 + Ea8s — Eas )y + (E16a86 — E1&7 — E26386 + E387) 2° + (§16u&r — £26367) 2,

but we better write it in a factorized form,

((& — &)z + &€ — £83)(&62° + &2) + &(&1&0 — &8 + & — &)y

So, W(§) is a G-algebra if and only if for all values of the parameters §
the polynomial above vanishes.

Let V; € AL be the variety, corresponding to the radical ideal (&, —
&3, — &4). Denoting & = & =: ¢, we obtain the family of algebras

Wi(€): 2z =q "oz — q "G, 2y = quz + &y, yr = &ay + &2 + &2,
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depending on {q, &, &5} € K* and {&;, &7} C K.
There is another interesting family of algebras, which are related to the
Witten’s deformation, namely conformal sls—algebras. These algebras are

generated by x,y, z subject to 3—parameter relations

1 1 )
2x = —r2— —x, 2y =ayz +vy, yr =cry + bz" + 2.
a a

These algebras are G—algebras for any {a,c} C K* and b € K.
We see, that W;({) is isomorphic to the conformal sly-algebra if and

only if £&67 = 1. Thena=¢q, b= E—S and ¢ = &;.
7
The remaining possibilities are described by the semi—algebraic set

GG —1)+&A1-E&)=0,=6=0, & #8, & # &

If & =1, we have & = 0 and a family of algebras
W (€)1 2w = w2, 2y = &yz + &y, yr = &y,

depending on {3 # 1,&4,&5 C K™
Similarly, &3 =1 = & = 0 and there are algebras

1 3
W(Q) 2w = £ 5—?:13 2y =Yz, yr = &y,

depending on {& # 1,&,&} C K-

We see, that W2(1)(§) ~ W2(3) (€) in a natural way.

Algebras of the type Wy contain both commutative subalgebra in 2
variables and a subalgebra, isomorphic to a quantum plane. They can be
realized as polynomial Ore extensions over these subalgebras. It cab be, for
instance, an Ore extension of a quantum plane K(x,y | yxr = &ay) by 2
with two parameters.

In the last two cases (& # 1 # &), we have families

Wgz)(@ P RT = g—llxz - g—j% 2y = &Yz + 528 : 2;% yr = &2y,
depending on {&1, &3 | &1 # & C K\ {1}, { € K* and § € K and
1 &4(1-4&)

(4) ) -
W (§) 2r = &xz =6

for {61,861 & # &} C K\ {1}, & €K and & € K
Again, we observe a natural isomorphism W?EZ) = W§4).

x, 2y = &yz + &y, yr = Eay,

As we can see, we are easily able to give a detailed description of dif-
ferent classes of Witten’s deformation, even more detailed than in [8]. The
conditions on parameters are more natural as well as the division in the

subclasses.
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REMARK 7.5. An important conclusion should be drawn from the analy-
sis above: Witten’s original construction involved three independent quan-
tum parameters {1, &3, &5}, which induce three pairwise different

g—commutators, namely

[xa Z]§1 = 6255’ [Z7 y]E?, = 54y7 [ya 37]55 - 5622 + 572-

Here, we denote [z,y], := xy — qyx, which moreover satisfies the property
[z, yly = =y, x],~1. We say then, that the ¢-commutators [-, -], and [, -],
are equivalent.

In the analysis above we have shown, that the only possible G-algebra
with all three ¢-commutators being nonzero is of the form

W1(§> : [I,Z]q = 5217’ [zay}q = 52% [yal‘]fs = 56752 + 5727

where {q,&,&} C K* and {&;, &} € K. But we see, that in this case, at
most two different ¢-commutators (in our case, [-, -J¢, and |-, -|,) are indeed
possible. Three different commutators appear only in algebras, where at
least two variables constitute a quasi-commutative subalgebra.

7.4. Diffusion Algebras.

A diffusion algebra ([40]) is generated by {D;,1 <i < n} over a field K
subject to the relations:

CijDiDj — CjiDjDi = ZL‘jDi — JZZ‘D]', Vi < j

where ¢;; > 0 and z; are coefficients from the field ( for easier comparison,
we use the notations of original article).

We will assume that Vi, j ¢;; > 0 and therefore concentrate our attention
on revealing the G-algebras among diffusion algebras (the authors of the
article [40] studied all the possible diffusion algebras including degenerate
ones).

For the diffusion algebras we compute the non—degeneracy conditions
for a fixed triple (i,7,k) in a similar way as we did for G—algebras. After
computing the primary decomposition, we get eight components and we
do the classification of algebras, following the approach from [40]. Each
component of the primary decomposition corresponds to a different form of
the algebra. One component corresponds to type A, three to type B, three
to type C and one component to type D.

A type : every x,, is nonzero. Then there are relations

Cjk = Cri = Cik = Cj; = Cjj = Cpj, that is, we obtain universal
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enveloping algebras of Lie algebras with relations

€X; €X;
D;,D;]=-D, - “'D,.
[D;, Dj] o P

B type : one of z,, is equal to zero. In the case x; = 0, we have
Cki = Cijs Cik — Cki = Cjk — Ckj = Cji — Cijj =2 C
And the relations are the following:
c;;D;D; — (c;j +¢)D;D; = x;D;,
cikD;jDy — (¢jr —c)DyD; = x,D; — x;Dy,
(cij +¢)D;Dy, — ¢;jDiD; = xyD;.

The cases x; = 0 and x, = 0 are handled in an analogous way.

C type : one of z,, is nonzero. Let z; = 0,z = 0.

Then c¢;; — ¢j; = ¢ — ¢ =: ¢, and there are relations

CijDiDj — (Cij — C)DjDi = —ZL'Z'D]‘,
Cjk;DjDk - ijDij = Oa

The cases x; = 7, = 0 and x; = z; = 0 are done analogously.

D type : every z,, is equal to zero. There are no additional constraints
on ¢; and it is not surprising, since this type consists of quasi-
commutative algebras with relations

Cm, L. . .
D/D,, = #Dsz, (1,m) € {(4,9), (i, k), (j, k)}

As we can see, we obtained the same classification of G—algebras among
the diffusion algebras as in [40]. The advantage of our approach lies in the
automation of the process, in particular, we can consider more variables and
achieve the classification by using the computer algebra methods only. Thus,

our approach is limited only by the overall performance of the computing
facilities.

7.5. Completion of Relations.

When speaking on algebras, given by generators and relations, nonzero
non—degeneracy conditions (if there are some) complete the set of relations
for algebras, close to G—algebras to the full set of relations (by means of
Grobner bases in free algebras). We illustrate the use of non—degeneracy
conditions in such situation.
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The concrete application, we are going to describe, arisen from the in-
vestigation of an analogue to the Hall-Ringel algebra for representations of
partially ordered sets, [47] and was asked to solve by Prof. Yu. Drozd.

We start with three variables {eg, e, e2} and some relations between
them. Namely, the pairs (eg, e1) and (e, e2), satisfying Serre’s relations:

[ei, [€5, €5]] = €7e; — 2eieje; + eje; = 0 for each pair (e, e;).

Introducing new variables by defining [eg,e1] = e and [eq, es] = eg2, we
obtain two non—degenerate algebras:

Eo = K<€0, €1, €01 | €1€0 = €9€1 — €01, €01€0 = €0€01, €01€1 = 61601>>

Eop = K<60, €2, €02 | €2€0 = €0€2 — €02, €02€0 = €0€02, €02€2 = 62602>-

The third pair (e;, e9) satisfies a kind of "negative” Serre’s relation:
{e1,{e1,e2}} = eleq + 2e1e9e1 + exef = 0, where {a,b} = ab + ba.
We define a new variable {e1, o} = e15 and obtain a non—degenerate algebra
By :=K(er, ea, €12 | €261 = —e1e3 + €12, €1261 = —€1€1, €126 = —€2€12).

Problem: Find all the G-algebras, generated by the set of variables
{ep, €1, €2, €01, €02, €12}, satisfying the relations of FEoi, Foe, F12. In other
words, given the incomplete set of relations, examine its possible non—
degenerate G—completions.

Here is the matrix encoding of the starting situation, where * denotes
yet undetermined values:

€0 1 1 1 1 *
—ep €1 —1 1 *  —1
—ep2 €12 €3 % 1 -1

0 0 *x e x *
0 * 0 ¥ €ga %
* 0 0 = * €13

We are computing all the non—-degeneracy conditions between the triples

of e; and extract new relations from them.

(1) (eo,e1,e2,-,-,-):  {eor,ea} + {eo2, 1} = [eo, €12].
We introduce new variables {egi,e2} = d and {ep, €1} = ¢.
Hence there are following new relations: egies = —eseqr + d,
epper = —erege +q and  ejpeg = egerr — (d +q).
(2) (eo, €1, €01, ): 0 from the construction.
(3) (60, €1, €025 ) (new) €02€01 = —€01€02 1 [607 Q]-
(4) (eo,e1,, 75, €12): (tautological) epzeor = —eoreo2 + {e1,d + g}

Together with 3) it gives us (new) [eg, q] = {e1,d + ¢}.
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(5) (60, *, €2,€01, °, ) (tautological) €02€01 = —€p1€02 + [60, d] Com-
paring with 3), we have (new) [eg,d — ¢] = 0.
6 (607'7627'7602a' :

) 0 from the construction.
7) (€0, €2, €12

)

)

(new) ejzeps = —epge12 — {ea2,d + q}.

8) (-, e1,62,€01, " (new) ej2e01 = —egie12 + {e1,d}.

9) (-,e1,ea,,€02,7): (tautological) ej2e90 = —epaer2 + {€2, q}. With
the 7) we have (new) {es,d + 2¢} = 0.

(10) (-, e1,€2,+,,€e12): 0 from the construction.

(
(
(
(

— N N

(11) (eo,-,- €01, €02,°):  (new) [eo, [eg, d]] = O (relation of Serre’s type).
Note, that it follows also from 5), since [eg1eq2, €0] = 0.

(12) (eo, -, -, €01, €12):  (new) {ep,d+ q} = [eq, {e1,d}].

(13) (€0, s+, €02, €12):  (new) {ep,d + q} = [eo, {e2,q}].

(14) (-, €1, €01, €02,7):  (new) {eo1,q} = {e1, [eo, q]} (together with 12
produces tautology).

(15) (-,e1,-, €01, €12):  (new) {ey,{e1,d}} =0.

(16) (-,e1,-, -, €02, €12):  (new) —leia, q] = [e1, {e2, ¢}l

(17) (-, ea, €01, €02,7):  (new) {ega,d} = {ez, [eo,d]} (together with 13
produces tautology).

(18) (-, -,e2,€01,,€12):  (new) —[e1n, d] = [es, {e1,d}].

(19) (-, -, €2, €02,€12):  (new) {es,{e2,q}} =0.

(20) (-, -, -, €o1, €02, €12):  (new)
leor, {ea, q}] + [e12, [0, d]] + [eos, {e1,d}] = 0.

We see, that there are many relations between the generators resembling
G—algebra relations and some more. In fact, the following lemma holds.

LEMMA 7.6. The only G—algebras in 6 variables, satisfying the relations
of Eo, Ega, E12 are the algebras {&, k € K} with the encoding

€ 1 1 1 1 1
—ep1 e —1 1 -1 -1
—en €12 €s -1 1 -1

0 0 k-ena e —1 -1

0 —k - eq9 0 0 egp2 —1

0 0 0 0 0 el2
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PROOF. In fact, after computing all the non—-degeneracy conditions, we
have the algebra with the relations, encoded in the following matrix

€o 1 1 1 1 1
—ep1 e; —1 1 -1 —1
—en2 €19 €s -1 1 —1

0 0 d €o1 -1 -1

0 qg 0 [ep,d e —1

—(d+q) 0 0 A{en,d} {ezq} er

And there are even more relations, which d, ¢ should fulfill, namely

i [607 [eo,d]] =0, [607d] - {QOWI];

o [eo,q] ={er,d+q}, {e2,d+2¢} =0,

o {co1,d+q} = [eo, {e1,d}], {eo2,d +q} = [eo, {e2,q}],
e {eor,q} ={e1.[eo,ql},  {eon, d} = {e2, [e0, d},

i {617 {elvd}} =0, {627 {627‘]}} =0,

o [e12,q] = —[er, {e2,q}], [er2,d] = —[e2, {e1, d}],

® [eor, {2, ¢}] + [e12; [eo, d]] + [eo2, {€1, d}] = 0.

First of all, we show that d = 0 & ¢ = 0, hence d,q are dependent
in a special way. In particular, there is no sense introducing them as new
variables.

Let d = 0. Then [ey, q] = {e1,q} = {e2,q} = {eo1,q} = {en2,q} =0
and [e12,¢q] = 0, what could be true if and only if ¢ = 0. The implication
qg = 0 = d = 0 holds similarly. Note, that for d = ¢ = 0 we obtain a
G-algebra.

Now let d # 0. Then {es,d 4+ 2¢q} = 0 = d + 2q = kej, for some k € K.
Then [eg,d + 2q] = 3[eq, d] = 3k[eg, e12] = 3k(d + ¢q). By Serre’s relation,
leo, [eo, d]] = 0 implies [eo, [eo, d + 2¢]] = 0, since [eg,d] = [eg,q]. On the
other hand, [eo, [eo, d + 2q]] = 3k[eo, d + q] = 6k[eg, d]. Hence, either k = 0
or [eg,d] =0 = [eo, q].

If k=0,d= —2q and [e12,q] = 0. This could only happen if ¢ = tes
what contradicts other consequences like [eg, ] = 0, {e1,q} = 0.

Now, d # 0,d # —2q and [eg,d] = 0 = [ep, ¢]. Then we have {e;,d+q} =
0, what is satisfied only by d+¢q = te;, for some t € K. Hence, g = (k—t)ejs
and 0 = [eg, q] = (k — t)[eo, e12] = (k — t)(d + ¢). So, we have either k = ¢
and ¢ = 0 (a contradiction to the assumption) or d + g = 0.

With the latter, we have [eg, d] = {e1,d} = {ea,d} = {ep,d} =
= {ep2,d} = 0 and [e19,d] = 0. The only possible value of d, satisfying these
is d = kejy (since {eg, €12} = —(d+q) = 0). O

REMARK 7.7. One of the possible approaches to problems like the de-
scribed one is computing the Grobner basis of the ideal, generated by the
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initial set of relations, in a free algebra. However, the universality of this
recipe turns to be inefficient in some concrete situations. In our example,
without introducing ”shortcuts” for d and ¢ we would obtain a basis of infi-
nite length. Even our definition of d and ¢ as skew—commutators has been
motivated by the condensed form of the non-degeneracy condition of the
first explored triple.

These observations show that the full automation of such procedures
is, unfortunately, almost impossible. On the other hand, combining both
theoretical knowledge and human intuition together with careful and fast
implementation produces such interesting and somehow unexpected results

like the previous lemma.

8. Conclusion and Future Work

We have shown the nature of non-degeneracy conditions and their in-
terplay with the PBW basis property in a wide class of algebras. By com-
bining both non—commutative and commutative computational methods we
are able to classify families of parametric algebras having PBW basis and
being Noetherian domains.

We have seen how the non-degeneracy conditions can help us to "nor-
malize” the set of relations of a non—commutative algebra: minimize it like
in 2.1 or enlarge by completing in 7.5.

We used the non-degeneracy conditions for revealing realizability of
parametric algebras as Ore extensions in 7.2 and 7.3.

It turns out to be very useful to perform computations like before, that
is, we need combined (i.e. both commutative and non-commutative) appli-
cations of Grobner bases at the same time. As far as we know, our system
SINGULAR:PLURAL is the only modern system allowing the user to do such
combined computations on a substantially large class of non—commutative
algebras.

One of the most interesting perspectives is the investigation of the role of
the non—degeneracy conditions for quantum Lie algebras, studied by Delius
([22]). A generalization of Jacobi identities for such algebras is needed
but is not discovered yet. In the classical case of Lie algebras, one utilizes
properties of the Lie bracket a lot. The problem in the quantum case, which
has been already partially discussed in Example 7.3 is the following: one

has to introduce several g—commutators of the form [a, b].,. := ab— ¢;;ba for

¢;; € K, which are connected to each other in some way (we have shown

a variation of this principle in Remark 7.5). However, this treatment is
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not really uniform and causes several difficulties. Nevertheless it should be
investigated further.

Concerning algebras of linear operators, described with plenty of exam-
ples in Section 6, we should note that despite the impression one gets from
the impressive list of operators leading to G—algebras, there are important
linear operators, which do not behave so well.

For example, the inverse to the partial differentiation d, can be only one—
sided. That is, the operator of indefinite partial integration fz O — C,
[.(g) = [g dzx is a right inverse to 9,, since Vg € C, (0, o [ )(g9) =
%(fg dr) = g. But it is not a left inverse, since fg—g dr = g + c for
¢ € C such, that % = 0, hence 9, o fx = fx o0, + ¢ for indefinite ¢. Since
ker 0, is a subalgebra of C, we cannot even restrict ourself to an algebra
smaller than C' and where c is identically zero. However, the authors of [68]
propose several possibilities to deal with such operator equations in some
specified (but still general enough) setting. They end up with an algebra,
which is not a G—algebra but still enjoys some nice properties. A further
investigation of operators, which lead to operator G—algebras is needed and

will be developed further.



CHAPTER 2
Grobner bases in G—algebras

7 Aren’t you acquainted with the red—faced
person with three eyes and a necklace from
skulls?” — he asked, — ” A man, who dances
between fires? Eh? A tall one, who likes to
brandish with two hooks?”

”Perhaps I do” — I anwered politely, — ”but I
cannot get who’s the person you're talking
about. You know, the description is too
general. So many fit in it”.

Viktor Pelevin, Chapayev and Void

1. Left Grobner Bases

From now on we mean by a module a left submodule of a free module?
of a finite rank, if not additionally specified. In this section we present
Grobner bases theory for modules in G—algebras.

We have shown that G—algebras are close to commutative, in the sense
that on one hand they have similar properties as commutative polynomial
algebras (which are G—algebras too). On the other hand G-algebras clearly
constitute a generalization of commutative polynomials algebras. We ex-
ploit this similarity by dividing the properties and algorithms in G-algebras
into two groups: the first one, which could be called native consists of meth-
ods and properties whose generalization behave in the same way as in the
classical commutative case. The objects belonging to the second group de-
pend too much on the commutativity. While working with native objects,
we will try to keep the notations and arguments as close to the original
commutative theory as possible, taking the book [35] as our basis. Not
only the way we go through the theory follows this book: the implementa-
tion of the computer algebra system SINGULAR:PLURAL, made on the top
of the commutative system SINGULAR, profited a lot from using the same

language and framework for both the non—commutative and commutative

Here module means a unitary module over some K-algebra.

45
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cases of the theory. We reported on aspects of the implementation in the ar-
ticle [53]; we make computational remarks in the text which follows. More
questions related to our implementation are discussed in the Chapter 4.

Let A = K(z1,...,2, | {zjz; = cijzixj + dij}i<icj<n) be a G-algebra
over a field K.

DEFINITION 1.1. Let my = 2%, ms = 2° be monomials in A. We say
that m; divides my and denote it by mq|ms, if o; < 5; Vi=1...n.

When A is commutative, there is p € Mon(A) such that my = p - my.
Otherwise, it means that ms is left reducible by my, i.e. there exist ¢ €
K\ {0}, p € Mon(A) and r € A such that Im(r) < m; and mg = c-p-my +r.

ExAMPLE 1.2. Let us take two exponent vectors o = (1,1) and g =
(1,2) from N2, Then in any G-algebra in two generators, say, {x,d}, we
have m; := x0 | £0* =: my, but the division of one by another gives quite
different answers in different algebras.

In the commutative polynomial ring R = K|z, 9], we have my = dm;.

In the first quantized Weyl algebra A, = K(¢)(z,d | 0z = ¢*xd + 1), we
obtain me = ¢=2-90-my — ¢ 20.

We extend the notion of a monomial ordering to the free left module
A" =Ae; & ... B Ae,, where ¢; = (0,...,1;,...,0). Since any e; commutes
with any element of A, A" is indeed a free bimodule. Denote by N, :=
{1,...,r} the set of components.

We call 2%¢; € A" a monomial (involving component i). So,
Mon(A") :=={z%; |a e N",1 <i<r} =N, x N".

It is quite natural to view the component of a free module as the 0’s
component of the exponent vector, hence we present a monomial z%; by
the vector & := (i, ay,...,a,) € N, x N,

DEFINITION 1.3. Let < be a monomial ordering on A. A monomial
(module) ordering on A" is a total ordering <, on the set of monomials
Mon(A"), satisfying for all o, 3,7y € N, 1 < 1,5 <r

(1) z%; <, 2Pe; = °e; <, 2P,
(2) 2% < 2P = 2% <, 2Pe;.
In the language of exponents, both conditions mean nothing but
(1) (i) =m (4, 8) = (Ga+7) <m (4, 8+7),
(2) a =B = (i,a) <n (4,0).

Hence, the action of N” on N, x N~ : (i, ) — (i, a+y) makes N, x N"
an ideal in the monoid N” (or, shortly, a N"-monoideal) with respect to
addition.
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Since any f € A"\ {0} can be written uniquely as f = c,2%; + g with
co € K* and ze; < z%; for any nonzero term dz’e; of g, we define

Im(f) = z%; € Mon(A4"), the leading monomial of f,
le(f) = Cq € K*, the leading coefficient of f,
lcomp(f) = i e N, the leading component of f,
le(f) = (i,a) €N, xN" the leading exponent of f.

REMARK 1.4. Every monomial ordering < on A can be extended to
the monomial module ordering in at least two following ways. We can order
components either in ascending or in descending way, denoting it by symbols
"C” and ”¢” respectively. Below, we are using the ascending ordering ”C”,
where e; < ey < .... Then,

<m= (C, <) is a position over term (POT) ordering, if
x%e; <por xﬁej &< jor,ifi=j, x*<a’.

<m= (<, C) is a term over position (TOP) ordering, if
x%e; <top xﬁej D or,ifa=p, 1 <.

DEFINITION 1.5. Let S be any subset of A".

e We define £(S) C N, x N" to be a N"—monoideal, generated by the
leading exponents of elements of S, that is

L(S) = n((i,) | Is € S, le(s) = (i,)).

We call £(S) a monoideal of leading exponents. By Dixon’s
Lemma, £(S) is finitely generated, i.e. there exist (ij,q),...,
(im, ) € N” x N such that £(S) = ne((i1,04), .., (Gmy Q).

e The span of leading monomials of S is defined to be the K-
vector space, spanned by the set {z%¢; | (i,a) € L(S)} € Mon(A").
We denote it by L(S) := k({2 | (1,a) € L(S)}) C A"

DEFINITION 1.6. Let < be a monomial ordering on A", I C A" a left
submodule and G C [ a finite subset.

G is called a left Grobner basis of [ if and only if for any f € I~ {0}
there exists g € G satisfying Im(g) | lm(f).

REMARK 1.7. In general, for S C A", L(S) is just a K—vector subspace
of A. Using the filtration by the monomial ordering on A", we see that
indeed, L(S) can be considered as a K-subspace of Gro(A). The set A =
{({i,) | 3f € S:1lm(f) = 2%;} C N, x N" is equal to £(5). Hence,

Gro(S) = P Kae; = L(S).
(i,)EA
It follows that L(S) is a Gr.(A)-module.
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Hence, if A =2 Gr.(A) as K-algebras, L(S) is an A-module. It means
that for commutative and quasi-commutative algebras, we can define L(5)
to be L'(S) = a{({lm(f) | f € S}) and call it a leading submodule of S
(clearly, L(S) = L'(S) as K-vector spaces). Then, a finite set S is a Grobner
basis of 4(S) if and only if L'(S) = L'(4(S)).

In order to see that the definition of Grébner basis via leading submod-
ules cannot be transfered directly to the general non—commutative case,
consider the following example.

Take the Weyl algebra A = (z, 0|0z = x0 + 1), the set S = {z0 + 1,z}
and the ideal I = 4(S). I is a proper left ideal, equal to 4(x) with {z} a
reduced Grobner basis of I. Hence, the K—vector spaces L'(I) and 4(x) are
equal, but L'(S) = s({z0,2}) = A- 1.

After the remark, we can give an alternative definition for Grobner basis
in terms of L(S): under assumptions of the Definition 1.6, G is called a left
Grobner basis of [ if and only if L(G) = L(I) (as vector spaces). The
latter is equivalent to the equality of N"-monoideals £(G) and £(I). Yet
another definition is given in Remark 1.10.

A subset S C A" is called minimal, if 0 € S and lm(s) & L(S \ {s}) for
all s € S. We say that f € A" is (completely) reduced with respect
to S C A", if no monomial of f is contained in L(S). A subset S C A" is
called reduced, if 0 ¢ S, and if for each s € S, s is reduced with respect
to S\ {s}, and, moreover, s — lc(s) lm(s) is reduced with respect to S. It
means that for each s € S C A", Im(s) does not divide any monomial of

every element of S except itself.

DEFINITION 1.8. Denote by G the set of all finite ordered subsets of A".
(1) Amap NF: A" x G — A", (f,G) — NF(f|G),
is called a (left) normal form on A" if, for all f € A", G € G,
(i) NF(0| G) =0,
(i) NF(IG) 0 = Im(NF(f|G)) ¢ L(G),
(i) £ — NF(f|G) € 4(G).
NF is called a reduced normal form if NF(f|G) is reduced
with respect to G.
(2) Let G ={g1,...,9s} € G. A representation of f € 4(G),

f= iaigu a; € A,
i=1

satisfying lm(f) > lm(a;g;) for all i = 1...s such that a;g; # 0 is
called a standard left representation of f (with respect to G).
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LEMMA 1.9. Let I C A" be a submodule, G C I be a left Grobner basis
of I and NF(:|G) be a left normal form on A" with respect to G.

(1) For any f € A" we have f € [ <= NF(f |G) =0.

(2) If J C A" is a submodule with I C J, then L(I) = L(J) implies
I = J. In particular, G generates I as a left A—module.

(3) If NF(:|G) is a reduced normal form, then it is unique.

PROOF. (1) If NF(f|G) = 0 then f € I. If NF(f|G) # 0, then
Im(NF(f | G)) € L(G) = L(I), hence NF(f | G) ¢ I, which
implies f & I.

(2) Let f € J and assume that NF(f|G) # 0. Then Im(NF(f|G)) ¢
L(G) = L(I) = L(J), which is a contradiction since NF(f|G) € J.
Hence, f € I by (1).

(3) Let f € A" and assume that h, h’ are two reduced normal forms
of f with respect to G. Then h — I € 4(G) =1. It h— 1 # 0,
then Im(h — A') € L(I) = L(G), which contradicts the fact that
Im(h — h’) is a monomial of either h or h'.

g

REMARK 1.10. In view of the property 2), we can give another charac-
terization of Grobner bases. Namely, with the assumptions of the Def. 1.6,
a finite subset G is called a left Grobner basis of I C A" if and only if

v (L(@)) = L(I) = L(a(G)).

DEFINITION 1.11. Let 2 and z? be two monomials from A. For V1 <
i < mn, set u; = max(ey, ;) and p = p(a,B) = (41,..., iy). Then the
pseudo-lem of 2 and 2” is defined to be lem(2®, 2%) := x5,

It enjoys a nice property: z® | 2% and 2 | 2P,

Why we use the name pseudo-lecm? Using the latter property, let us
define a function f : K — A, f(c) = a#@f—a . g0 — c. gr@f)=F. 20 for
ce K

Let ¢g := %. Then, we see that ¢y is the unique number, such
that Im(f(co)) < o (otherwise, for ¢ # co, lm(f(c)) = x*).

In the commutative case, co = 1, f(co) = 0 and hence 2#%) is regarded
as the generalization of the classical lem function.

However, in the non—commutative case f(cy) # 0 in general, but we will
make an essential use of the property lm(f(c)) < x*.

If A is a G—algebra of Lie type, ¢g = 1 but, in general, f(cq) # 0.

If A is quasi-commutative, f(cg) = 0 but, in general, ¢y # 1.
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DEFINITION 1.12. Let f,g € A" ~ {0} with lm(f) = 2%, and lm(g) =
2Pe;, respectively. Set v := u(a, 3) and define the (left) s—polynomial of
f and g to be

le(x7—@
e ) ng g,
LeftSpoly(f, g) := le(z7=Fg)
0, if i # 7.
Of course, LeftSpoly(f,g) € A" is a polynomial if and only if r = 1 and
f,g € A, and it is a vector of polynomials otherwise. We will also denote

LeftSpoly by spoly below.

REMARK 1.13. It is easy to see that lm(spoly(f,g)) < lm(f - g) holds.
If Im(g) | Im(f), say Im(g) = 2°¢;, Im(f) = 2%¢;, then the s—polynomial is
especially simple,

spoly(f,g) = f —

and lm(spoly(f,g)) < Im(f). For the normal form algorithm, the s-
polynomial is used in this form, while for the Grébner basis algorithm we
need it in the general form as above.

CoMPUTATIONAL REMARK 1.14. The intermediate swell of coefficients
is a quite known issue in all Grobner bases computations. One of the ways
to avoid extra growth is to follow the so—called "integer strategy”, that is
do not divide but multiply both sides with a smallest possible value and
then extract the content from the resulted difference.

Suppose that f, g have their leading terms in the same component.

If Ais a G—algebra of Lie type, then the symmetric formula is simply

() ap Nl
ged(le(f), le(g)) ged(le(f), le(g))
and it looks exactly the way it does in the commutative case, hence the

SymLeftSpoly,.(f,g) = g,

same strategy as in the commutative case can be applied.
For a general G—algebra the situation is more difficult.
Since le(2°h) = le(h) le(z° Im(h)),

SymLeftSpoly(f, ) = le(g) le(z” 7 Im(g))2"~* f=lc(f) le(z?~* Im(f))z" g,

and we should moreover compute and divide out ged’s of products of coeffi-
cients. This can be done in two different ways. Suppose we have two pairs
of coefficients, (a,b) and (¢, d). Then

a/ _ a C/ . C a// _ a/ d/ _ d
~ ged(a,e)’ T ged(a,c)’ ~ged(a/,d)’ T ged(a/,d)’
c v d

b/ /! /! 1/

ged(0, ) © T ged(b, ¢’ gcd(t/, d')’ gcd(t/, d)
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Thus we obtain two new pairs, (a”,b"”) and (¢”,d"”), which have no com-
ab

ged(ab, cd)’
but the complexity of computing it directly is evidently much bigger than

mon divisors. Of course, the required product a”b” equals also

the method we propose. The overall complexity of operations with coef-
ficients in Grobner basis—related algorithms will vary with respect to the
ground field K and is a good subject for further investigation.

Having an algorithm for computing s—polynomials, we proceed with the
normal form algorithm.

For all algorithms below we assume that A is a G-algebra and < is
a fixed monomial (module) ordering on A", which is a well-ordering on
Mon(A).

Algorithm 1.1 LEFTNF
Input : fe A", G €g;
Output: h € A", a left normal form of f with respect to G.

h:=F;

while ( (h#0) and (G, ={g € G : lm(g) | Im(h)} #0) ) do
choose any g € Gy;
h := LeftSpoly(h, g);

end while

return h;

PROOF. (of 1.1) Note, that the proof is essentially the same, that the
one we used for free associative algebras in the Algorithm §1, 1.1.

Termination:

Again, every specific choice of ”any” in the algorithm may give us a dif-
ferent normal form function. Let hg := f, and in the i—th step of the while
loop we compute h; = spoly(h;_1,g). Since Im(h;) = Im(spoly(h;_1,9)) <
Im(h;_1), we obtain a set {Im(h;)} of leading monomials of h;, where Vi
Im(h;y1) < Im(h;). Since < is a well-ordering, this set has a minimum,
hence the algorithm terminates.

Correctness:

Suppose this minimum is reached at the step m. Let h = h,,, a; are
terms (monomials times coefficients) and ¢g; € G. Making substitutions

backwards, we obtain the following expression

m—1
h = f - Z a;3;,
i=1
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satisfying lm(f) = Im(a1g1) > Im(a;9;) > lm(h,,). By the construction
Im(h) ¢ L(G) if h # 0, hence the correctness follows. O

We can extend LeftNF easily to the reduced normal form algorithm.

Algorithm 1.2 REDLEFTNF
Input: fe A", Geg;
Output: h € A", a reduced left normal form of f with respect to G.

h:=0, g:=f;

while (¢ # 0) do
g = LeftNF(g | G);
h:=h+lc(g)lm(g);
g =9 —lc(g)Im(g);

end while

return h;

PROOF. (of 1.2) Since the "tail” g —lc(g) Im(g) of ¢ has strictly smaller
leading monomial than g and < is a well-ordering, the algorithm terminates.

The correctness of the algorithm follows from the correctness of LEFTNF.
O

Now we present the Left Buchberger’s Algorithm.

Algorithm 1.3 LEFTGROBNERBASIS
Input : G € G,
Output : S € G, a left Grobner basis of the left submodule
I = A<G> C A"

S =G,
P:={(f9) | f.g€StCSxS;
while (P #0) do
choose (f, g) € P;
P:=P\{(f,9)}
h = LEFTNF ( LeftSpoly(f, g) | S);
if (h#0) then
P:=PU{(h,f) | feS}
S:=SUh;
end if
end while

return S;
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PROOF. (of 1.3)

Termination:

By the property 1.8,ii) we know that if h # 0 then lm(h) ¢ L(S). Then,
4(S) € a{{S,h}) and we obtain a strictly increasing sequence of submod-
ules of A. Since A is Noetherian, this sequence stabilizes. It means that,
after finitely many steps, we always have LeftNF (LeftSpoly(f, g) | S)) =0
for all (f,g) € P and, after several more steps, the set P of pairs will be-
come empty. Thus LEFTGROBNERBASIS terminates.

Correctness:
the proof of correctness follows from the Left Buchberger’s Criterion
(Theorem 1.16). O

Note, that the algorithms RIGHTNF and RIGHTGROBNERBASIS are
analogous.

REMARK 1.15. If LeftNF is a reduced normal form and if G is reduced,
then S is a reduced Grobner basis. If G is not reduced, we may apply
LeftNF afterwards to (f, S\ {f}) for all f € S in order to obtain a reduced
Grobner basis.

In the implementation we use generalized criteria for detecting useless
reductions within the set of pairs P, see the Section 4.4.

THEOREM 1.16. Let I C A" be a left submodule and G = {g1, ..., gs},
g; € I. Let LeftNF(:|G) be a left normal form on A" with respect to G.
Then the following are equivalent:

(1) G is a left Grobner basis of I,

(2) LeftNF(f|G) =0 for all f € I,

(3) each f € I has a left standard representation with respect to G,
(4) LeftNF (LeftSpoly(g;, g;)|G) =0 for 1 <i,j <'s.

ProoOF. The implication (1 = 2) follows from Lemma 1.9, (2 = 3)
follows from the corresponding definitions. As for implication (3 = 1), we
see that if f has a left standard representation with respect to G, then
Im(f) must occur as the leading monomial of a;g; for some i. It means
that Im(g;)|lm(f), hence G is a left Grobner basis of I. To prove (3 = 4),
we note first that h = LeftNF(LeftSpoly(fi, fi)|G) € I and hence, by 3, if
h # 0, we have lm(h) € L(G), what contradicts the property (iii) of NF.

The implication (4 = 1) is an important criterion which allows checking
and construction of Grobner bases in a finite number of steps. This impli-
cation follows from the more general Theorem 4.8, where the proof is done
using syzygies. U
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2. Grobner basics 1

Let us enlist the most basic but important applications of Grébner bases,
called ”Grobner basics” by B. Sturmfels. We removed from this list appli-
cations, which are "too commutative” and therefore have less impact on
the non—commutative case (such as Zariski closure of the image of a map,

solving polynomial equations and radical membership).

e Ideal (resp. module) membership problem

e Intersection with subrings (elimination of variables)
e Intersection of ideals (resp. submodules)

e Quotient of ideals

e Saturation of ideals

e Kernel of a module homomorphism

e Kernel of a ring homomorphism

e Algebraic relations between polynomials

e Hilbert polynomial of graded ideals and modules

We will present algorithms to compute every application at different
places of this work, since for some applications we’ll need preparatory re-
sults. We will not consider Hilbert polynomials in this thesis, since this was
treated in details in both books [14] and [56].

Let K be a field, A = K(xzy,...,z, | {z;x; = cijzix; + dij}1<icj<n) be a
G-algebra and < be a monomial ordering on A".

2.1. Equality of Submodules.

Suppose REDMINGB to be the algorithm, computing a reduced minimal
Grobner basis for a given module and, moreover, normalizing the output by
dividing by the leading coefficient of every generator. If for two submodules
M,N € A" REDMINGB(M) = REDMINGB(N), then M = N. (See also
Lemma 1.9,3).

Equivalently, M = N if and only if NF(M | N) = 0 = NF(N | M).
Here M and N should be given in Grébner bases, although not necessarily

minimal or reduced.

EXAMPLE 2.1. Let us compute an example with PLURAL.

LIB "ncalg.lib";
def A = makeUsl2();

setring A;
ideal I1 = £°2, h™2-1;
ideal I2 = e”2, £72, h™2-1;

ideal tst;
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// let us compare I1, I2 as two--sided ideals with the NF
ideal T1 = twostd(Il); ideal T2 = twostd(I2);
tst = NF(T1,T2); print(matrix(tst));

==>
0,0,0,0,0,0 // T2 lies in T1

tst = NF(T2,T1); print(matrix(tst));

==>
0,0,0,0,0,0 // T1 lies in T2, hence T1=T2

// now let us compare I1, I2 as left ideals with RedMinGB
option(redSB); // under these options both std and twostd
option(redTail); // return minimal reduced bases
ideal L1 = std(I1); ideal L2 = std(I2);
print (matrix(L1)); // a compact form
==>
h2-1,£2
print (matrix(L2));
==>
h2-1,fh-f,eh+e,f2,2ef-h-1,e2 // hence, L1 < L2

2.2. Left Module Membership Problem.

Let M C A" be a left submodule, f € A" and G = {f1,..., fm} be a
left Grobner basis of M. Then f € M if and only if LeftNF(f|G) = 0. (See
Lemma 1.9,1).

2.3. Intersection with Free Submodules.

Suppose there is a monomial well-ordering <4 on A. Consider the
free left module A". Recall from the Remark §2, 1.4, that the ordering
<m= (c,<4) on A" = ‘éAei is the POT ordering (where the components
are ordered in a descen(zﬁng way, e; > ey > ...). More concrete, it is defined

as follows:

B B

Y < x'e; & j<torj=iand x* <y’

LEMMA 2.2. Let M C A" be a submodule. Let G = {g1,...,9m} be a
Grobner basis of M with respect to <,,= (¢, <4).
ThenV1<s<r GnN é Ae; is a Grobner basis of M N é Ae;.
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PROOF. Since G is a Grobner basis of M, for any h € M N é Ae;
there exists ¢ € G such that lm(g) | Im(h). Then Im(g) € é Ae;, hence,

1=S8

by definition of the ordering <,,, we have g € GTB Ae; and, consequently,

1=Ss

geGnN é Ae;. Hence the claim. O

We say, that for fixed s, 1 < s < r we have eliminated the components
e1,...,es_1 from the module M.

Further we refer to this application as to elimination of the module com-
ponents and for such a module ordering as an elimination ordering for com-

ponents ey, ...,€es 1.

COMPUTATIONAL REMARK 2.3. We need to formalize the Lemma to
become an algorithm. Suppose there is a submodule M C A™ and an index
set [ = {iy,...,is} C{1,...,n}.

Then the procedure ELIMCOMPONENT(MODULE M, LIST I) computes
the intersection of M with @,c;Ae; as follows:

1. choose an elimination ordering <; for components e;,, ..., e€;.;

2. compute a Grobner basis of M with respect to <y;

3. throw away all the elements from the result, whose leading components
are not in {e; | i € I}.

There is no built-in command in PLURAL, performing such an algo-
rithm, hence one has to do the steps as above manually. On the other
hand, the algorithm ELIMCOMPONENT is used mostly as a sub-algorithm
in various kernel procedures, so it is implemented in the kernel of PLURAL.

2.4. Elimination of Variables.

Let A = K(zy,...,2, | {zj2; = cijviz; + dijhi<icj<n) be a G-algebra.
Consider a subalgebra A,., generated by some subset, say, {z11,...,2,} of
{z1,...,x,} for some r > 1 subject to the relations from A.

We say that such A, is an admissible subalgebra, if d;; are polynomials
in xy1,...,2, for r+1 <i < j < n. Hence, A, is closed with respect to

the multiplication, inherited from A and it is a G—algebra.

DEFINITION 2.4. (Elimination ordering) Let A be a G-algebra in n vari-

ables, generated by {zi,...,z,} such that {z,y1,...,2,} generate an ad-
missible sub-G-algebra B C A.
An ordering < on A is an elimination ordering for z,...,z,,

if for any f € A, Im(f) € B implies f € B. If, moreover, z,...,x,
generate an admissible sub-G-algebra C, we say in addition, that < is an

elimination ordering for C.
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We call such an ordering an admissible elimination ordering <4, if the

condition Vi < j Im(d;;) <a, x;z; is satisfied.

If f € B, then of course, for any monomial ordering <, Im(f) € Mon(B).
Note, that the converse is true if and only if < is an elimination ordering
like in the definition, where we have Im(f) € B < f € B.

REMARK 2.5. Under ”elimination of variables x1,...,z, from an ideal
I” we mean the intersection I N A, with an admissible subalgebra A,. In
contrast to the commutative case, not every subset of variables determines
an admissible subalgebra. It can happen that there could be no admissi-
ble elimination ordering <4, (that is, every elimination ordering is non—
admissible, see Example 2.11). If A, or <4, are not admissible, we cannot

“eliminate” z1,...,x,.

ExAMPLE 2.6. The classical elimination ordering in the commutative
case is 1p (lexicographical ordering). Since for many non—commutative G—
algebras it is not an admissible monomial ordering, a usual elimination
ordering in the non—commutative setting is a block ordering of the form
(dp(1...7),dp(r +1...n)), or the ordering with extra weights

(alwy,...,w,),<).
Let A, B be two ordering matrices. Then the block ordering (<, <p)
0
is given by the matrix B
A matrix for an ordering with extra weights look like follows:
wl...wTO...OOO
1 ... 1 1 ...1 11
o 0 0 0 ... 100

However, for a few algebras (e. g. Weyl algebras) the lexicographical
ordering is admissible.

LEMMA 2.7. Let I C A be an ideal, B = K(z,41,...,2, | z,2; =
¢;;x;ixj + d;;) be an admissible subalgebra of A, and <z an admissible elim-

ination ordering for xy,...,z, on A. If S ={f1,..., fim} is a Grobner basis
of I, then SN B is a Grobner basis of I N B.

PRrROOF. Take any x® € L(I), then there exists such f € I, that lm(f) =
x®. Since < is an elimination ordering for x1, ..., z,, from lm(f) € Mon(B)
follows that f € B. Hence, L(I) N B equals to

S{Kz* | If € [, Im(f) =2} N B =d{Kz* | If € INB, Im(f) = 2%},
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and the latter is just L(INB). Then, L(S)NB = L(I)NB = L(INB) =
L(S N B), hence SN B is a Grobner basis of I N B by the definition. [

COMPUTATIONAL REMARK 2.8. We formalize the previous lemma into
the following algorithm. Suppose the subalgebra S, generated by a subset
of the set of variables is given together with an ideal I.

Then the procedure ELIMINATE(IDEAL I, SUBALGEBRA S) computes
the intersection of I with S as follows:
check whether S is an admissible subalgebra;
choose the elimination ordering <g heuristically;
check whether <g is admissible;
compute the Grobner basis of I with respect to <g;

Gl N

throw away all the elements from the result, whose leading monomials
involve variables other than those from S.

The built-in command eliminate in PLURAL works exactly in the way
we have described above, where S is given in form of a monomial. This com-
mand does not require the ordering of a current ring to have the eliminating
property.

EXAMPLE 2.9. Let us compute a concrete example with PLURAL. There
are two possibilities: one can either use the command eliminate or set up
the ring with the elimination ordering manually, compute Grobner basis
and pick up the needed elements from it. In the example we show how both
of them work.
ring r=0, (e,f,h,a), (dp(3),dp(1));

// r is equipped with the elimination ordering for e,f,h
matrix d[4][4];

d[1,2]=-h; d[1,3]=2%e; d[2,3]=-2x*f;

ncalgebra(l,d); // it is U(sl_2) \otimes_K K[a]

poly p = 4*exf+h"2-2%h-a; // this is a central element
ideal I = 72, £72, h™2-1, p;

ideal J = std(I); // computes a Groebner basis first
print (matrix(J));

==>

a-3, h2-1, 6fh+fa-9f, 6eh-eat9e, f2, 4ef+h2-2h-a, e2
// hence, applying the lemma, the result is just a-3
eliminate(I,exf*h); // a direct application
==>

_[1]=a-3

With the next examples we are going to illustrate the crucial difference to

commutative elimination. Indeed, there are concrete situations, appearing
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in applications, where elimination requires extra computations and it may

happen that no elimination is possible.

ExAMPLE 2.10. (Complicated elimination)

Let Wi be the Weyl algebra K(x,d | [d,z] = 1). Consider a deformation
algebra X of the algebra Xy = K(a,b | [b, a] = 3a) @x W1, X = K(a,b,z,d)
subject to relations [b,a] = 3a, [d, a] = 322, [z,b] = —z,[d,b] = d, [d,z] = 1.

We fix a PBW basis {a?b?2"d*}. An admissible well-ordering < on
2

).
)

X has to satisfy only one condition x* < ad, what is easily achieved by
any degree ordering like dp, Dp. Since both {a,b} and {x,d} generate
admissible subalgebras, any block ordering, giving priority to {a,b} and
having degree orderings in every block, is an admissible elimination ordering
for {a,b}. Small computation ensures, that with respect to all admissible
orderings, the non—degeneracy conditions on X vanish.

Any elimination ordering for {z, d} has to satisfy 2? < da whereas x >
a and d > a, what is impossible with standard block orderings (like in
Example 2.6). We have to introduce extra weights on {z, d}, although the
algebra X does not have any weight in its definition. The ordering condition
on weights is satisfied as soon as 2deg,(z) < deg,(a) + deg,(d) = deg,(d).
For example, for the algebra X with the PBW basis {#Pd%"b°} possible
solutions can be the ordering (a(1,3),Dp), what is an elimination ordering
with extra weights 1 resp. 3 for x resp. d.

ExAMPLE 2.11. (No elimination is possible)

Let Wy be the Weyl algebra K(X, D | [D, X]| = 1).

Consider the algebra Y = K{e, f, h, X, D) subject to the relations
[f.e] = =h,[h,e] = 2¢,[h, f] = =2f,[D,e] = 1, [X, f] = 2XD,

D, f]=—-D?[X,h] = —2X,[D,h] =2D,[D, X]| = 1.
It arises as a deformation of the Yy = U(sly) ®x Wi (the first three relations
are defining for U (sly)).

An admissible ordering on Y with the PBW basis {e? fh" X* D'} requires
that ef > h (hence a degree ordering is needed) and fX > XD and fD >
D?, which is true if and only if f > D. Of course, in the given PBW basis
this holds for any degree ordering, in particular, for any elimination ordering
for {e, f,h}.

But, as we see, the eliminating conditions for { X, D}, namely {X, D} >
{e, f,h} in the PBW basis {X?D%" f*h'} are not compatible with the re-
quirement f > D. Hence, for any ideal Iy C Y the intersection Iy N U(sly)
cannot be computed.
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However, S = K(e, h|[h,e] = 2¢) C U(sly) is an admissible subalgebra.
Hence, we are able to eliminate {f, X, D}, taking either {f?X?D"e*h'} or
{XPfiD"e*h'} as the PBW basis.

ExXAMPLE 2.12. (Easy example with no elimination)

Let A =K(p,q | qp = pq+ d(p,q)) be a G-algebra, that is lm(d) < pq.
Then, if for some m > 2, lm(d) = ¢™, the intersection of any ideal I C
A with the subalgebra K[p| cannot be computed because of the following
objection. The elimination ordering for such computation requires ¢ > p,
what implies ¢? > pg and hence Im(d) > pq, what contradicts the ordering
condition for A as a G—algebra.

2.5. Intersection of Ideals.

LEMMA 2.13. Let I = A(f1,.-., fr), J = a{g1,--.,gs) be two left ideals.
Consider the ideal D :==t -1+ (1 —1t)-J C A;, where A, = A ®k K[t] is
viewed as algebra, generated by {z1,...,z,,t}, t commutes with A. Let <
be an elimination ordering for ¢t on A;. Then I NJ = D N A.

PROOF. Assume that {f;} and {g¢;} are already Grobner bases of I and
J. Let f € DN A. Then we can present it as a sum

F=> aitfi+) bi(l—t)g.
=1 =1

Specializing ¢t at some value, we obtain the following : ¢t = 0 = f =
Yigbigied, t=1= f=>"afi € 1. Hence, f € INJ and
INJ>DnNA.

Conversely, let f € I N J. Then f could be represented in two ways:

= Zaifi = Zbigi-
i=1 i=1
Since ¢ commutes with A, consider
f=tf+@=tf=) atfi+> bi(l-1t)g.
i=1 i=1

Hence, fe DNAand INJ = DN A. O
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3. Two—sided Grobner Bases and GR—-algebras

3.1. An Approach for Two—sided Ideals.

For any polynomial f from a left (resp. right) module M in a G-
algebra there exists a standard left (resp. right) representation of f. This
representation is clearly a generalization of the one in the commutative
theory. But for such important objects as two-sided ideals (they appear,

for instance, as annihilators of modules) we have no direct analogue.

ExAaMPLE 3.1. Consider U(sly) (§5, 1.1) and the two-sided ideal I,
generated by the variable f. Consider the polynomial f +efh € I. There
are no a,b € U(sly), such that f+efh = afb. Hence, we have a presentation

g = leglr’m g e A<glu v 7gn>A; l’hri € A7
€A

for some index set A with #A > n.

This shows that two—sided generators of an ideal or bimodule are rarely
revealing essential structural information. The idea is to consider the two—
sided structure not as a set of two—sided generators (like we do with the left
generators for left modules), but as one-sided (left or right) structure, equal
to the given two—sided one (see also [41] or [46]). Then, in the algorithm
which follows we start from the left structure and complete (the term itself
goes back to J. Apel, [4]) it successively to the right structure, keeping the
left one.

Of course, the result of such a completion will be both a left and a right
Grobner basis, hence the same could be done for right—sided input by means
of completion to the left. If for a minimal set of generators F' = {f,..., fu}
of a two—sided ideal I we have 4(F) = o(F)a = I, the classical result ([41])
assures two more equalities (F)4 = 4(F)a = I, and o(F) = (F)a = [
follows.

We say that F'is a two—sided Grobner basis of a two—sided ideal I,
if it satisfies one of three conditions above. We compute such bases with
the following algorithm.

REMARK 3.2. Note, that if F' is a left Grobner basis of 4(F) and a
right Grébner basis of (F) 4, in general both ideals are not two-sided and
A(F) # (F) 4. Consider the following example: let A = U(sl) (see §5, 1.1)
over the field K(«) and the set of generators F' = {e,h — a}. Then F is
both a right and a left Grobner basis, but not a two—sided one, because the
ideals 4(F') and (F') 4 are strictly left respectively right ideals.
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Let < be a well-ordering on a G-algebra A, which is generated by
Z1,...,T,. Assume there is an algorithm UPDATEGROBNERBASIS(G, S)
which computes a (left) Grobner basis of GU S for sets G (being a Grobner
basis) and S (being an arbitrary finite set). Technically it means that during
the Buchberger’s algorithm, no critical pairs within G' are considered.

Let NF be a fixed left normal form on A.

Algorithm 3.1 TWOSIDEDGROBNERBASIS
Input : T, a set of two—sided generators from A;

Output : L, a left Grobner basis of the ideal I = 4(T)4 C A.

L :=LEFTGROBNERBASIS(T, NF);
W:=0;, G:=1L;
loop
for i = 1 to size(G) do
for j =1tondo
g = Gli] - zj;
h:=LeftNF(g | L);
if (h #0) then
W =W U h;
if ISCONSTANT(h) then
return (1);
end if
end if
end for
end for
if W = () then
break; > i.e. quit the loop
else
L := UPDATEGROBNERBASIS(L, W);
end if
G:=W;
W = 0;
end loop

return L;

PROOF. (of 3.1)
Termination: Since A is Noetherian, any ideal admits a finite gener-

ating set, hence we quit the loop ... end loop cycle after finitely many
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steps. However, it is not clear how many iterations we should do before
obtaining a result.

Correctness: We have started from the two-sided generating set, ob-
tained its left Grobner basis as of a left generating set G = L (we can
require its minimality furthermore). In the loop ... end loop cycle we are
adding into the set W new generators, multiplying elements from G from
the right side by the algebra generators 1, ..., x,, and then reducing them
with respect to the L.

After the first execution of the loop ... end loop cycle, we have
computed the set W of all the nonzero normal forms {r;;} of products
{fiz; | fi € G}. Now for some element f; € G we see that (f;-x;)x) equals

to
(Z apfp + i) T = Z (Z apby fy + aprpk> + 73 T
p p q
So, the only element we have to reduce further is r;;xy, hence it suffices

to continue iterations with the set W only. We update L performing the
UPDATEGROBNERBASIS(L, W). We quit the cycle either if L = {1} or
if W = (), that is when all the recently computed ”candidates” (h in the
algorithm) are reduced to zero with respect to L. This means, that L is the

complete basis. O

REMARK 3.3. Comparing our algorithm with the algorithm GROBNER,
proposed in [41], we should point out that our algorithm is optimized: we
consider less critical pairs by using the UPDATEGROBNERBASIS algorithm.
An algorithm TSGB of Kredel ([46]), being a modified Grébner basis al-
gorithm itself uses a different strategy, which still needs to be compared to
what we use. In addition, we use the early detection of the appearance of
constants among the elements which indicates that the result coincides with
the whole algebra.

The algorithm could also be used for checking, whether a given set of
generators is a two-sided Grobner basis. Provided the given ideal L is
already given in a left Grébner basis, we have to perform n - m reductions
(calls of LeftNF) for n,m being the numbers of generators of A and L
respectively.

ExXAMPLE 3.4. Let us compute a small but interesting example with
PLURAL. Consider the algebra U(sly) over Q and the set
K ={e3, f3, h®—4h} C U(sly). Let NF be the fixed left normal form, I =
LEFTGROBNERBASIS(K,NF) and J = TwOSIDEDGROBNERBASIS(K).
Moreover, the results are completely reduced Grobner bases.
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LIB "ncalg.lib";
def A = makeUsl2();

setring A;
ideal K = €73, £73, h"3-4xh;
option(redSB); // these options ensure that the result
option(redTail); // is completely reduced
ideal I = std(X); // left GB
ideal J = twostd(K); // two—--sided GB
We obtain

I ={e f? h®—4h, eh®+ 2eh, fh* —2fh, 2efh — h* — 2h},
J=TuU{e*f —eh—2e, ef?— fh, eh+2¢% f?°h—2f?}.

One can see the exact difference between the ideals. See the article [53] and
84, 3 for more examples and timings.

EXAMPLE 3.5. We have reported in [48], [53] on the following curious
example: consider the universal enveloping algebra U(gs) (85, 1.4) in 14
variables over Q and a two-sided ideal, generated by the third power of
the variable x1, being an image of the shortest positive root from the root
system of the Lie algebra gs under the canonical inclusion. Then its minimal
two—sided Grobner basis consists of 106 elements and does not even involve
the initial generator. Let us compute the left standard presentation of z3
with respect to the basis B. This can be done with the commando 1ift
(see 4.5).

LIB "ncalg.lib";
def G2 = makeUg2(Q);

setring G2;
option(redSB);
option(redTail);
ideal I = x(1)73;
ideal B = twostd(I);
size(B);
==>

106
module T = 1ift(B,I); // transformation matrix between I and B
T[1];
==>

x(1)*gen(77)-2x(5) *xgen (43) -2x(5) *gen (1) +2y (2) *gen (6) +2xgen (47)

We see, that the standard representation of the initial generator involves
five polynomials. Namely, 23 = x1B7; — 225By3 — 2x5B1 + 2y2Bg + 2Byr,
where By = y2hg — 2, Bs = x5ho + x5hg + o5, Bas = 11y3 + y2ha + Y2,
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By = x5y, Brr = 1% + 2x5y;.

This example is a good demonstration of the fact how different left and
two-sided ideals can be, built from the same generating set. In particular,
U(sly)/I has Gel'fand—Kirillov dimension 13 and U(sly)/B dimension 0 (in-
deed, it is even of dimension 50 over K).

Perspectives

Very recently, there appeared two articles, which give new ideas for
computations with two—sided (bimodule) structures.

In [44], Kobayashi presents a very general approach to subbimodules
over associative algebras, gives algorithm for computing the free bimodule
resolution (using ideas of Anick ([1]) and generalizing them further for the
bimodule situation) and describes as an important application as the com-
putation of Hochschild cohomology groups for associative algebras. How-
ever, there is no implementation and all the computations in the article are
made by hand.

In the article [28], Manuel and Maria Garclfa Romén propose a new
method for computing Grobner bases for subbimodules of G-algebras which
could be better than the one proposed by us, although there is no suffi-
ciently good implementation yet (only a preliminary ”check of ideas”, done
in MAPLE) and no real comparisons with the methods we propose are avail-
able. This topic should be carefully investigated for its complexity and
efficiency; the authors have already decided to implement it in our system
SINGULAR:PLURAL as soon as possible.

3.2. GR—algebras and Grobner bases in factor algebras.

Having implemented two-sided Grobner bases, we are able to perform
Grobner basis computations in factor algebras (G R-algebras), what is quite
important prerequisite for many applications. Moreover, we are able to do
it within the same framework of Grobner bases we developed for G—-algebras.

Notation: We are using standard capital letters for G-algebras and
their ideals (say, I C B) and calligraphic capital letters for G R-algebras
and their ideals (say, J C A).

A Grobner—ready algebra was already defined in Def. §1, 3.7.

It is clear, that any GR-algebra is Noetherian algebra of PBW type,
that is its K-basis is a subset of PBW basis, spanned on the same set of
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algebra generators. Working with G R-algebras of the type A = B/I, we
will make some assumptions. First of all, we assume that n and I are chosen
in such a way that n is a minimal number for which there exists B, a G-
algebra in n variables, I C B, and we have A = B/I. Secondly, we assume
that the nontrivial ideal I is given by its two—sided Grébner basis (which
we can compute with the help of 3.1).

Since by Lemma 1.9,3 the reduced normal form is unique, we can identify
any class [f] € A with its canonical representative f := redNFg(f | I) € B.

DEFINITION 3.6. Let B be a G-algebra in n variables and A = B/I be
a G R—algebra.

1) For any a € N z“ is called a monomial in A, if z® # 0 and
x® = x® The set of monomials in A is identified with the subset of the
PBW basis of B, namely Mon(A) = {lmg(z®) | a € N*}\ {0}.

2) An ordering < is called a monomial ordering on A, if the following
conditions hold:

o V o, 3 € N” such that 2 and z” are monomials, o < 8 = 2% <4 27,

oV «, 3,7 € N*, such that 2% and 2 are monomials and the inequalities

% <4 2P, 2ot £ 0, 2P+7 # 0 hold, then also holds

Im(z9F7) < 4 Im(25+7).

3) Any f # 0 can be written uniquely as the sum f = cx®+ f/, where ¢ €

K* and 2% <4 x for any nonzero term ¢z from f’. We define Im([f]) :=

Im(f) = x“, the leading monomial of [f], respectively lc([f]) := ¢, the
leading coefficient of [f].

LEMMA 3.7. Let A = B/I and NF g be a normal form on B. Suppose we
have [f] € A and a left ideal J C A. Define J :=LEFTGROBNERBASIS(I +
J,NF). Then NF4([f] | J) := NFp(f | J) is a normal form of [f] with
respect to J in A, according to Definition 1.8.

Notation: For an ideal I and a two-sided ideal T, we also use the
notation 7/ mod T for the NF(I + T4 | Ta).

LEMMA 3.8. Let A= B/I be a GR-algebra and J C A be a left ideal.
Let F ={fi,..., fx} be a Grobner basis of an ideal I +J C B. Then the
set {redNF(f; | I) |1 <i <k} \ {0} is a Grobner basis of J C A.

Examples of important G R—algebras were already given in §1, 3.11.
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LEMMA 3.9. There is a category G'R, with G R-algebras as objects and
K-algebra homomorphisms as morphisms. The category GR is closed under
the following operations:

(1) tensor product over the ground field K,

(ii) factor by two-sided ideal,

(iii) taking the opposite algebra.

PROOF. (i). Let A (resp. B) be a G-algebra in n (resp. m) variables
with an ordering <4 (resp. <p): A = K(zy,...,2, | f;; =0, 1 <i<
j<n), B=Kw,....yn | g5i =0, 1 <i < j <m). Let, moreover,
T4y C A and Tp C B be proper two-sided ideals, such that A = A/T4 and
B = A/Tp are GR-algebras. We claim, that A4 ®x B is a G R-algebra.

At first, C' = A ®k B is generated by {z; ® 1|1 <i <n} and {1®y; |
1 < j < m} which we identify with {x;} and {y;} respectively. A natural
block ordering (<4, <p) (although it is not the only admissible ordering)
makes C' into a G-algebra in m + n variables, since V ¢, y;z; = x;y; and
consequently all non—degeneracy conditions in C' vanish because they do on
A and B (by the same argument as in the proof of §1, 7.3).

If Ty and Tg were given as two—sided Grobner bases, their images in C'
under canonical inclusions keep this property. Hence, the ideal To = Ty+1
is a two—sided ideal, given in its two-sided Grobner basis.

Then, A B=C/Te = A®kx B/{T4s+ Tr}.

(ii). Let J C A/I be a proper two—sided ideal in a GR-algebra. Then,
K =14+ J C Ais a proper two-sided ideal too. Hence, (A/I)/J = A/K
is a GR-algebra.

(iii). It has been proved already in §1, 5. O

In particular, for every GG R—algebra A, its enveloping algebra
A¢ = ARk A°PP is a G R—algebra.
Note, that any (A, .4)-bimodule M can be presented in a canonical way

as a left A°-module.

4. Syzygies and Free Resolutions

Syzygies and resolutions are very important objects both on their own
and as necessary components for many constructions, for example, in ho-
mological algebra. In this section we discuss two methods for computing
left syzygy modules and free resolutions of modules using Grobner bases.
The first method goes back to a special Grobner basis computation (4.3) in
the free module.
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The second one is the generalized Schreyer’s method (4.8), which leads
us to an elegant proof of Left Buchberger’s criterion for a left Grobner ba-
sis as well as to important result on a Groébner basis of a syzygy module.
Moreover, with the help of this method, we established an upper bound for
global homological dimension of G—algebras (Theorem 4.16).

4.1. Homomorphisms of Free Modules.

Let K be a field, A a G-algebra and < a monomial module ordering on
A" for any n.

The free A-module A™ can be viewed both as left and a right A-module.
For a vector v € A" respectively a matrix M, we denote v' resp. M*
transposed vector resp. matrix.

Consider two free left A-modules A™, A™ with canonical bases {¢;} and
{e;} respectively. Any left homomorphism ¢ is given by its values on gen-
erators, that is

¢: A" = énBASi — A" = éAej; gi— fi
=1 j=1

where f; = Z?:l ®je; € A™ are vectors with ®j; € A. A left A-linearity

implies
m m n m

qﬁ(z aigi) = Zaiﬁ = Z(Z aiq)ji)ej Va; € A.
i=1 i=1 j=1 i=1
Hence, we can present ¢ by the matrix ¢ = ((I)kz) = (fi,.... fm) €
A™™  But, in contrast to the commutative intuition, instead of the action
¢(x) = & - x, which is indeed right but not left A-linear, we must take the

only correct action
o(z) = (2" - Y.

Then, the image of ¢ is a submodule of A", generated by the columns of a
matrix ®. In the sequel, a submodule of a free module and a homomorphism
will be both presented by a matrix, which columns constitute the generating
set of a module.

Let ¢ : A™ — A™ be a right homomorphism of free right modules,
given by the same matrix ®. Then ¥(z) := ® - T is well-defined right
homomorphism.

Note that if & consists of elements, central in A (in particular, this is
true for any ® over a commutative algebra A), then (®z)" = (' - ®') and
both left and right homomorphisms, associated to the matrix ¢ are acting
identically.
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From the facts above it is easy to conclude the following

LEMMA 4.1. The right A-module of left homomorphisms between two

left free A—-modules Hom 4(A™, A™) is isomorphic to the right free A—-module
Arm

4.2. Syzygies and Their Computation via Grobner Basis.

DEFINITION 4.2. A left (resp. right) syzygy between k elements
{fi,..., fr} C A" is a k-tuple (ay,...,a;) € A satisfying

k

k
Zaiﬁ =0 (resp. Zﬁ-ai =0).

The set of all left (resp. right) syzygies between {f1,..., fi} is a left (resp.
right) submodule S := Syz({fi,..., fx}) of A~

Since the definition of the right syzygy is analogous to the left one, we
will work only with left syzygies and mention by syzygy (resp. normal form
NF) below the left syzygy (resp. LeftNF).

We can view S = Syz({fi,..., fr}) as the kernel of the following

homomorphism of left A—modules
k r
$1 Flek:@AEi—)F[):AT:®A6]‘, 51'_)f7,
i=1 Jj=1

Let I = 4(f1,..., fx) be the left submodule of Fy, then ¢, surjects onto
I and Syz(I) := Ker ¢ is called the (first) module of syzygies of I with
respect to the set of generators {fi,..., fr}. Easy computations ensure
that the isomorphism class of Syz([) as of A-module does only depend on
the isomorphism class of I, in particular, it is independent of the set of
generators.

In particular, let S be a matrix, corresponding to the left submodule

Syz(I). Then, using the results before, we have S* - I* = 0.

LEMMA 4.3. Let I = A(f1,..., fx) C A". Define a free module M =
@gff 1 Ae; and consider canonical embedding ¢ and canonical projection 7
i AT ATTE = AT M, 7w AR A
Let G = {g1,...,3s} be aleft Grébner basis of F = 4(fi+e,41,..., fet+erir)
with respect to an ordering, being an elimination ordering for components

€1, ... e (see 2.3). Suppose that GN M = {g1,...,g¢}, then

Syz(I) = a(m(g1), -, 7(ge)) -
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PROOF. As an elimination ordering we can take, for example, the order-
ing (¢, <): 2% < 2Pe;if j <iorj=iand 2® < zf. GNM is a left Grébner
basis of F'N M by Lemma 2.2. On the other hand, = (F N M) = Syz(I).
Namely, let b € F 0 M, that is, h = >0 hye, = S0 b;(f; + e,4) for
suitable b; € A. This implies that Z?Zl bif; =0 and b; = h,;.

Conversely, let b = (hy,...,h) € Syz(I), then if 25:1 h,f, = 0, we
have Zle ho(f, + erty) € F N M. O

REMARK 4.4. In order to illustrate the method, we draw two matrices.

Suppose we are given I = {f1,..., fx} C A" and let F be a matrix with
fi as columns. We append from below a r x r unit matrix to F, written
column-wise. We put the result of the Grobner basis computation of this
matrix with respect of a fixed ordering in the second matrix, sorting the
columns in such a way, that the elements, having first » components zero,
are moved to the left. (We denote 0 = (0,...,0) € A").

I e 0 ... 0|k ... I
1 0 GB
—
S T
0 1

Let H be a matrix with columns h;. Then
o {hy,..., h} is a Grébner basis of 1,
e columns of S generate Syz({f1,..., fr}),

e T is a left transition matrix between two bases of F', i.e. H' = TtF*.

COMPUTATIONAL REMARK 4.5. Note, that the algorithm for comput-
ing the left transition matrix between two bases follows from the previous
remark. It is implemented as the command 1ift, whereas the command
liftstd returns both a left Grobner basis and a left transition matrix, and
the command syz returns a generating set (not necessary a Grobner basis)
of the first module of syzygies.

EXAMPLE 4.6. (1iftstd command)

LIB "ncalg.lib";

def A = makeUsl2(); setring A;

ideal i = e2,f;

option(redSB);

option(redTail);

matrix T; // transformation matrix will be written into T

ideal j = liftstd(i,T);

print (matrix(j)); // ideal in a compact form
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==> f, 2h2+2h, 2eh+2e, e2
print (T);
==> 0,12, -f,1,
==> 1,-e2f+4eh+8e,e2,0
ideal tj = ideal(transpose(T)*transpose(matrix(i)));
std(ideal(j-tj)); // test whether tj coincides with j
==> _[1]=0

4.3. Schreyer’s Method.

Let us define a monomial ordering on F} which is tightly connected with
Grobner bases of modules. This was first introduced and used by
F.—O. Schreyer (1980, 1986). Let >, be some monomial ordering on Fy,

then a new ordering >; on Fj is defined as follows:
1% > 2%; & Im(z®f;) >0 lm(2’f;) or
Im(zf;) = Im(2°f;) and i < j.

Note, that both orderings induce the same ordering on A. We call
the ordering >; the Schreyer ordering. It is clear that it depends on
f17 sy fk’

Suppose we have some (left) normal form NF on A". For each i < j
such that f; and f; have the leading term in the same component, say
Im(f;) = z%e,, Im(f;) = x%e,, define the monomial

mj; = .T’u(ai’aj)_ai S A,
Setting ¢; = le(my; f;) and ¢; = le(my; f;), we have
&
myi fi — Zmijfj = spoly( fi, fj)-
j
Assume now that ¢ < j and NF(spoly(f;, f;) | G) = 0. Then we have a

standard (left) representation
k

C; ii i
mjifi = —mijfj = > alf,, af e A

J v=1

Now, for every i < j such that Im(f;) and Im(f;) involve the same compo-
nent, define the elements from A*
ci k
Sij = mjiei — imijéj — Z al(,”)ey.

J v=1

Then s;; € Syz(I) and the following result holds :
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LEMMA 4.7. 111’1(81']‘) = Mj;E;.

PRrROOF. Since lm(m;;f;) = lm(mj; f;) and i < j, we have Im(m;;e;) >
Im(m;je;). By the standard representation’s property we obtain

.. Ci

7

g

THEOREM 4.8. Let G = {g1,...,9s} be a set of generators of a left
submodule I = 4(G) C A” and there is an index set

M=A{(i,7) |1 <i<j<s, {Im(g;),lm(g;)} involve the same component}.
Suppose, that for some (left) normal form NF on A",

Then the following holds:

1) G is a (left) Grobner basis of 1.

2) S :={sij | (i,5) € M} is a (left) Grébner basis of Syz(/) with respect
to the Schreyer ordering.

PRrOOF. We give a proof of 1) and 2) at the same time.
Since G generates I, consider some f € [ and its preimage g € F7,

S

g=> asi, [=plg) = ag.
=1

i=1
In case 1), we assume f # 0, in case 2) f =0. Let h =) hje; € F} be
a normal form of g with respect to S for some normal form on Fj. Consider
a standard representation of g — h,
g = Z aijsij —|— h, aij - A,
(i,5)eM

We have, if h # 0,
Im(h) = 1lm(h,) - €, for some v

and Im(h) & L(S) by Lemma 4.7. So, for all j such that Im(g;) and Im(g,)
involve the same component, we have m;, { Im(h,). Since g — h € (S) C
Syz(I), we obtain
f=wlg)=eh) =) hg;.

Assume that for some j # v, lm(h;g;) = lm(h,g,). Then lm(h,g,) is
divisible by Im(g,) and by Im(g;).

Moreover, we are in the following situation: let us denote monomials
Im(h,) = 2%, Im(g,) = 2%, Im(h;) = 27, Im(g;) = 2°. Then Im(h;g;) =
Im(Im(h;) lm(g;)) = Im(z72°) = 277, analogously lm(h,g,) = z*#, so



4. SYZYGIES AND FREE RESOLUTIONS 73

a+ 3 =~ +4. Define 7 component-wise by 7; := max(f3;, 6;), then z7|z+5,
T8 = mj, and

x’T = 1m(1m(gu)mjl/) = lm(g,,mj,,).

Thus Im(h,g,) = Im(h, Im(g,)) is divisible by Im(g,m;,) = Im(m;, Im(g,)),
hence m;, itself divides Im(h, ), what is a contradiction.

In case 1) we obtain Im(f) = lm(h,g,) € L(G), in case 2) it shows that
h # 0 leads to a contradiction. In case 1) G is a Grébner basis by definition
and in case 2) S is a Grobner basis of Syz(/) by Theorem 1.16. O

We should note the connection of Schreyer’s method with the defining
relations on the algebra. Let A be a G-algebra in n variables, such that
the maximal left ideal m = 4(zy,...,z,) is proper in A. This is equivalent
to the fact that V ¢ < j, the structural polynomials d;; do not contain a
constant. Then, d;; = 37, p2; and we define a vector 5 = 5 component-
wise by s; = —x; +p§j, 8j = CijT; +p§j, and s, = pzj for i # k # j. Clearly,
Vi < j 57 € Syz(m). By Schreyer’s theorem, {57 | 1 <i < j < n} is
a Grobner basis of Syz(m). We can prove this fact directly, by using the
non-degeneracy conditions.

4.4. Generalized Criteria for Buchberger’s Algorithm.

Since their appearance in [13], criteria for detecting "useless pairs” are
playing an important role in every implementation of Grobner basis algo-

rithm.

LEMMA 4.9. (Chain Criterion) With the notations of Theorem 4.8, as-
sume that (4,j) € M and (j,k) € M. Let Im(f;) = 2%e,, Im(f;) = x%e,
and lm(fy) = x®e,. If % divides lem(x®, %) then mye; € a(mye;). In
particular, if s;;, s;x € S then S\ {s;} is already a Grébner basis of Syz([).

PROOF. 2% | lem(x®, x™) implies that lem(xz®, x%) | lem(z®, ).
Extracting the exponent vector o; from both sides, we obtain that mj;

divides my;. O

REMARK 4.10. As in the commutative case, we use the chain criterion
in the Grobner Basis Algorithm. Namely, if (f;, f;), (fi, fx) and (f;, fi) are
in the set of pairs P and 2% | lem(z%,x*), then we can delete (f;, fx)
from P. Note, that this criterion is quite universal, since it applies without
restrictions to any module over any G-algebra. Historically, the ideas, quite
similar to the Schreyer’s philosophy, were formulated already by D. Anick
in mid 80’s while studying free and path algebras ([1]).
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LEMMA 4.11. (Generalized Product Criterion) Let A be a G—algebra of
Lie type (that is, all ¢;; = 1). Let f,g € A. Suppose that Im(f) and
Im(g) have no common factors, then spoly(f, ) —sq 9, f], where [g, f] =
gf — fg denotes the Lie bracket.

PROOF. Assume that f, g are monic polynomials. Let us write f =
Ly + Ty, where Ly = lm(f), Ty = f — Ly and, analogously, g = L, + T},.
Then

spoly(f,g) = Ly(Ly +Ty) — Ly(Lg +Ty) = [Lg, Lg] + LTy — LT,

Let us denote Py = [Lg, Ly|, Po = LTy, Py = —L;T,.

If Im(P,) = lm(Ps), we have Im(7y) = Im(Ly),Im(7,) = Im(L,), a
contradiction to the assumption of the lemma. So, in fact Im(FPz) # lm(Ps).
We will examine the following cases and look for values of S —;y for
S =P + P,+ Ps.

1) Im(Py) # lm(P,) and lm(Py) # lm(Ps);
Then we can perform two reductions and obtain

S = [Lg, Lf] + LTy = LTy = Trg + Ty f = —[f.q]
2) lm(P,) = Im(P») and le(Py) = —le(P,); we can reduce with g only:

S =Ly, Lyl+LyTy—LyTy=Tg = [Lg, Ly| = LyTy+[Lg, Ty| = T4 Ty = —[f, g]
3) Im(P,) = Im(P,) and lc(P;) = — le(FP;); we can reduce only with f:

S = [L97Lf]+Lng_Lng+Tgf = [Lg>Lf]+Lng_[Lf’Tg]+Tng = _[f» 9]
4) Im(P;) = Im(P,) but le(Py) # —le(P):
like case (1), since no real cancellation occur;
5) Im(Py) = Im(P3) but le(Py) # —le(Ps):
like case (1), since no real cancellation occur.

Now suppose p = cf, ¢ = dg, ¢,d € K*. Then spoly(p,q) = dL,cf —
cLydg = cd(Lyf — Lyg) = cd-spoly(f,q) —irq cd-gf —cd- fg=[q,p]. O

REMARK 4.12. In contrast to the Chain Criterion, the Product Cri-
terion is only applicable for ideals and module elements with all module
components 0 except one. Of course, if A is commutative or if f and g com-
mute, one gets exactly the statement of the commutative Product Criterion:
spoly(f,9) —1rg 0. Moreover, the nature of the Product Criterion is too
commutative with respect to G-algebras, that is, we are profiting from its
use significantly only when computing in algebras of Lie type with many
commutative variables or dealing with modules, having central elements

among their generators.
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Unlike the commutative case, when the corresponding pair will be just
deleted, we have to perform a reduction, even in the optimized form as
above. Here we can gain some speedup, since computing the Lie bracket
could be significantly faster than performing monomial-by-monomial reduc-
tion steps, especially for large polynomials.

In addition, the routine to compute the Lie bracket can be written more
efficient, using the properties of the non—-associative bracket:

* Skew symmetry: Va,b € A [a,b] = —[b,a] and [a,a] = 0,
* Leibnitz rule: Va,b,c € A [ab,c] = alb,c|] + [a,c]b (that is the map
[,c] : A — Ais a derivation on A).

We are using both criteria and the bracket multiplication in the current

implementation ([53] and Chapter 4).

REMARK 4.13. It is quite intriguing, that on one hand the Product
Criterion is too commutative with respect to G—algebras. But on the other
hand, it holds in the case of a free associative algebra:

Recall the overlap relation (Def. §1, 1.7), and suppose that for two free
polynomials f, g € T their leading monomials have no common sub-word.
It means that there exist no such words p,q, that lm(f)q = plm(g) and
Im(f) does not divide p, lm(g) does not divide g.

Then for such pair (f,g) there is no overlap and hence, if there are
no self-overlaps (that is overlaps in pairs (f, f) and (g, g)), it does already
constitute a Grobner basis of the two—sided ideal 7(f, g)7. So, such pairs
(f,g) are not even taken into account by the Grébner basis algorithm in a

free associative algebra.

4.5. Hilbert’s Syzygy Theorem and SchreyerResolution Algo-

rithm.

We are going to show that the weak Hilbert’s syzygy theorem holds
for any G—algebra in n variables A, stating that every A-module has a free
resolution of length at most n. Although this result is already known ([30]),
we want to prove it constructively, using Schreyer’s method.

LEMMA 4.14. Let G = {¢1, ..., gs} be aminimal Grébner basisof I C A"
= @ Ae; such that Im(g;) € {e1,...,e-}. Let J denote the set of such indices
=1

7, that e; & {lm(g1),...,Im(gs)}. Then

I=&Ag, A/I2 & Ae,.
i=1 jeJ

PrOOF. The set GU {e; | j € J} is A-linearly independent, since the
leading terms of its elements are so. This indicates that both sums above
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are direct. For f € A" consider a standard representation
f=Y agi+h, Im(h) & L(G).
i=1
This implies h € @ Aej, and hence the result. O
jed

LEMMA 4.15. Let G = {¢1,...,9s} be a Grobner basis of I C A",
sorted in such a way that the following holds: if 7 < j and lm(g;) = 2%e,,
Im(g;) = x%e, for some v, then o; > «; lexicographically. Let s;; denote
a generator of the module of syzygies of I as above and we have fixed
the Schreyer ordering >; with respect to G on A". If Im(gy),...,lm(gs)
do not depend on the variables zi,...,zy, then Im(s;;) do not depend on

L1y Thtl-

PROOF. Given s;;, then i < j and lm(g;) and Im(g;) involve the same
component, say e,. By assumption, lm(g;) = z*e, and lm(g;) = z%e,.
The exponent vectors are of the form o; = (0,...,0,® 411,...) and o; =
(0,...,0, @) k41,...) With a; j+1 > o k1. Hence, the exponent vector of m;;
has zero at (k + 1)-th place, since max(c y+1, ®jk+1) = @4 +1. Therefore,

Im(s;;) = mj;e; does not involve . O

Applying the lemma to the higher syzygy modules, we obtain the con-

structive proof of the following theorem.

THEOREM 4.16. Let < be a well-ordering on a G—algebra A in n vari-
ables. Then any finitely generated A—module M has a free resolution

0—F, —F,1—...— Fp— M — 0,
where F; are free A—-modules, of length m < n. In particular, gl. dim A < n.

PROOF. Since A is Noetherian, M has a presentation

0— [ — Fp— M — 0,

)
with Fy = @Ae;. Let G = {g1,...,9s} be a Grobner basis of I; assume
=1

that the lm(g;) do not depend on the variables z1,...,z, k > 0. By the
1)
ij
Lemma 4.15 we have that Im(s;;) do not depend on 1, ..., z4;. Hence, we

Theorem 4.8, the syzygies s;;” := s;; form a Grobner basis of Syz([). By the

obtain an exact sequence

0—>Kerg01:Syz(I)—>F1ﬂ>F0—>M—>O

T1

where F; = @ Ae;, p1(g;) = gi, 1 = s. By induction, we construct an exact
i=1

sequence

O—>Ker<pn_k—>Fn_k%—_k>Fn_k_1—>...¢—2>F1@—1>F0—>M—>0
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with F; free of rank r; and Kery,_, given by a Grobner basis {sgl_k)}
such that none of the variables appear in lrn(sg;hk)). By the Lemma 4.14,
F,_1/Ker g, is free A—-module, hence replacing F,_; by it we obtain,
finally, the free resolution we are looking for. So, even if k = 0, that is the
set {lm(g;)} depend on all the variables, the length of the resolution is at

most n. O

Now we sketch the algorithm for computing a free resolution using
Schreyer’s method. We assume, that < is a well-ordering on A”. In the
algorithm below, the following auxiliary procedures are used:

e REARRANGE(set of vectors G, set of pairs L): rearranges vectors
from G in such a way, that if i < j and lm(g;) = 2%e, and lm(g;) =
x%e,, then a; <yp ;. The set L of pairs will be filled with all such
pairs (7, j) and returned, whereas the set G is changed;

e REFINEWITHCHAINCRITERION(set of vectors G, set of pairs L):
refines a set G of vectors with the Chain Criterion 4.9, using the
set of pairs L. Returns nothing but changes the set G;

e LIFT (vector p, set of vectors (G): computes a left standard rep-
resentation of p with respect to set G = {g1,...,gr} (which is
assumed to be a Grobner basis)

k
b= Z Vs(s;
s=1

and returns a corresponding vector v = (vy,...,vx). A special case
of the more general procedure, see Remark 4.5 and the example

thereafter.

Note, that in a G—algebra in n variables, the algorithm will terminate
after at most n steps by the Theorem 4.16. But in a G R-algebra, one should
give a criterion for termination, what could be either a number of steps or,
for certain modules, a presence of a loop in the resolution.

We can build resolutions by other methods, for instance, using succes-
sive computation of syzygy modules and optional minimizations. Over G-
algebras with homogeneous relations, resolution of homogeneous modules
can be computed with the LaScala algorithm, although the generalization

of this method is currently under development.
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Algorithm 4.1 SCHREYERRESOLUTION
Input : matrix G = (g1,...,¢:), a Grobner basis of I = 4(G);

Output: a set F of matrices F; of size (r;_1,7;), i = 1,...,n such that
Ces A D g L D g — A"/ — 0

is a free left resolution.

J := REARRANGE(G) ;
Fi=G= {gla--"gt};
F2 =
for (i,7) € J do
:= spoly(g;, 9;);
a) .= Lirr(h, F});

o, =

t ..
._ ¢ (i5) . .
Sij 1= M€ — C—;mijaj — Zla,, Evs
v=

Fy = Iy U s45;
end for
REFINEWITHCHAINCRITERION(F5, J);
F :={F1}U SCHREYERRESOLUTION(F});
return F;

5. Grobner basics I1

5.1. Intersection of Submodules.

Although there exists a generalization of the method 2.13 for intersec-
tion of modules, there is another way to compute the intersection of two
submodules, which uses syzygies. Moreover, the new method leads us to

further advanced applications.

LEMMA 5.1. Let M = 4(f1,...,fx) and N = 4{(g1,...,¢9;) be two left
submodules of A". Let {cy,...,¢q4p1} C A? be the columns of the 2r x
(r + k 4+ l)-matrix

1 0

i . fe | 0 0
0 1
1 0

0 0 | o 9
0 1

Let S = Syz({c1,...,¢4k11}). Then MNN =5nN éB Ae;.

=1



5. GROBNER BASICS II 79

PRrROOF.
r+k—+l1 r .
Let s = Z s;e; € .S and s; = Zsiei €SN & Ae;.
i=1
i=1 =1

Since s is a syzygy,
r k k
i=1 j=1 7=l

2r ~ T
Using the isomorphism 7: € Ae; — @ Ae;, we obtain
i=r+1 i=1

r l r l
O=r (E 8i€ryi Tt E Srtk+iCriktj) = E Si€; + E Sr4k+59;-
=1 j=1 i=1 j=1

Hence sy € M N N.
Conversely, let s = (s1,...,s,.) € M N N. Then there are three different
presentations of s,

T k l
S = Zstet = Zazfz = ijgja aiabj € A7
t=1 i=1 j=1
from which we construct the corresponding syzygies. O

Proceeding with the Lemma by induction, we obtain the following result
for the intersection of a finite number of modules.
LEMMA 5.2. Let {M; = 4(f{,..., fk,) C A", 2 < i < m} be the finite
t
set of modules. Let ¢t =7+ Y . N; and {c1,...,¢} C A" = & Ae; be the
i=1

columns of the (m - r) x t-matrix

L., M, 0 ... 0

Iiew 0 My ... 0
C= . .

L, 0 0 ... M,

)

Let S = Syz({c1,...,¢}). Then }nﬁlMi — SN g Ae;.
i= =1

5.2. Kernel of a Module Homomorphism (Modulo).

Let A be a G—algebra, T' be a proper two-sided ideal T' C A, already
given in its two-sided Grobner basis {t1,...,t,} C A and consider the GR-
algebra A = A/T.

Suppose there are left submodules U C A™ = P .Ae;,

i=1
V = alvy,...,v) C A" and left A-modules M = A™/U and N = A"/V.
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Consider a left A-module homomorphism
b1 AU — AV e B,

given by the matrix ® € A"*™.

We are interested in the computation of the kernel of ¢.

First of all, for a left ideal I = 4(g1,. .., g,) we define the s-th moduliza-
tion to be the left submodule M?*(I) C A®, given by the matrix

gl gp O
0 -~ 0 ¢ -+ ¢ 0o --- 0

M= . T cavm,
0 -+ 0 0 -+ 0 g - g

Then A° = (A/T)* =2 A%/ M?*(T) as A-modules. Defining U’ := U +
M™(T), V' .=V + M™(T), consider the homomorphism of A-modules

o A2 A"/V'. Then, Ker ¢ = NF(Kervy + U’ | U’) and hence it
suffices to compute Ker ).

As we have already seen in 4.2, the kernel of the homomorphism A™ 2,
A™ is the submodule Syz(®) C A™.

Let g = Y ", gie; € A™. It belongs to the Ker if and only if ¢(g) €
V' =V 4+ M™(T), that is if there exist {h;},{r;} C A, such that

m k pn
Zgzﬁ "‘Zhl@l ‘f’ZTjﬁ’Lj = 0.
i=1 =1 Jj=1

Let S = Syz({®,V,M"(T)}) C A™"*P" Then the previous equality

means that
(15 Gmy Py oo By 1, o Tpn) €S,
Then, by Lemma 2.2, Kery) = SN &, Ae;.

COMPUTATIONAL REMARK 5.3. Computing with S as above, we get
much overhead. Indeed, we are not interested in syzygies, not relevant
to ®. Therefore, using the Remark 4.4 we can combine two operations
(syzygy and Grobmer basis computations) into one. Namely, in order to
avoid the computation of irrelevant syzygies, we append the identity matrix
from below to ® and zero matrices to V' and M™(7T). In such a manner
we obtain a new matrix Y, and call the Grobner basis routine with the
ordering, eliminating module components by the Lemma 2.2, getting the
generating set for Ker. This idea appeared in the work of Schénemann
([70]). We formalize the described approach in the following Lemma.
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LEMMA 5.4. Let ¢ : M — N be a left A-module homomorphism as
before. Define the matrix

Y = ( o ‘ 4 ‘ Mn(T) > C A(n—l—m)x(m—l—k—&-pn).
Lnxn | O | 0

Lt Z=YN & Ae; and U’ = U + M™(T), then

i=n+1

Ker¢ =NF(Z+ U’ | U')C M.

Note, that for K = Ker ¢ the inclusion K*- ®* C (V’)* holds.

The following Algorithm will be extensively used in this work. Suppose
that the procedure for building a matrix Y as in the Lemma is available as
MATMODULO(MATRIX ®, MATRIX V, IDEAL T).

Algorithm 5.1 MoDULO
Assume : algebra A = A/T is given,

Input : matrix ¥, matrix V', such that
(7) columns of V' generate a submodule of A"
(ii)¥ defines a homomorphism 1 : A™ —— A"V,
Output: matrix K. > K =kerv

Y := MaTMobpuLo(¥, V, T);

7 = ELIMCOMPONENT(Y, {n +1,...,n +m}); > cf. Remark 2.3
K :=NF(Z,T);
return K;

In our implementation there is a command modulo with two arguments.
For A, W,V as above, executing modulo (W, V) returns the kernel of .

EXAMPLE 5.5 (kernel of a module homomorphism). Consider endomor-
phisms 7 : A — A with A = U(sly)/I with the two—sided ideal I, generated
by {e?, f%,h? — 1}. After computing the two-sided Grobner basis of I, we
see that A is indeed finite-dimensional with the basis {1, e, f, h}.

LIB "ncalg.lib";

def A = makeUsl2(); setring A;

option(redSB); option(redTail);

ideal I = e2,f2,h2-1;

I = twostd(I);

print (matrix(I)); // ideal in a compact form
==> h2-1,fh-f,eh+e,f2,2ef-h-1,e2

qring AI = I; // we move to a GR--algebra

ideal Ke = modulo(e,0);
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Ke = std(Ke+std(0)); // normalize Ke wrt factor ideal
Ke;
==> Ke[1]=h-1
==> Ke[2]=e
ideal Kh = modulo(h-1,0);
Kh = std(Kh+std(0));
Kh;
==> Kh[1]=h+1
==> Kh[2]=f
Computing with more homomorphisms like in the example, we get the
following table of kernels.
For non—zero k € K, ker(7: 1 — e+ k) =ker(r:1— f+k)=0.
For k? # 1, ker(7: 1+— h+ k) = 0.
ker(1:1+—e)=ker(r:1— h+1)= 4(e,h—1).
ker(7: 1+ f)=ker(r:1+— h—1)= 4(f,h+1).

COROLLARY 5.6. (2nd Isomorphism Theorem)

Let M, My € A’ be two left submodules. By the 2nd Isomorphism
Theorem, we have M, /(M; N My) = (M + Ms)/Ms.

Illustrating the situation with the diagram A* 2, 40 22 A™ we see
that indeed, M, /(M; N My) = A°/ Ker ¢, where ¢ : A* 24, At/ M.

The presentation matrix for M; /(M;NMs) equals Ker ¢ and hence could
be computed as MoDULO(M1,M2).

We can compute the intersection of a finite set of modules with the

algorithm MODULO in a more general setting, compared to Lemma 5.2.

PRrOPOSITION 5.7. Let A be a GR-algebra and
{M; = A(fl,..., fk,) € A", 2 < i < m} be a finite set of submodules.
Assume, that each M; is actually a submodule of A", where n; < n; 1 <.

Consider the left homomorphism of A-modules
Then }ﬁMi can be computed as
Iy xny My, ... 0

MobDuLO( : : .
Ly s, 0 ... M,
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REMARK 5.8. (Preimage of a Submodule)

For any proper left submodule W C A"/V| ¢ induces a homomorphism
ow  A™JU — A"/(V + W) and ¢~ (W) = Ker ¢y. So, the computation
of a kernel of a module homomorphism and a preimage of a submodule are

equivalent.

Left, Right Kernels and Formal Adjoint

Some applications (like from Algebraic System Theory, cf. [19]) require
computations of left and right kernels of a polynomial matrix M. Let us
adopt the classical definition to the non—commutative situation.

DEFINITION 5.9. Let M be an n X m matrix with entries in some K-
algebra A. Such matrix is said to have full column (resp. row) rank, if its
columns (resp. rows) are A-linearly independent.

A left kernel of M is a full row rank matrix L € Mat(¢ x n, A) with a
biggest possible ¢, such that L - M = 0.

A right kernel of M is a full row rank matrix R € Mat(m x r, A) with
a biggest possible r, such that M - R = 0.

Since operations of transposition and taking the opposite object mutu-

ally commute, A. Quadrat proposed in [19] the notation of a formal adjoint.

DEFINITION 5.10. Let A be a K-algebra and M € Mat(n x m, A).
A formal adjoint of a left (resp. right) submodule M C A" is the right
(resp. left) submodule Adj(M) = (M°PP)! C (A°PP)™,

One can immediately see, that Adj(Adj(M)) = M, so the formal adjoint
(like the transposition in the commutative case) has the property of an

involution.

PROPOSITION 5.11. Let A be a GR-algebra and M € Mat(n x m, . A).
e A left kernel of M can be computed as MopULO(M?, 0)".
e A right kernel of M can be computed as Adj(MobpuLo(Adj(M),0)).

PROOF. Since for S = Syz(M) holds S* - M* = 0, a left kernel L of M
over a G-algebra A could be computed as L = Syz(M")!. In a GR-algebra
A, for K =MoDULO(M*,0) a left kernel of M over A is just K.

Let R be a right kernel of M. Then, M R = 0. Passing to the opposite
algebra, we have R°PPMPP = (), hence R°PP is a left kernel for a left sub-
module M°PP and can be computed by taking R = (Syz(M°PP)")")oPP) (cf.
§1, 5). The more general statement follows analogously. U
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5.3. Tensor Product and Intersection of Modules.

Let U Cc A™, VW C A" be submodules.

For L = A*/W and N = A"/V the intersection L N N is isomorphic to
A [ AV, W).

For any two left modules M = A™/U and N = A"/V,

M ®4 N is a left A ®4 A-module.

Since A" @4 A" = (A®4.A)"™ as A® 4 A—modules, consider a submod-
ule L :=U®Lyxn+ Imxm®@V C (A®4.A4)"™, where a tensor sign means just
a tensor multiplication of matrices. Then M ® 4 N as an A ® 4 A-module
is isomorphic to (A ®4 A)""/L (cf. [42]).

5.4. Quotient and Annihilator.

Quotient modules. Let A be a K-algebra. Let S,T be non—empty
subsets of A. We define the left quotient of S by T to be

SiaT:={acA|dl CS}.

LEMMA 5.12. Let A be an integral K—algebra.

1) If S is a left module, then S :4 T is a left ideal for any T
2) If T is a left module, then S :4 T is a right ideal for any S.
3) If S and T are left modules, S :4 T is a two—sided ideal.

PROOF.

1) For all a € S : T, we have at € S, Vt € T. Then Vb € A, b(at) =
(ba)t € S. Hence, Vb€ A, ba € S :a T.

2) Foralla € S: T and any b € A, (ab)t = a(bt) = at’ € S. The last
statement follows from 1) and 2). O

LEMMA 5.13. Let A be a GR-algebra.

1) If S is a left module and T is a finite set {t1,...,t,} C A, then
S:aT = N, S :a {t;}. This left ideal can be efficiently computed as
MOoDULO( (t1, ..., tm)", M™(I) ).

2) If S and T are (A, A)-bimodules and the two-sided Grobner basis of
Tis{t1,...,tm} C A then Sy T = N, S :a {t:}. This two-sided ideal
can be efficiently computed as
TwOSIDEDGROBNERBASIS ( MODULO( (¢4, ..., tm)", M™(I) ), NF).
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PROOF.

1) It is clear, that S : {t} = {a € A | at € S} is just the result of
MobuLo(t, S). The rest will be done like in 5.7.

2) See Lemma 3.15 of [14]. Note, that we get the system of two-sided
generators, which requires the execution of the TWOSIDEDGROBNERBASIS
algorithm. U

Annihilators. Now, let us turn our attention to annihilators.

DEFINITION 5.14. Let M be an A-module and v € M. Then
e the annihilator of the element v in M is a left ideal
Ann®Y (v) ={a € A|av =0} = (0) : {v},
e the annihilator of the module M is a two-sided ideal
Ama M ={ae€ A|aM =0} = (0) : M,
e a primitive ideal is an annihilator of a simple left A-module.

The annihilator of an element of a module can be obtained by computing

syzygies with the following lemma.

LEMMA 5.15. Let A be a GR-algebra and M = AN/I); be a left A-
module. Suppose that I); is generated by {m,...,mp} C AY. For any
m € M, Ann’{ (m) is the left ideal generated by the first components of
generators of the syzygy module Syz(m,my,...,m;) C A1 and hence,
can be computed by MODULO (m, I)).

PROOF.
k
Va = (ag, a1, ...,ax) € Syz(m,my,...,my), agm + Zaimi =0,
i=1

hence agm = 0 mod I,y;.
O

EXAMPLE 5.16. Let A = U(sly) over the field K(«). Consider the ideal
Iny = ale,h — ) € A. Then the Verma module M = A/l is equal to
K[f] as a vector-space. Performing computations of annihilators of {f"},
we obtain that Ann’Y (f) = a{e?,ef —2a+2,h —a + 2),

AnnlY (f%) = ale,ef —4a +12,h — a + 6) and so on.

We conclude, that

VneN Annd (") = 4" ef — (n+1)(a—n),h —a + 2n).
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LEMMA 5.17. (Annihilator of a Finite Dimensional Module)
Let A be a GR-algebra and there is a left A-module M with
GKdim(M) = 0 and dimg M = d > 1. Suppose that the K-basis of M is

{v1,...,vq}. Then
d

Anny M = ﬂ Annf‘f (S
i=1
where Ann’Y v; is computed by the previous Lemma (5.15) and the in-
tersection by Lemma 5.7.

ExXAMPLE 5.18. Suppose that charK = 0. For a positive integer N
consider the set

Fyig={" AT (h—=N)-(h=N+2)-...-(h+N)} C U(sly)

and a left ideal Ly =y (s1,) (Fv). Let My be a left module U(sly)/Ly. Let
us denote by Ty a two—sided ideal, generated by Fly.

L1 and L, are indeed two—sided ideals. For N > 3, Ly are left ideals
(see 3.4 for explicit generators of Ls and T3). Computing the annihilators,
we obtain

ADHU(S[Q) MN = TN+2, VN Z 3.

5.5. Annihilator of a Finitely Generated Module.

Let A be a G-algebra in variables x1, ..., z, and Z = Z(A) be its center.

Let P C A®, consider the module M = A®/P, generated by the canonical
vectors ey, . .., es. If GKdim(M) = 0, Lemma 5.17 delivers an algorithm for
the annihilator. In what follows we assume GKdim(M) > 1.

Define the pre-annihilator of M to be the left ideal

preAnn, M = ﬂAnn%(ej) C A
j=1

LEMMA 5.19. The following hold:

1) Anng M = Anny(A/ preAnn, M),

2) for a left ideal L, Anng A/L = {a € L|a-r € L ¥r € A} is the
maximal two—sided ideal contained in L,

3) if the maximal ideal m = 4(zy,...,2,)4 is proper in A, for a left
ideal L we have Anny A/L =L : 4 m,

4) for the center Z(A) of A, we have

Z(A)NpreAnny, M = Z(A) N Anny M.

PrROOF. 1) Let L := preAnn, M. It is clear, that L D Ann M =: S.
Since S is a two—sided ideal, Va € A, we have Sa C S C L. Conversely, let
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T = Ann(A/L). Consider the normal form representation of m = >, mse; €
M. Then m; # 0 implies m; € L. Then, Vt € T and for every i, tm; € L
and hence, tm = 0.

2) Indeed, Ann A/L is the maximal two-sided ideal of a left ideal L.

Let T={a€ L|a-reLVreA}. Forsomet € T, assume there
exists rg € A such that trq € L ~.T. Then there exists such r € A, that
tror1 € L, what contradicts ¢t € T. Hence, Vrr € AVt € T tr € T and T is
the maximal two—sided ideal of L. So, T'= Ann A/L.

3) Consider first L 1y A ={a € A |V be Aab C L}. For every
re€L:gA andbe KC Awehave b € L, sox € Land L :y A C L.
Hence L :4 A can be written as {a € L |V b€ A,ab C L}, what is equal to
Ann A/L as we have already shown. Moreover, we can pass to m instead of A
inside the formula and get Ann A/L ={a€ L|Vbemabl L} =L :y m.

4) Since preAnn(M) D Anny M too, hence Z(A)NpreAnn(M) D Z(A)N
Anny M. Now, suppose z € Z(A) N preAnn(M).

N N
Vv € M, FH{a;} C A such that v = Zajej. Then zv = Zajzej =0,

j=1 j=1

and hence, z € Anny M.
O

We see, that the computation of the annihilator Ann(A/L) reduces to
the computation of L :4 m. Since both ideals L and m are left ideals, the
quotient is a two—sided ideal, hence the method we use in the commutative
case (cf. §3, 3.6 for a variation of it) is not suitable for this situation.

Nevertheless, we proceed with the investigation. Let Ly = L and for
i > 0, define the i-th approzimation ideal L1 = {a € L; | a-x €
L; V1 < k < n}. It is easy to see, that each L; is indeed a left ideal and
L; D L.

Suppose there exists ¢ € L, such that this element is common to the com-
pletely reduced normalized Grébner bases (say, obtained with the algorithm
REDMINGB, cf. 2.1) of L; and L;;;. It means, that {t,tzy,..., tz,} C L;,
hence t is a two—sided generator inside L; and L;,, V k > 1. Respectively,
all such ¢ in L; form a two—sided ideal, which we denote by T;,1 C L;y1 (we
set Ty = 4(0)4). It is clear, that T; D T;,x,V k > 1. There are the following

inclusions

L=Ly ---D> L; D Liyy DD Ly D Lgy1 D...
U U U U U
Ty - C T, € Ty C-C Ty = Topy =....
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Since A is Noetherian, the ascending sequence of two—sided ideals T; will
always terminate, although in general we cannot predict at which point the
sequence will mutually stabilize. But we are able to compute every T; as
the subsequent use of the following algorithm APROXSTEP.

Having the Algorithm APROXSTEP, the search for the maximal two—
sided ideal in a given left ideal can be described as follows. Suppose we
have certain termination criterion, encoded as a boolean function CRITE-
RION(X,Y") for two arguments, L and T as above. The computation will
stop as soon as this function returns TRUE.

Algorithm MAXTWOSIDEDINLEFT(L, T,CRITERION):

We initialize Ly := L and T := 0. Further on, we compute
{L, T} := APROXSTEP({L,T'}) in the WHILE loop with the break condition
(CRITERION(L,T) ==TRUE).

Algorithm 5.2 APROXSTEP
Input: {I,7T}, where I = L;, a set of left generators;
T =T;, a two—sided Grobner basis;
Output: {J, 7'}, where J = Ly, a set of left generators;
T' =T, D T;, a two—sided Grobner basis.

repeat
I .= REDMINGB(I) = {f1,..., fm};
for : =1tom do
for j =1tondo
VIi.j) = NF(fi ;| 1);
end for
end for
if V = (0) then
PRINT "] is a two-sided ideal”; return (/); > quit the loop
end if
S := MobuLO ( TRANSPOSE(V) , I);
if S =(0) then
PRINT 70 is the only maximal ideal”; return (0); > quit the loop

end if

J := REDMINGB( S*-I');

T" .= GETCOMMONELEMENTS(I, J);
T" := TwOSIDEDGROBNERBASIS(T");

until (7" #T)
return ({J,7"});
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PROOF. (of 5.2) Correctness: starting from the set of left generators
I C A, we compute at first its its completely reduced normalized Grébner
basis I = {f1,..., fm}. Then for every nonzero f € I there exists a standard
left presentation

f= Zaifi, a; € A, such that Im(f) > Im(a;f;),a;f; Z0Vi=1...m.
i=1
Then for any 1 < ¢ <m, 1 < j < n we compute the normal forms v;; =
NF(fiz; | I) and standard presentations

m m

fixj = Zb;jfk —f- vij- Then fZEj = Z CLifin = Zai Z szfk + Zaivij.
k=1 =1

k=1 i=1 i=1
If all the v;; are zero, the ideal I is indeed two-sided, hence the output

will be I itself. If there are some nonzero v;;, we have

f - T & A<[> = Zaivij - A<I> = H{bz} C A, Zaivz-j + szfz = (.
=1 =1 =1

Now we are looking for a;, satisfying the last equality V1 < j < n.
We compute the kernel S of the homomorphism of modules, given by the
matrix V' (which is a transposed matrix to (v;;))

S — A" 5 A M),

where M"(I) was defined in the Section 5.2.
If S = 0, the only two-sided ideal contained in [ is the zero ideal.
Otherwise, we compute

J=S"-TI' thatis J; =Y S;f;,
j=1
and, after all, a minimal left Grobner basis of J. We repeat this procedure
until we get such J, that it has more common elements (as a set of genera-
tors) with 7, than 7; and the image of a two—sided ideal, generated by these
elements 7" in A/T; is nonzero.

Termination: Unfortunately, the algorithm does not terminate in the
general case, but only when there is a two—sided ideal, bigger than 7" or in
two exceptional situations (V = 0 or S = 0), described above. In particular,
if T' is already the annihilator, we cannot prove it with the algorithm.

Efficiency: The algorithm makes heavy use of Grobner bases techniques
and therefore should be implemented carefully. During each step subrou-
tines LEFTGROBNERBASIS, TWOSIDEDGROBNERBASIS and MODULO are
called; such computations are quite nontrivial even for small examples. In

our experimental implementation, all subroutines like above are using the
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LEFTGROBNERBASIS algorithm. On the other side, we know no alternative
algorithm for computing the annihilator of a general module. Il

Let us illustrate how APROXSTEP and MAXTWOSIDEDINLEFT work in

practice, first without a termination criterion.

EXAMPLE 5.20. Consider A = U(sly) over the field K(«). Then from
the parametric ideal L = 4(e,h — a) C A we build the Verma module
M =A/L.

At first, L is already given in its Grobner basis and no generator of it
has the two-sided property. Hence, T, = 0 and we describe in detail the
first call of the algorithm APROXSTEP(L,T).

Computing v;;, we obtain two nonzero elements v;s = a and v9g = —2f.
Then, the result of the MODULO computation is a module, generated by
the columns of the matrix

h—a 2f 0 e 2
0 « h—a+2 0 ¢e)

Hence the generators of J are {(h—a)e, 2fe+a(h—a), (h—a+2)(h—
a), €2, 2e 4+ e(h — a)}. After computing the Grobner basis of J, we get
Loy =J={h=2(a—1)h+a*—2a, eh—(a—2)e, 2ef+(a—2)h—a?, € }.

So, T(1y = Tp. Performing the second iteration (that is, calling APROX-
STEP(L(U, T(l))), we obtain

L) ={4def +h*—2h—a®—2a,h* — ... eh* — ... eh— ..., ¢’ }.

Since there are no common elements between Ly, L2y, hence T(o) = 0
and we perform the iteration again:

L@ = {4ef+h*—2h—a®—2a,h*—... eh®—... ®h*—... ¢’ h—...,e' }.

We arrive at the T(g) = a{4ef + h* — 2h — a(a + 2))4 C L. Proceeding
with more iterations experimentally, we get no more elements, hence we

may conjecture that T3y is the answer. (See the proof of it in example
5.21.)

Bounds for Gel’fand—Kirillov dimension.

Let M be an A-module. We know, that in general, due to [59],
GKdim(Endy M) < GKdim(A/ Anny M) < GKdim(A).

The lower bound is not effective indeed. Consider a simple infinite—
dimensional module M, then End4 M = K, GKdim(End4 M) = 0 but
GKdim(A/ Anny M) > 1. However, if there are modules for which we
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know that GKdim(Ends M) = GKdim(A/ Anny M), the bounds becomes
effective, if there would be an algorithm for computing End4 M, what seems
to be quite nontrivial.

For T'= Anny M we have, in particular, GKdim(M) = GKdim(A/L) <
GKdim(A/T) < GKdim(A).

If the Gel'fand-Kirillov dimension of A/ Ann M can be computed from
the given data, the algorithm will stop after finitely many steps. Then
the CRITERION function will be just the check for the Gel’fand—Kirillov
dimensions of A/L and A/T.

For instance, the algorithm MAXTWOSIDEDINLEFT will terminate for
holonomic modules , for which GKdim(A/ Anny M) = 2- GKdim(M) holds
(recall §1, 4.12).

Vogan showed in [76], that Harish-Chandra modules (hence, also mod-
ules in the category O) over universal enveloping algebras U(g) of finite
dimensional semisimple Lie algebras g are holonomic.

Having an algorithm for computing the intersection 7' of preAnn(M)
with the center of an algebra Z(A) (described as the Algorithm §3, 2.1),
we can compute the Gel’fand—Kirillov dimension of T" and compare it with
GKdim(M). Quite often this will give us a hint to the answer, like the
following example illustrates.

ExAMPLE 5.21. Let us continue with the example 5.20. We have ob-
tained the ideal T(3) = (def + h* — 2h — (e + 2)) C L with the
MAXTWOSIDEDINLEFT up to the third iteration.

Since A/L is a Verma module (hence, by Vogan it is holonomic),
GKdim(A/L) =1 and GKdim(A/T(3)) = 2, we conclude that
AnnA A/L = T(3).

In this case we may not perform any iterations at all, since intersecting
L with the center of A, we obtain L N Z(A) = T{3) and GKdim(T(3)) =2 =
2 GKdim(L). The generator of T3 is nothing else but the Casimir element
C' of A minus the central character of L, x(L) = a(a + 2) (see Chapter 3
for further details).

In order to complete the treatment, consider more interesting examples.

ExAMPLE 5.22. Consider A = U(sl(3,K)) for char K = 0. We consider
two modules M and M’, described in detail in the forthcoming Example §3,
2.6. The center of A is generated by the elements Cy, Cs, explicitly given in
the §5, 1.3.

The parametric Verma module M = A/I, I = 4(xq,x3, T, ho—a, hz—b)
is holonomic with GKdim(M) = 3. The intersection of preAnn(M) = I
with the center Z(A) gives us T = 4(Cy — a* — ab — b* — 3a — 3b, C5 — 2a® —



92 2. GROBNER BASES IN G-ALGEBRAS

3a2b+ 3ab?+2b® — 6a? + 3ab+ 120? + 18b) 4 (we present it, for simplicity, not
in two-sided Grobner basis). We have GKdim(A/T) = 6 = 2 GKdim(M),
hence T'= Ann4 M.

The parametric module M’ = A/I', I' = 4(zg, 2, ho — a,hg — b), it
is not a Verma module. Its intersection with the center Z(A) is equal to
T = 4(3(a+20+2)Cy —C3— (a+2b)(a+20+3)(a+2b+6)) 4 (T" is given
by its two-sided Grobner basis). Computing both dimensions, we obtain
GKdim(M') = 4 and GKdim(A/T") = 7. If M’ would be holonomic, its
annihilator would have dimension 8 = GKdim(A), what is clearly impos-
sible. As for ideals, we see that I’ C I, hence Anny M’ C Anny M and
8 > GKdim(A/ Anny M) > GKdim(A/T) = 6.

Using MAXTWOSIDEDINLEFT Algorithm, we get no more elements than
of T" with several iterations. Since GKdim(A/T") = 7, we conjecture that
Anny M' =T".

6. Conclusion and Future Work

In the recent work [12], M. Brickenstein applied new interesting tech-
niques and tricks for improving the performance of the Buchberger’s algo-
rithm in the commutative case. It seems, that many improvements could be
generalized to the setting of G-algebras. In particular, some new Criteria
for S—pairs were developed and a good impact on the performance was re-
ported. Replacing the usual standard representation (1.8) with the so-called
"t-representation” together with a reformulation and use of the Chain Cri-
terion decreased further the number of useless reductions of S—pairs in the
algorithm. Also, ideas of Faugere [26] might have a generalization to the
non—commutative setting.

In contrast to [14] and [56], we pay much attention to the efficiency of
algorithms, where we make use of our experience from working with concrete
and sometimes hard examples in our implementation. We believe, that also
the secondary applications (like 5.11), which were described, will make the
spectrum of possible applications of Grobner basics even bigger.

We propose to include the computation of different annihilators (5.4)
into non—commutative Grobner basics, due to their exceptional importance.
However, the annihilator of a finitely generated module is available at the
moment only for holonomic modules; the algorithm we provide is very ex-
pensive. This must be investigated further, we hope there will be more
results, connecting dimensions of an annihilator of a module with dimen-

sions of module itself, its endomorphism ring et cetera.
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As we have seen, many applications are done by following the guide-
lines, coming from the commutative case. However, we hope, that the
intuitive difference has also become clear to the reader. In particular, the
non-commutative anomalies, we have encountered in the elimination (Ex-
amples 2.10 and 2.11), the whole idea of two—sided Grébner basis, different
role of Criteria (Subsection 4.4), explicitly more complicated syzygies et
cetera show, that despite many similarities with the commutative case, one
should develop a distinctly different intuition while working with the GR-
algebras.






CHAPTER 3
Morphisms of GR—algebras

He has drawn a scheme, which, as it
became clear later, had no remotest
connection to the discussion which
followed.

Nikolay Klyuev, Between two chairs

In this chapter we are going to investigate morphisms between GR-
algebras. In particular, we develop the algorithms for computing the preim-
age of an ideal under a morphism of two G R—algebras and use them for many
interesting applications.

This chapter is organized as follows. In the Section 1 we introduce subal-
gebras and morphisms. We describe several natural subalgebras, especially
the center and centralizers (1.1) and discuss their properties and computa-
tional methods, which will be continued in 2.6. In 1.2 we turn our attention
to maps and elaborate a criterion for a map to be a morphism.

In the Section 2 we investigate the case, where the source of morphism
is a commutative algebra (the target being non—-commutative). Then the
Algorithm 2.1, computing a preimage of an ideal under such a morphism,
is presented. It is a building block for a whole family of algorithms, like
the algebraic dependency of pairwise commuting polynomials (2.3) and the
membership of a polynomial in a commutative subalgebra (2.4).

The whole Section 3 is devoted to the development of an important
central character decomposition algorithm, which is formalized in the Algo-
rithm 3.2.

In the Section 4, we generalize this by allowing also the source to be
non—commutative and propose two different approaches for computation of
kernels and preimages, showing both the merits and the limitations of them.

We provide many interesting examples, relevant to applications. All of
them are computed with the implementation of the methods in PLURAL.

1. Subalgebras and Morphisms

Two recent books, namely by H. Li ([56], 2002) and by J. Bueso et.al.
([14], 2003) feature many interesting applications of Grébner bases, related
95
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in particular to Ring Theory and to Representation Theory of algebras.
However, the obviously important question such as the algorithmic treat-
ment of morphisms between GR-algebras and computations with subal-
gebras was not discussed in general before, to the best of our knowledge.
In the article [64] the authors presented an algorithm for computing the
preimage of a left ideal under a special map K[s] — K(x,d | do = zd + 1),
s — xd and its generalization for the multivariate case

n n

(®)K K[s;] — (®)K K{x;,d; | dix; = xid; + 1), s — x4d;.
i=1 i=1

We must note, that the approach, proposed in [64], seems to be too
specific, since it originates from the theory of D-modules and it is indeed
based on this theory. Therefore, this approach cannot be transfered to the
more general situation. However, the methods we propose allow to compute
such preimages using a general framework. The corresponding implementa-
tion will be a part of the forthcoming SINGULAR:PLURAL library dmod.1ib,
which contains procedures for algorithms in the theory of D—modules.

Our algorithms are of relevance, since there are many applications in
Representation Theory, Theoretical Physics and other fields, requiring the
algorithmic treatment of morphisms.

We are going to present the algorithms and applications together with
the efficient implementation.

1.1. Subalgebras.

For a G—algebra A, there are several natural commutative subalgebras.

o Z(A) :={z€A]za=azVae A} DKis called the center of A
([23]); indeed, it is defined for any K-algebra;
e if there exists a Cartan subalgebra H(A) ([23]), it is commutative;
o if H(A) exists, we can construct a bigger subalgebra
CZ(A) := H(A) ®k Z(A), which is commutative;
o Gel'fand—Zetlin subalgebra GZ(A) ([25]), if it exists.

Note, that if both CZ(A) and GZ(A) exist, then GZ(A) O CZ(A) D
Z(A) holds. Ovsienko ([65]) proved, that if GZ(A) exists, it is the biggest
commutative subalgebra of A.

Note, that the computation of Z(A) (up to given degree) is implemented
while the construction of Gel'fand—Zetlin subalgebra has not been yet com-
pletely algorithmized. A Cartan subalgebra H(A) can be trivially computed
for universal enveloping algebras of semi—simple Lie algebras and their quan-

tized counterparts; it is not clear whether this notion makes sense in general.
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The center and the Gel'fand-Zetlin subalgebra play a specially impor-
tant role among the commutative subalgebras.

In Representation Theory there are many constructions involving them
and there is a need for, in particular, intersection of modules with such
subalgebras. Algebraic dependency of pairwise commuting elements is of

big importance, for example, in Mathematical Physics.

Notation: Recall, that [f,a| := fa — af for a € A and f an element
from some (A, A)-bimodule.

LEMMA 1.1. Let A be a G-algebra and S = {z,...,2,},m > 2 a
minimal set of generators of Z = Z(A). Consider the two-sided ideal T,
generated by S. Then

1) For any pair (z;, 2;), ¢ # j, the syzygy module of the set {z;, z;} is
generated by (—z;, z;)" € A%

2) If there exists at least one pair (z;, 2;), such that Im(z;) | Im(z;), then

{#z1,...,2m} is strictly contained in a Grobner basis of 7.

PROOF. 1) It is clear, that (—z;, ;)" is a syzygy of {z;, z;}. We have to
show that all syzygies of {z;, z;} are generated by the (—z;, z;)".

Let a1, as € A be such, that a;z; +asze = 0. If Im z; { Im 25, then we see
immediately that lm(z1)|lm(as) and Im(2s)|Im(a;) and hence, the syzygy
(a1, az)" must be a multiple of (—zz, 21)".

If Im z;|1m 25, then there exist by,by € A, such that zo = b1z + by,
with by # 0 and lm(z1) 1 Im(bs). Then (a; + azbi)z; + azhby = 0 and
Im(Im(z;) Im(a; + agb1)) = Ilm(agby). Since Im(z;) 1 Im(by), Im(z;) must
divide Im(ay), and, consequently, Im(z5) divides Im(a;). Hence (—z9,21)" is
a minimal generator of a syzygy module.

2) Take a pair (z1, z2) from S with Im(z1) | Im(22). Then zo = by2z; + by
with either by = 0 or by # 0 and lm(z;) 1 lm(b2). Suppose by = 0, then
by € Z by the following argument. Assume that b; ¢ Z, then 3b € A, such
that [by,b] # 0. Now 0 = [22 — b121,b] = [b,b121] = [b, b1]z1, what is true
only if [by,0] = 0.

Now, let by # 0, hence Im(z1) { lm(by). If by € Z, 20 — byz; € Z, what
is true if and only if b; € Z, what contradicts the minimality of the set S.
Hence, by ¢ Z and a Grobner basis of S will get additional elements. U

LEMMA 1.2. Let A be a G-algebra over a field Kand S = {z;,...,2,} C
A be a set of polynomials, such that Vi # j, Im(z;)  Im(z;). Suppose that,
in addition, there are (;; € K*, such that Vi < j, z;2; = (;;2:%2;. Consider a
left ideal I, generated by S. Then S is a left Grébner basis of I.
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le(L;2)

le(Lizj)
Then spoly(z;, 2;) = Ljz — qi;Liz; = (25 — Tj)z — qi5(z — Ti)zj = (Gj —
¢ij)zizj — T2 + ¢;;T;z;. By the same argumentation, as in the proof of the
Product Criterion §2, 4.11 we see, that Im(7}z;) # 1lm(7;z;) and both of
these monomials are strictly smaller than lm(z;z;). Hence, spoly(z;, z;) is

PRrROOF. Let Vi, z; = L; + T}, L; = 1m(z;) € Mon(A) and ¢;; =

reduced to zero with respect to the set {z;, z;}, V1 <1i < j < m. Hence, by
the Buchberger’s Criterion §2, 1.16, S is a left Grobner basis of 1. U

The situation, where leading monomials of {z1,..., z,} do not divide
each other at all is quite rare, but important. In the following example, both
sets of generators of centers S and T consist only of powers of variables.

ExAMPLE 1.3. Taking a Weyl algebra W,,(F,) over a field F,, of prime
characteristic p, we can show that Z(W,,(F,)) = K[{z?,d'}]. Denote the

177

set of the generators of the center by S = {z¥,d? | 1 <i < n}.

In a similar way, it can be proved that in quasi-commutative algebras
K,[z1,...,x,], where ¢ in a primitive, say, p-th root of unity, holds
Z(Ky[x1, ..., zs]) = K[{27}]. Denote the set of the generators of the center
by T = {2 |1 <i<n}.

Applying the Lemma 1.2 to the sets of central elements, we conclude
that both S and 7" are two-sided Grobner bases of corresponding two-sided
ideals. Hence, in particular, the modules W,,(F,)/(S) and

K,[z1,...,2,]/(T) are finite dimensional.

DEFINITION 1.4. For a non—empty subset FF C A" and a subalgebra
S C A, the subalgebra C4(F,S) = {a € S| [f,a] =0Vf € F} is called
the centralizer of ' with respect to S. If A is fixed, we often write just

C(F,S).

It is obvious, that Vf € A we have K C Z(A) C C4({f},A) C A, but
in general, C4(a(f), A) S Ca({f}, A).

LEMMA 1.5. Let A be an integral domain over K. Then, for any finitely
generated sub—(A, A)-bimodule M, C4(M, A) = Z(A).

PROOF. Let M C AF be generated by {fi,..., f.}. Since Z(A) C
C4(M, A), we have to prove Cy(M,A) C Z(A). V{by,...,b,} C A and for
any a € C4(M, A),

bez, Zb fl, +Zb2,a

Suppose there exists such a € CA(M, A), that a ¢ Z(A). Then the
inclusion Cy({a}, A) C A is strict and hence, there exists such b; € A, that
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[b1,a] # 0. Choosing all other b; to be centralizing with respect to a, we
obtain [by,a|f; = 0 and, hence, [b1,a] = 0, what is a contradiction. This
shows that Cy (M, A) C Z(A) and indeed C4 (M, A) = Z(A). O

The Lemma shows us that proper (and hence, interesting) subalgebras
of integral domains appear as centralizers of finite subsets and not of sub-
modules. In particular, Lemma holds true for one—sided ideals of A.

REMARK 1.6. Very often Cs(f, A) is generated by pairwise commutative
elements, although this is not true in general. Indeed, since Cy(f, A) is a
subalgebra, for any ay,as € Ca(f, A), [ai, f] = 0 and hence, [[a1, as], f] = 0.
Of course, it does not imply [ay, as] = 0.

Consider the second Weyl algebra Wy = K(xy,z9,01,0 | [0, 21] =
1,[02, 25] = 1) over K = C. Then, C(x10; — 2204, W5) is generated by the
set of monomials {125, 2101, x202,0102} and, for instance, (010, 101] =
010y # 0.

Another interesting subalgebra is the centralizer of the polynomial x10,—
190,: it is generated by {07 + 03, x90) — 1102, 2101 + 1204, 23 + 23}, Again,
these generators do not commute pairwise, e.g. [0? + 02,2101 + 1205] =

2(0F + 03).

LEMMA 1.7. Let A be an associative K-algebra, generated by {z1,...x,}.
Ifvl<i<n C(z;A)is a finitely generated subalgebra of A, then the
following holds:

1) Z(4) = (L, Clar, A),

2) Z(A) = C(x1,C(xg,...,C(x,, A))...).

PROOF. 1) Suppose a € (,_, C(zx, A). Then Vk [a,z;] = 0. Since Vi,
la, z;xx] = zi]a, x| + [a, ;]xp = 0, we conclude that [a, f] = 0 for all f € A.
2) Since

C(xp_1,C(xp, A)) ={a € Al a,z,] =0=a,2,1]} = C{xp_1,2,}, A),

it follows that C(z1,C(xs,...,C(zy, A))...) = C({xy,..., 2.}, A) = Z(A).
U

Unless A is finite dimensional, the algorithm for computing the cen-
tralizer C(x,,A) (without any extra information) will not terminate. We
therefore consider some finite dimensional filtration {A; | d > 0} on A
(usually one takes a (weighted) degree filtration, cf. §1, 4.2) and compute
the centers Z(A,) of the corresponding finite dimensional vector spaces via
centralizers, according to the Lemma.

In algebras, where the center is finitely generated, for the maximal degree
of generators of the center d, we obtain Z(A,) = Z(A).
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The computational idea with 1.7, 1) is the following: let d > 1 be the
maximal degree. Then A; = {f € A | deg(f) < d}. Suppose M, to be
a K-basis of Ay, and My = {m4,...,m,} such that m; > --- > m, with
respect to the fixed ordering on A. In order to compute C(z;, Ay) for some
1 <t <n we do the following.

Assume that z = Z a;m;, and [m;, x4 Zb mj, a;, bfj € K. Then,
=1

s p

[z, 2] = Z(Z a;by;)m; and [z, 2] = 0 & Zaibfj =0Vl <j<s.

=1 =1 i=1
For fixed t, 1 < i < p,1 < j < s, form a matrix B, = (b';fj) and a vector
a=(aiy,...,ap)". Then

z€C(xy,Ay) =0 aeKerB, and z € Z(Ay) & ae ﬂKerBt.

t=1

Thus such an algorithm reduces to the linear algebra. However, a good
implementation is sophisticated and has to use many tricks and heuristics
(the standard linear algebra approaches have to be applied for very big
matrices; moreover, we need the exact arithmetics in the field K).

This algorithm for computing the center works in particular for a G R—
algebra up to a given degree respectively up to a given number of reduced
generators. Recently it has been implemented in SINGULAR:PLURAL as the
center.lib ([62]); we used it for computations of the examples below.

For certain algebras there are explicit theoretical results on generators
of the center. In universal enveloping algebras of semi—simple Lie algebras
U(g), there is a notion of Casimir elements and even a formula for a direct
computation of them together with the theorem, saying that the center
(over a field of characteristic zero) is generated by Casimir elements ([37],
[23]). There is a generalization of this approach to Drinfeld—Jimbo algebras
Uy(e) ([43).

In the framework of G-algebras, it is impossible to provide analogous
general results on centers. Hence, we need a general algorithm (though
requiring extra input like the degree up to which the algorithm should go)
for computing central elements of any G R-algebra. Our experience with
the implementation in center.lib confirms that these principles are right.
See Appendix §5, 1 and §5, 2 for generators of centers of many algebras
explicitly.
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1.2. Morphisms.

DEFINITION 1.8. Let A and B be associative K-algebras and there is a
map ¢ : A — B. It is called K-linear, if /(1) = 1 and Vz,y € A, VA, p € K

we have ¥(Az + py) = Ap(x) + e (y).
A K-linear map v is called a homomorphism of K—algebras,

ifvVe,ye A ¢(xy) = (x) - ¥(y) holds.

A K-linear map v is called an antihomomorphism of K—algebras,
ifVe,y e A ¢(zy) = ¥(y) - ¢¥(z) holds.

A K-algebra homomorphism of free associative K—-algebras
Y A=K(zy,...,2,) — B = K(y1,...,ym) is completely defined by
its values on free generators {z;} of A, that is ¢ : x; — p;i(y1,...,ym) for
{p1,...,pn} C B.

Since every finitely generated associative K-algebra can be presented
as a factor—algebra of a free associative K—algebra modulo certain two—
sided ideal, a homomorphism ¢ : K(xy,...,z,) — K(yi,...,yn) induces
a homomorphism V¥ : K(zy,...,2,)/] — K(y1,...,ym)/J, if and only if
P(I) C J.

Moreover, it can be easily seen that every homomorphism of associa-
tive K-algebras is induced by some homomorphism of free associative K-
algebras. Namely, assume that both I and J as above have finite Grobner
bases for some orderings <; on K(z) and <; on K(y). Then, ¥(z) =
(x+ 1) :=NF(¢(NF(z,1)), J) is well-defined, since t(I) C J holds.

Let A and B be G—algebras. Suppose there are proper two—sided ideals
Ty C A, Tg C B, already given by their two—sided Grobner bases and there
are G R-algebras A = A/T and B = B/Tp.

We call a map & : A — B a morphism of GR—algebras, if ¢ is a
homomorphism of K-algebras and, moreover, ®(7’4) C T holds.

Starting with the map v : A — B, we define the induced map ¥ : 4 — B
by setting U (a) := (a), where we can choose a = NF(a | T4) as a repre-
sentative for a € A.

Notation: The set of all morphisms ® : A — B between GG R—algebras
A, B is denoted by Mor(A, B). Respectively, we denote by Mor(A, B) the
set of morphisms between G-algebras A, B.

In the sequel, we will deal mostly with morphisms.

DEFINITION 1.9. Let A, B € GR and ¥ : A — B be a map.

Define the (7, j) obstruction polynomial related to ¥ to be

0ij == V(z;z;) — V(Z;)¥(Z;) and the ideal of obstructions of ¥ to be
Oy = p{{oi; | 1 <i<j<n}).
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REMARK 1.10. In contrast to the commutative case, not every K-linear
map of GR-algebras ¥ : A — B, satisfying W(74) C Tp, is a morphism.
From the definition above, we conclude that ¥ € Mor(A, B) < Oy = (0) C
B < NF(Oy | Tg) = 0. Respectively, ¢ € Mor(A, B) < O, = (0) C B.

To every ¢ € Mor(A, B) and factor—algebras A, B, which are GR-

algebras in the sense of Def. §1, 3.7, we can associate a map @ : z; — ¢(x;).
Then Op = Oy + T = Tp and hence, & € Mor(A,B) if and only if
(Ta) C Tp.

The converse is of course not true: to a morphism ¥ € Mor(A, B) we
can not, in general, associate a morphism 1) € Mor(A, B) by just setting
¥ (x;) to be the canonical representative of W(x;), see the following example.

ExXAMPLE 1.11. Let K be a field of characteristic zero, A = K][a, b]/{ab),
B =K,[z,y] = K(¢)(z,y | yr = ¢ - xy) and B = K,[z,y]/(zy). Consider

n(n—1)

the map ®,, : A — B, given by a — 2™, b— y". Since (zy)" =q = z"y",

(P(ab)) = ((zy)™) C (xy). Then the obstruction polynomial 015 equals
yra — "y = (q”2 — 1)z™y™ and we see, that NF(o012 | (zy)) = 0. Hence,
®,, is a morphism of G R-algebras Vn > 1.

A map ¢, : K[a,b] — K,[z,y], sending a — 2™, b — y", however, is not
a morphism unless ¢ is specified at some primitive root of unity, since by

the computation above, 09 = (q”2 — Da™y™.

REMARK 1.12. In order to illustrate an approach via free algebras, con-
sider the free K—algebras A = K{a, b) and X = K(q)(z, y) together with the
ideals R4 = 4(ba—ab,ab)4, C A and Rx = x(yzr —qry,zy)x C X. Assume
that both algebras are equipped with the well-orderings, such that ba > ab
in A and yx > zy in X. Then, the reduced Grébner basis of R4 is {ba, ab}
and the one of Ry is {yx,zy}. Let Ry = 4(ba,ab) 4 and Ry = x(yz, xy)x.

A map of free K—algebras ¢,, : A — X which sends a — x™ and b — y" is
a morphism. Moreover, p(R/) C Ry, since p(ba) = y"a™ = y" Lyz-2"1 €
R’y and ¢(ab) € R too. Hence, the induced map ® : A/R)y, — X/R is
a morphism of K-algebras. Note, that there are the following K-algebra
(not GR-algebra!) isomorphisms: A/Rj, = A/R, = A = Kla,b]/{ab)
and X/Rx = X/R\ = B, for A, B from the previous example. Indeed,
this shows that we can not in general ”lift” morphisms of G R—algebras to
morphisms of G—algebras, but to morphisms of free K—algebras instead.

2. Morphisms from Commutative Algebras to GR—algebras

Let A =K[y1,...,ym], Ta C A be an ideal and A = A/T4 be a commu-
tative GR-algebra. Let B = K(z1,..., 2, | v;2; = ¢;jx;x;+d;j, V) > i) be a
G-algebra, Tg C B be a two—sided ideal and B = B/Tp be a GR-algebra.
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Let F ={f1,..., fm} C B be the set of pairwise commuting polynomials.
Consider a map of K-algebras A 2, B, ¢:y;— f; € B. We assume that
o(Ta) C Tg.

Then, according to the Remark 1.10, such ¢ is always a morphism.

Suppose there is an ideal 7 C B. In this section we present an algorithm

for computation of the preimage of J under such map.
2.1. Algorithm for Computing the Preimage.

Recall shortly the structure of £ = A®k B, described already in §2, 3.9.

Let £ = A ®k B be the algebra in variables {z; ® 1 | 1 < i < n} and
{1®y; | 1 <j < m}, which we identify with {z;} and {y;} respectively.
Then E is a G-algebra with respect to the block ordering (<4, <p)

E = K(?Jh vy Ymy L1y .-, Ty | [ykayf] = [%;%] = 0,%‘951‘ = CijTixTj + dij>7

with indices V1 <k /<m,V1<i<j<n.

If Ty and T’s were given as two-sided Grobner bases, their images in F
under canonical inclusions keep this property. Hence, the ideal Ty = Ty+1
is a two—sided ideal, given by a two-sided Grobner basis. Then &€ = E/Tg
is a G R—-algebra. We denote this construction as & = £(.A, B) in the sequel
and identify A and B with the corresponding admissible subalgebras of £.

THEOREM 2.1. Let A = K[y1,...,ym|/T4 be commutative and B be
arbitrary G R-algebra, ® € Mor(A, B) and J C B be the left ideal.
Let Iy be a left ideal ({y; — &(y;) | 1 <i <m}) C E(A,B). Then

OUT) = (I, + T) N A.

PrOOF. 1. Consider some polynomial p = Z coy” € A with all but a

a€eN
finite number of ¢, are zero. For 0 < k < n we define polynomials

=) Ca <Hya> ( ﬁ ¢>(yi)‘”> €&

a€eN i=k+1
One has ¢o = ®(p), g, = p and qx — qxs1 € Ip for 0 < k <n — 1. Then

n—1

P=an+ Y (@ — 1) € Lo
k=0
and hence Vp € A, p — ®(p) € Is.
2. Since ®(y;) commute pairwise, we have I N J C I N B = 0. Hence,
the sum of ideals is a direct sum and (Ip + J) N B = J.
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3. For any ¢q € (Is +J)N.A we can present ®(g) as a sum g+ ®(q) —q.
Hence, ®(q) € (Is + J)NB = J and the inclusion @ 1(J) D (I + T) N A
follows.

Let p € 1(J). Again one has p=p— ®(p) + ®(p) € (I + T) N A.
This completes the proof. O

The computational part of the theorem is formulated in the following
algorithm. We need two sub-algorithms:

TwOSIDEDGROBNERBASIS(IDEAL I) (§2, 3.1)) and

ELIMINATE(MODULE M, SUBALGEBRA S) (§2, 2.8).

Note, that the last procedure requires most of the computing time in
the algorithm which follows.

We may take J C B as input instead of its reduced form J = NF(J +
Tg | Tp), since only the summand J + T’z is used within the algorithm.

Recall, that for an ideal I and a two—sided ideal T4, we denote NF (I +
Ty | Ta) simply by "I mod T4”.

Algorithm 2.1 PREIMAGEINCOMMUTATIVEALGEBRA

Input 1: A=K[y1,...,Ym], Ta C A an ideal; > A
Input 2: B (G-algebra), Tp C B (two-sided ideal); > B
Input 3: J C B (left ideal); > J
Input 4: {®(y;)} C B (pairwise commuting polynomials); > ®

Output: &~H(7).

Tp = TWOSIDEDGROBNERBASIS(Tp);

E=A®xB; Tg=Tx+1Tp;, &=FE/Tg; > & =E(A,B)
Io ={y; — @(y;) [ 1 <i <m};

P="Tg+Ip+J; >PCE
P = ELIMINATE(P, B); >P=PNA
P=NF(Ts+ P | Ty);

return P; > O NT)=(Ta+ (T + 1o+ J)NA) mod Ty;

2.2. Kernel of a map.

Since ker(®) = ®~1((0)), with this theorem one can compute the kernel
of a map between a commutative and a non—commutative G-algebra using
the formula

ker(®) = (Ta+ (T + Is) N A) mod Tjy.

For the rest of this section, let A be a G—algebra and a set of pairwise
commuting polynomials fi,..., fx € A be given.
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2.3. Algebraic Dependency of Elements.

Speaking on the algebraic dependency of non-commuting polynomials,
one usually thinks on polynomials in the free algebra. However, if {f;}
commute pairwise, the dependency can be expressed by a polynomial from
the commutative ring. We say that {f1,..., fx} are algebraically dependent,
if they are pairwise commutative and there exists a non-zero polynomial
g € K[y1, ..., yx) such that g(f1,..., fr) =0.

Define a morphism ¢ : Kly1, ...,y = A, o(vi) = fi.

Then any g € ker(yp) \ {0} defines an algebraic relation between the
fi,--., fx. In particular, fi,..., fi are algebraically independent if and only
if ker(p) = 0. Hence, the check for dependency is computable, since ker(¢p)
can be computed with the formula of 2.2.

EXAMPLE 2.2. The Fairlie-Odesskii algebra Uy (so3) ([36]) is an associa-
tive unital algebra with generating elements Iy, I5, I3 and relations, enlisted
in §5, 2.2. The relations involve a complex number ¢ # 0, +1, called a de-
formation parameter. In the limit ¢ — 1, the algebra U, (s03) reduces to the
enveloping algebra U(so3). Both algebras are, of course, G-algebras.

Recall, that the p—th Chebyshev polynomial of the first kind is defined
to be

02 k1)
Tp(‘”):gz( /2!((;— 2%)! oy,

k=0

where [p/2] is the integral part of p/2. For example, Ti(z) = z,Tr(x) =
22% — 1, T3(z) = 4a® — 3z, Ty(x) = 82* — 8% + 1.

Consider the algebra U, (s03). For arbitrary g, the algebra U/(s03) has
the central element C = —¢"/?(q — ¢~ [ I, I3 + qI? + ¢ 'I2 + qI2, which
generates the center of U;(s03) when ¢ is not a root of unity.

Let ¢ be a p-th primitive root of unity (p > 2), that is ¢* = 1, ¢ # 1,
1 < p’ < p. Then elements C}, = 2 Tp(Ik(q — q_l)/2>, k =1,2,3, where
T,(x) is Chebyshev polynomial, are also central in U, (s03).

Using the algorithm from 2.3, we compute a polynomial, describing the
algebraic dependency between C, C;, Cy and Cs. Let f,, € K[C, Cy, Cy, C5]
be such that f,(C,Cy,Cy, C3) = 0 for g a n—th primitive root of unity. We
use Q = ¢'/? below to simplify the presentation.

Then, using Algorithms 2.1 and 2.2, we compute

f3=(1-2Q)C3+ (Q +1)C? — 243C,Cy,C5 + 9(1 — 2Q)(C? + C3 + C32),

f1=C"=(C? —=8C?(Cy + Cy + C3) — 1024C,1CoC5 + 16(Cy — Cy — Cs)?,

f5=C°+Q(BQ*—4Q +3)C* + (3Q3 —8Q* +8Q — 3)C® — (3Q% — 5Q +
3)C? — 625(3Q% + Q* +2Q — 1)C1C,C5 — 25(C% + C2 + C3).
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We should note that despite the simplicity of formulation of the algo-
rithm, revealing an algebraic dependency with the method above is one
of the hardest computational problems we have ever encountered. In the
example above it took us a lot of time and memory to obtain needed ele-
ments. We use examples like above further as a very good benchmark test
for computer algebra systems.

We believe there might exist other methods for finding dependencies
which have lower complexity than the Grobner basis algorithm we use. The
approach via Perron polynomials, presented in [66] has its preliminary im-
plementation as the PLURAL library perron.lib by O. Motsak and shows
much better performance than the approach via elimination (the polynomi-

als in the Example 2.4 were computed using both methods).
Universal enveloping algebras in prime characteristic

Consider a classical simple Lie algebra g over a field K = [, of positive
characteristic p, which is big enough (in most cases p > 3 is enough).
Here “classical” means that it corresponds to a simple complex Lie algebra,
or, equivalently, that its Killing form is non-degenerate. It is known, that
the center Z(U(g)) of the universal enveloping U(g) is generated by the
“Casimir” elements ¢y, ..., ¢, (which coincide with the generators of the
center in the case when char K = 0) and the elements glPl — g, where glP!
denotes the symbolic p-th power (in the case g = sl,,, they coincide with
g*) and ¢ runs through a basis of g. These elements are not algebraically
independent: it is known that Kr.dim Z(U(g)) = dimg g. Moreover, the
variety Spec Z(U(g)) is not smooth. The natural question arises what
kind of singularities can occur in Spec Z(U(g)). It was investigated in the
work [69] by Rudakov and Shafarevich. The following formulation of the
conjecture is due to Y. Drozd.

CONJECTURE 2.3. The singularities of Spec Z(U(g)) are always simple.
Moreover, their types are just deformations of the type of the Lie algebra
g. (Recall that both of them correspond to Dynkin diagrams A, D, E.)

The Conjecture above is still open, after nearly 40 years of its first
appearance (in a different form).

To check it, one can start with simple Lie algebras of rank 2, that is
{As (=5l3), By = Cy (= 505),Gy (= g2) and A; X A) = Dy (= sl x sly)}.
Especially interesting is the case of the algebra g, since it does not belong
to the ADFE serie.
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The similar phenomenon with the algebraic dependency happens, as we
have seen in 2.2 in quantum algebras too. So, we formulate the common

computational problem as follows.

Problem: Let A be a G—algebra over a field k, such that the center of
A over the field of char0 is strictly bigger than the constants only. For a
given prime number p, the field K will be either an algebraic extension k(q)
with a minimal polynomial for the p—th primitive root of unity (if A is a
quantum algebra with the quantum parameter ¢) or K = F, otherwise.
1. Compute the center Z(A) of A over K (say, with the center.1ib).
2. Compute algebraic dependencies between the generators of Z(A) (as de-
scribed above).
3. Study obtained singularities
3a. factorize polynomials over K,
3b. if we are dealing with the isolated hypersurface singularity, determine
the type of a singularity (say, with the SINGULAR library classify.1ib).

Computationally, the hardest part of the whole procedure is the point
2 and the computing time increases with increasing of p. Moreover, we
need procedures for the classification of singularities in small characteristics
(3,5,7,11), what has to be done by methods which differ from those used
inside the library classify.1lib.

In order to check the conjecture above, we proceed with the simplest
case g = sl,.

EXAMPLE 2.4. The authors of [69] showed, that Spec Z(U(sly)) has
singularity of type A; for all prime p. We are going to reproduce their
results via direct computation.

Let p be a prime number and F, be a finite field of charp. Let ¢ be the
Casimir element of sly and zy, 29, z3 be the p—adic generators (see §5, 1.1
for concrete expressions of these elements). In what follows, ¢, 21, 29, 23 are
treated as commutative variables.

For every p, the dependency polynomial is the sum Fj(c, 21, 22, z3) =
FP(c) 4+ (—=1- (42122 + 23) mod p). The polynomials F?(c) in one variable
are given below for primes p, 3 < p < 29 in factorized form.
Fs=(c+1)-?& Fs=(c+1) - (c+2)%

Fr = (c+1)-c*(c—3)*(c—1)% Fi1 = (c+1)-(c—2)*-c*(c+3)?-(c—4)*-(c—3)?,
Fiz = (c+1)(c+5)%(c +2)°(c — 2)*c*(c + 4)*(c — 3)°,

Fir = (c+ 1)(c+5)*(c—T7)*(c+ 3)*(c — 8)*(c + 2)%c*(c — 3)*(c — 1)?,

Fig = (c+1)(c—=5)*(c—8)*(c+4)* A (c—4)*(c+3)*(c—6)*(c+9)*(c — 3)?,
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Fos = (c+ 1)(c—2)%(c — 5)*(c+ 11)*(c + 6)2(c + 8)%c*(c — 1)*(c — 8)*(c —
11)2(c — 8)2(c — 7)2,

Fog = (c+1)(c—6)*(c+ 8)*(c — 4)*(c + 14)*(c — 8)*c*(c — 3)*(c — 12)*(c —
5)%(c+6)*(c +5)*(c +2)*(c +10)*(c + 7).

For polynomials over F,, p > 13, a SINGULAR library classify.lib
performs the classification of a singularity and, in particular, computes a
normal form and a type.

However, for small characteristics (3, 5,7, 11) one has no implementation
at the moment. We are grateful to Yousra Lakhal (Kaiserslautern) for
computing these cases for us per hand.

Indeed, all the dependencies above have a singularity of type Ay, what
coincides with the type A; of a simple Lie algebra sls.

2.4. Subalgebra Membership.

Suppose A is a G-algebra, generated by {zi,...,z,} and we are given
some f € A. Let S C A be a subalgebra , generated by pairwise commuting
fioooo fee

How can we check whether f belongs to S7

If f does not commute with all f;, it can not belong to S. Hence, the
first property to check would be to ensure, that f commutes with every f;.

Then, we have the two following possibilities to compute the polynomial
describing the dependency of f on {fi,..., fi}, cf. [35].

1. We define a map ¢ : Klyo,...,ux] — A, o — f, yi — f; and
compute ker(¢)) with the Algorithm 2.1. Then we take an ordering <,
with yo greater than everything containing i, ..., yx on Klyo,...,yx] and
compute the Grobner basis G of ker(¢) C K[yo, . .., yx] with respect to <.
G contains an element g with the leading monomial Im(g) = ¥, if and only
if f € K[fi,...,fr]. The polynomial f, written in terms of fi,..., fx, is
then g —lc(g) Im(g).

2. We define a map ¢ : Klyy, ...,y — A, y; — f;, an algebra B :=
Klyr,...,ux] ®x A and a left ideal I, = p(y1 — f1,...,yx — fr) like in
the algorithm. We compute a Grobner basis G of I, with respect to the
elimination ordering for zi,...,z,. Then we check whether NF(f | G)
does not involve any variable from A. This happens if and only if f €
K[fi,..., fx]. The formula for f as a polynomial in fi,..., fx is just the

normal form polynomial.

EXAMPLE 2.5. Let us continue with the example 2.2. There arises a very
natural question: since there is an algebraic dependency, could one of the
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known generators of the center C', C7, Cy and C5 belong to the subalgebra,
generated by the other three?

We have checked it with both methods (the second method is more
helpful in the concrete situation) and obtained a negative answer. Note,
that in comparison to finding the dependency explicitly, this procedure is
much easier and requires less resources.

Our implementation of the algorithms above in SINGULAR:PLURAL was
useful for treating the general situation, exploring several conjectures, posed
in [36]. In the work [38] Iorgov used the explicit form of dependency polyno-
mials and finally showed, that there is a general formula for the dependency,
which is moreover expressed in terms of Chebyshev polynomials.

Klimyk and Iorgov posed a conjecture that {C, Cy,Cy, C3} is a minimal
generating set of the center in the case where ¢ is a primitive root of unity.

2.5. Intersection of Modules with Commutative Subalgebras.

Suppose we have an ideal I C A. In order to compute the intersection
of I with a subalgebra S, we set up the map K[y, ...,y — A, o(y:) = fi
and compute its kernel K = ker(yp) with Algorithm 2.1. Then ¢ induces a
monomorphism Ky, ...,y /K —= A. Let K[y, ..., y)/K D J = ¢~ '(I)
be the preimage of I. Since the algorithm guarantees that J is given in
Grobner basis {g1,...,9s}, we finish with the computation of the Grébner
basis of I NS = ((g1),...,¢(gs)) C A.

EXAMPLE 2.6 (Weight vectors with respect to Gel’fand—Zetlin subalge-
bra). Consider A = U(sl(3,K)) for char K = 0. Both the algebra and its
central elements (5, C3 are given explicitly in §5, 1.3.

By p4 := Cy and ps := C3 we denote the central elements of U(sl3).

Let p3 = h2 + 4x,ys — 2h, be the central element of the subalgebra
of A, generated by z4,Ya, he (it is isomorphic to U(sly)). Let, moreover,
p1 = hq and p; = hg be the generators of the Cartan subalgebra of A.
Then By = Z(A) is generated by the {p4,ps} and Bs, the Gel'fand—Zetlin
subalgebra GZ(A), is generated by {p1, p2, ps, P4, D5 }-

Consider the natural maps ¢; : B; — A. We want to compute J; :=
¢; 1 (I) for certain left ideals I, which will give us the central (i = 1) and
the Gel'fand—Zetlin (i = 2) characters of cyclic modules, for which I is the
annihilator of a generator. In fact, one of the nice properties of Gel’fand—
Zetlin subalgebra implies that it suffices to compute the Gel’fand—Zetlin
character of a module, since the central character will be obtained from it.
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1. First of all we perform the computations of kernels and obtain
ker ¢ = ker ¢y = 0. (This is no longer true if charK > 0 since then
there appear additional generators in the center, cf. Subsection 2.3).

2. Consider the parametric ideal I = 4(z,, xg, ho—a, hz—b), correspond-
ing to the Verma module. Its left Grébner basis is 4 (2, 23, T, ha—a, hg—b).
Then

Jo=( pr—a, po—b, p3—a®—2a,
ps —a® —ab—b* — 3a — 3b,
ps — 2a® — 3ab + 3ab® + 2b® — 6a* + 3ab + 12b* + 18b ).
Moreover, the fourth and the fifth polynomials of J, generate J;. Note
that both ideals J;,J5 are maximal in the corresponding algebras and the
parametric parts of py, ps are indecomposable polynomials in a, b.

3. Now, let us take another ideal I = s(xg, z, ho —a, hg —b) (note that

it is already a left Grobner basis). Then

j2:< p1—a, p2_b7
3ps — 4ps + (a + 2b)(a + 2b+ 6),
3(a+2b+2)ps — ps — (a+ 2b)(a +2b + 3)(a +2b+6) ).

The fourth polynomial of J, generates J;. Let ¢ = a+2b. Then the paramet-
ric parts of p = (p1, p2, P3, P4, p5) form a one—parameter family, depending

on t (we choose t = ps here):
(a, b, 5t — 3c(c+6), t, 3(c+2)t + c(c+ 3)(c+6)) .

2.6. Centers of Certain Factor—algebras.

For universal enveloping algebras of semi—simple Lie algebras U(g) over
a field of char 0, there is a result ([23]), saying that for any proper two-sided
ideal I € U(g),

(%) Z(U(g)/1) = Z(U(g))/I N Z(U(g))-

Although looking very natural, the result fails to be true for non—semi—
simple algebras: consider the Heisenberg algebra H = K(x,y,h | [z,y] =
h,[h,x] = [h,y] = 0), which is a universal enveloping algebra of a solvable
Lie algebra. For the ideal I = g(h)g = g(h), we have Z(H) = K|h],
INZ(H) = gp(h) and Z(H)/I N Z(H) = K. On the other hand, H/I =
K[z, y], hence Z(H/I) = H/I = K|z, y].

EXAMPLE 2.7. Let us continue with the example §2, 3.5.
Let charK = 0 and A = U(gs). Let I = 4{(x})4, its two-sided Grobner
basis consists of 106 elements. The center of A is generated by two elements,

zo and zg of degrees 2 and 6 respectively (they are explicitly given in §5,
1.4), denote it by Z(A) = K][z2, z].
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Proceeding with the formula (x), we obtain that
I'NZ(A) = Kjzy,26) (75 — 622, 26). In particular, z5 € I and
Z(AJI) = Klzg] /(25 — 629) ¥ K@ K- NF(2,1). The center of the factor
algebra of K—dimension 50 is generated by the element
NF (25, I) = 2244 + 2h2 + 6hohys + TS — 2h, — 3hg.

It would be interesting to know, which conditions on an algebra would
imply that the formula (x) above holds true.

3. Central Character Decomposition of the Module

Decompositions of modules are of special interest for many branches of
algebra. In the non—commutative case, especially in Representation Theory,
a particularly important role is played by the decomposition into central
characters. The algorithmic treatment of this problem goes back to the
diploma thesis [42], which we follow.

For the whole section we assume K to be algebraically closed.

Let A be a G-algebra and C' C A be a finitely generated commutative
subalgebra. Denote by C* = Hom(C,K) the set of characters of C' which
can be identified with the set of maximal ideals of C' by taking kernels.

DEFINITION 3.1. Let M be a finite generated A-module and x € C*.
e Define the y—weight subspace of M with respect to C' to be

M,={ve M| VeeC, (c—x(c)v=0}.
e Let the generalized x—weight subspace of M with respect to C' be
MX={veM]| In(v) eN,VceC, (c— x(e)"®y = 0}.

e We say that M possesses a weight decomposition (resp. generalized
weight decomposition) if
M = @ M, (resp. M = @ MX).
x€C* xeC*
e Suppo M = {x € C*|MX # 0} is called a support of M with
respect to C.

e We say that M possesses a finite (generalized) weight decomposition
with respect to C'if M possesses a (generalized) weight decomposition and
its support is finite.

One can determine, whether a given element m € M belongs to M,
(resp. MX) for some x € C by analyzing the ideal Ann’Y m N C C C. The
last ideal can be computed by the Theorem 2.1.
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Let us now concentrate on computation of a generalized weight decom-
position and the Zariski closure of the support with respect to the center
Z = Z(A) of A. In this case the subspaces M, and MX are submodules for
any xy € Z* what is not true, for example, for Gel’fand—Zetlin subalgebras.
The generalized weight decomposition with respect to the center will be
called the central character decomposition.

Notation: By V(J) C A} we denote the set of zeros of an ideal
JC K[z, ..,z

Recall the result from the Lemma §2, 5.19: for a left A-module M, we
have Z(A) NpreAnn(M) = Z(A) N Anny M.

Using the Nullstellensatz we obtain the following description of the set
Supp, M in terms of ideal preAnn(M) N Z(A), where preAnn(M) can be
computed with the Algorithm §2, 5.7, and the intersection with the Algo-
rithm 2.1.

COROLLARY 3.2. Let A be a G—algebra and M be an A—module. Then
the Zariski closure of Supp, M equals V(preAnn(M) N Z(A)).

To proceed with the discussion of an algorithm for the computation of
MX, the notions of central quotient ideal and central quotient module are
needed. These notions are quite different from the usual non—commutative
quotient ideals (see Subsection §2, 5.4 and [14, 35]). We denote the central
quotient by (I : J) instead of (I :z J), since classical quotients will not
appear in this section.

DEFINITION 3.3. Let I C AN be a left submodule and Z = Z(A) be
the center of A.

e For z € Z we define the left submodule (I : 2) := {v € AN | 2v € I}.

e For an ideal J C Z the submodule [ : J is defined to be

(I:3):={ve A | zvelforall 2 €J}.

e The submodule I : 2 is defined to be lim [ : 2".

neN
e The submodule I : 3% is called a central saturation of I by J and

is defined to be lim [ : J".
neN

The usefulness of central quotient modules in our context is indicated
by the following proposition.
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PROPOSITION 3.4. Let A be a G-algebra and M be an A—module. Sup-
pose M possesses a finite central character decomposition and Supp, M is
finite of cardinality s. If s = 1, we have M = MX. Otherwise,

Mx = AN /(I :3%), where T, = ﬂ ker ).

$€Supp; M ~{x}

PRrROOF. By assumption, M = @ MY. Define a left submodule
pez*

ILy= Y MY+IycCA"
YeZ*\{x}
Obviously MX 2 AN /[ . One has to show that I, : IT =1y

Since Supp, M is finite, there exists such n € N, that for all ¢ €
Supp, M holds (kert)"M¥ = 0. For all z € I, one has J%x € I. Thus
L, C1Iy: 3;0.

Taking € AN \ I, we see that the image v of x in MX = AN/
is non-zero. Suppose x € [ : J7°, then there exists such m € N, that
J%x € Iy. Hence we have also J7'v = 0, which contradicts the definition
of J,. U

The computation of a central quotient is much easier than the compu-
tation of a classical quotient module (see, for example, [14] and the Section
§2, 5.4).

LEMMA 3.5. Let A be a GR-algebra, z € Z(A) be a central element in
A and let FF C AN be a left submodule, generated by {fi,..., f,n}. Then
the central quotient (F : z) C A" is generated by the first N components
of the generators of the syzygy module Syz(zey,...,zen, f1,-.., fm) and
hence, can be computed by MoDULO(z - 1y, F).

PROOF. Let (ai,...,anim) € Syz(zeq, ..., zen, fi,..., fm) C ANT™,
N m
Then, Z za;e; = — Z ;N fi
i=1 i=1
Hence, the tuple (ay,...,ay) is an element of (F : z) if and only if
a=(ay,...,anwm) € Syz(zer,...,zen, f1,-- -y fm)-
Il

The advantage of this situation is indicated by the lemma, which follows
from the fact that J is an ideal in the center of A.
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LEMMA 3.6. Let {c1,...,c,} be the Grobner basis of J C Z.

Then, (I:7)= ﬁ([ L ¢).

i=1
In the algorithms we shall use the following auxiliary procedures:

e SETRING(ring A): sets the ring A active;

e ANN(module M, vector v): annihilator of v in M (Lemma 5.15);

e INTERSECTMANYMODULES(P,, ..., P,,) (Prop. §2, 5.2);

e MINAsSPRIMES(ideal I): minimal associated prime ideals for the
zero—dimensional ideal I C K[z]; (primdec.1lib, see [21]).

In the following algorithms we formalize the described approach.

Algorithm 3.1 CENTRALSATURATION
Input : M, a left AV-submodule, T', an ideal in Z(A);
Output: S, a left AV-submodule; >SS =M:T®

function CENTRALQUOTIENT(M,T')
INT s := s1ze(T);
MATRIX F := IDENTITYMATRIX(S);
for i=1 to sdo
NTi] := MobuLo(T[i| - E, M);
end for
S := INTERSECTMANYMODULES(N(1], ..., N[s]);
return S;

end function

MODULE Q := 0;

IDEAL T := GROBNERBASIS(T);

S = M;

repeat
@ := CENTRALQUOTIENT(S, T);
S := CENTRALQUOTIENT(Q, T);

until (S == Q)

return S;

PROOF. (of Algorithm 3.1).
Termination: The algorithm CENTRALQUOTIENT clearly terminates. For
the CENTRALSATURATION, we see that due to the obvious property
(I :3):3=1:73% one has an increasing sequence [ : J C I : 3> C ...

of submodules in AY. It stabilizes by the Noetherian property of A, so the
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computation of the I : 3°° will be finished after a finite number of steps.
Correctness: Lemmata 3.5, 3.6 imply the correctness of CENTRALQUO-
TIENT. U

Both algorithms 3.1 and 3.2 have been implemented by the author in
the SINGULAR:PLURAL library ncdecomp.1ib ([50]); all the examples from
the article have been computed with this implementation.

Algorithm 3.2 CENTRALCHARDECOMPOSITION
Input 1: A, a G—algebra;
Input 2: Z ={Z,...,Z,} C A, generators of Z(A);
Input 3: Iy, a left AY-submodule; > M= AN /Ty,
Output: R, a list of pairs {(x, I,)}.

INITRING K[2] := K[z, . . ., 2Zm];
INITMAP ¢ : K[z] — A; é(z) = Z;;
SETRING A;
for i=1 to N do
P[i] := ANN(M, ¢;); > e; is the i—th basis vector of AV
end for
Jyr = preAnn(M) := INTERSECTMANYMODULES(P[1],. .., P[N]);

SETRING K|z];
J, := PREIMAGEINCOMMUTATIVEALGEBRA (K[z], A, Jy/, ¢);
if (DM (J,) > 0) then
ERRORMESSAGE = "There is no finite decomposition”;
return ERROR;
else
LIST Lo := MINASSPRIMES(/J,);
end if
SETRING A;
LisT L := ¢(Lg); INT s = Size(L); LisT S;
for i=1 to s do

P := INTERSECTMANYMODULES(L[1], ..., L[i], o, Ls]);
Si] := TWOSIDEDGROBNERBASIS(P);
end for
LisT R,
for i=1 to s do
R[)[1] := Sil;
RJi][2] := CENTRALSATURATION(Iy, Si]);
end for

return R;
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EXAMPLE 3.7. Let us continue with the example 2.6.

The central support of the parametric Verma module M = A/I, I =
ATy g, ho —a, hg—b) = 4(Ta, 25, Ty, ho —a, hg—b) equals x1 = (py—a®—
ab—b?—3a—3b, ps—2a*—3a*b+3ab®+2b> — 6a +3ab-+120* +18b), a maximal
ideal in K]py, ps] for any value of parameters a,b. Hence, M = MX.

For the parametric module M’ = A/I", I' = 4(xg, %, ho —a, hz—b), we
have Supp, M’ = (3(a+2b+2)py — ps — (a+2b)(a+2b+ 3)(a+2b+6)) C
K[p4, ps], an ideal of dimension 1 for any value of parameters a,b. Hence,

there exists no finite central decomposition.

EXAMPLE 3.8. Let A = U(sly) (cf. §5, 1.1). Consider a set of generators
S = {e® f3,h® —4h} C A and two ideals therein: Iy, a left ideal and Ir,
a two-sided ideal, both generated by S. Grobner basis computations show
I;, C I7; both bases are listed explicitly in the Example §2, 3.4.

We draw our attention at two finite-dimensional modules:

My, = U(sly) /Iy, (of dimension 15) and

My = U(sly) /I (of dimension 10).

Intersection with the center of A, generated by the polynomial 4ef +
h? — 2h, gives us the following supports:

Supp, My, ={z,z — 8,z — 24} and Supp, Mr = {z,z — 8}.

Then, My = M\? @ MY = U(sly)/m ® U(sly)/Iy and

My =M @MY e ME = Usl)/m @ Ush)/Iy ® Ulsly)/Is.

Here, we used the ideals m = (e, f, h), Is = (3, f>,ef — 6, h) and

Iy = (4def+h*—2h—8 h3—4h, e, f3, fh®—2fh,eh®+2eh, f2h—2f% e*h+
2¢?). The K-dimensions of corresponding modules are 1,5, 9 respectively.

Note, that modules U (sly)/m and U(sly)/I5 are simple modules, whereas
U(sly)/Iy is a sum of the three following 3—-dimensional simple modules

Usly)/(€?, f2ef —2,h) & Ulsly)/(e, f2,h—2) @ Ul(sly)/(€®, f,h+2).
4. Morphisms between (GR—algebras

In comparison to the previous sections, computing preimages of ideals
under a general morphism between two G R-algebras is more complicated
and therefore it is treated separately.

Through the whole section, we will consider two following examples.

Let W, be the Weyl algebra K(z,d | [d,z] = 1). For p € N, let I, =
wy (@, xd + p) and J, = w, (dP, xd — p + 1) be left ideals.

We are interested in preimages of left ideals I,, J, for some p € N under
maps from certain algebras to Wj.
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EXAMPLE 4.1.
Fort € Nlet S; = K(a,b | [b,a] = t-a) be a universal enveloping algebra
of a two—dimensional Lie algebra.

For a fixed t > 2, we consider the map
wt . Bt — WI, ’l/}t(a/) = Q?t,’l/Jt(b) = xd +t.

EXAMPLE 4.2. Let U(sly) be given in its standard presentation, namely
as K{e, f,h | [f,e] = —h,[h,e] = 2¢,h, f] = —2f). Moreover, let S, =
K(e,h | [h,e] = 2e) and Sy = K(f,h | [h, f] = —2f) be two subalgebras of
U(sly). We consider the map

7:U(sly) — Wy, 7(e) =, 7(f) = —ad?, 7(h) = 2zd.

Our general setup will be as follows. Let A = A/T4 and B = B/Tg
be two GR-algebras and ® : A — B be a map (respectively, a map
¢ : A— B). Define f; := NF(®(x;),Tp) resp. f; := ¢(x;).

4.1. Kernels via Opposite Algebras.

Consider the set X := {f —o(f) | f € A} C A®k B. It is naturally
K-spanned by {z% — ¢(z%) | @« € N"}. Let S = {x; — ¢(z;) | 1 <i < n} be
another subset of A @k B.

LEMMA 4.3. There are the following inclusions of K—vector-spaces:
X C alS)o) € alS)s-

PROOF. For any k € N, we have 2™ — f8 — g (aF — f8) - (2, — f) - fF
and at the same time it equals to z;(z¥ — fF)+ fF(z; — f;). As one can easily
see, there are several presentations of 2™ — f**! in terms of {z; — f;}. We

are particularly interested in two of them, namely

xn+1 n—l—l E ZL‘ E fk n—k ]

The first presentatlon contains x; on the left side and f; on the right;
the second presentation is the other way around. We write forthcoming

presentations in these two ways.

For x{'x5? — fi* f5* we write two following presentations:
a1 a1 a2 a1 a2 a2 . a1 aq a2 a1 a2 a2
(@7 = 2 a0 (257 = f37) = (@7 — fi")a® + 7 (2% — f57).

Hence, for every o € N™ holds z® — ¢(z%) =

—Z(Hw ) 5“—ff”)<H fﬁ’“) =
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zz(_ fﬁ”’) (w0 = ) ( 11 )

j= ke=i+1
Plugging in last formulae corresponding presentations of (x;* — f), we
see, that the first presentation belongs to the (A, #(A))-bimodule 4(S)g4a),
the second one — the (¢(A), A)-bimodule 4(4)(S)a.
Since ¢(A) C B, we get inclusions of vector-spaces X C 4(S)ga) C
A(S) s and, by swapping sides, also an inclusion X C 44)(S)a € 5(S)a.
Hence, we can move to the left (resp. right) A ®x ¢(A)°PP—module,
generated by the set S°PP := {x; — ¢(x;)°PP}. Let us denote the left
A @k ¢(A)°PP-module by M and the left A ®x B°®P—module by Mp. Then
M C Mp and the equality takes place if and only if ¢(A) = B.
Clearly, X itself has no A-module structure in this context and is strictly

contained in M as a vector-space. Il

Let E° := A ®g B°PP be another G-algebra, Tg := T4 + T a two—
sided ideal (given as a Grobner basis) and £° := A ®g B°P* = E°/(T}) a
G R-algebra.

Define the set S° := {x; — ¢(2;)°?? | 1 < i < n} C E°. We view the
(A, B)-bimodule 4(S)p as the left ideal I{ := Ag, porr (S°).

Respectively, 1§ = agypore (S°), what is nothing else but NF(I¢, T%).

PROPOSITION 4.4. For ¢, ® and I3 as above, the following holds:
(i) ¢ € Mor(A, B) if and only if I3 N B = (0),
(ii) ® € Mor(A, B) if and only if NF(I7 N B | Iz*) = (0).

PRrooOF. Consider the ordering <4 on E°, which is an elimination or-
dering for x1,...,x,. Let us explicitly compute /3N B?, by computing the
left Grobner basis of 17 with respect to <4, according to Lemma §2, 2.7.
Denote ¢g; = x; — f; and compute every s—polynomial (cf. §2, 1.12)

spoly(gi, 9;) = ciji(w; — f;) — (@i — fi) = —dij — cij fxi + fiz;.
This expression can be reduced with respect to the generators of I to
fifi = cijfifi — o(di) = ¢(zj2:) — d(w:)d(;),
which is nothing else but the obstruction polynomial o;; for ¢ by Defin-
ition 1.9. So, we have obtained the ideal of obstructions O, = ({0;;]1 < i <
j <n}) € B and hence, the non-reduced Grébner basis of I with respect
to <a equals I + Oy. Then I3 N B = Oy4. Following the Remark 1.10,
we come to the final conclusions:
(i) ¢ is a morphism < Oy = (0) & I3 N B = (0),
(ii) @ is a morphism < Oy C T5” < NF(IZN B | T”) = (0).
O
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One can check vanishing of obstructions also without using Grobner
bases, just by checking, that {f;} satisfy the same relations in B as {z;} do
in A, namely Vi < j, f;fi = cij fif; + dij({ f1, .-, fu})-

On the other hand, the Proposition delivers a nice characterization for
morphisms, which will be used further.

ProOPOSITION 4.5. Let A, B € GR, respectively A, B are G-algebras.
Then the following assertions hold:

(i) for any ¢ € Mor(A, B), ker¢ = 13N A,

(ii) for any ® € Mor(A, B),

ker ® =I5 N A= NF(Ty + (TF" + I3 N A | Ta).

PROOF. Let us prove the general statement. Since ® is a morphism, by
4.4 we have Tp™ 2 Oy = I3 N B°PP, hence Ig N B°PP = (0).

For any q € I N A its image ®(q) = (®(q) — q) + q € I3 N B°PP = (0),
hence ker ® D 13 N A holds.

Conversely, let p € ker® C A. Then p=p—®(p) +P(p) € IgNA. O

Let J C B be a two—sided ideal. Then we can compute its preimage
O N(J) =ker(A 25 By = B/p(Tp + T)p), és(w;) = NF(6(2:), ).

EXAMPLE 4.6. Let us continue with the example 4.1.

Let us fix some ¢ € N, ¢ > 2 and recall that S; = K(a,b | [b,a] =1 - a)
and there is a map ¢ : By — Wy, defined by ¢;(a) = 2%, ¢:(b) = xd + .

The command opposite, applied to Wi, produces the opposite algebra
of W1, build with the ”"Reversed PBW basis” method, described in the §1,
5.1, that is Wi = K(D, X | XD = DX +1). Let C; = B; ®x W™ and
fi = X" and f5 := DX + t will be the opposed images of a and b in C.

Now, the ideal I}, C C} is generated by {g1 = a— X", go = b— (DX +1)}.
Choose an elimination ordering with a,b > D, X and check the correctness
by computing the I7, N WP

The s—polynomial of (g1, ge) is reduced to [a — X', b — (DX + t)] by
the Product Criterion §2, 4.11. Further on, [a — X' b — (DX +t)] =
la,b]+[ X", DX] = —ta+tX" = —t(a—X") = —tg; and hence, spoly(g1, g2) =
9291 — G192 +tg1 = 0 So, {g1,92} is a Grébner basis and I, N W™ = 0,
hence 1); is a morphism for all ¢t € N.

In order to compute the kernel of 1, take an elimination ordering with
D, X > a,b and compute the Grobner basis of {g1 = X! —a, go = DX —
b+ t}. It is not so easy to compute as the previous one. If t = 7, for
instance, it will be {DX —b+7, D*a— X3b*+46 X30% — 791 X30? + 6026 X 3b—
17160X3, X4b3 — 36 X b2 +431 X4~ 1716 X* — D3a, X°b? —25X°b+156 X5 —
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D?%a, X% — 13X% — Da, X" — a}. But nevertheless, there are no elements
with leading monomials in a, b only. We have checked it for different ¢ and
conjecture, that for any ¢t € N, ker ¢, = (0).

This example is computed by the following code in PLURAL:

int t = 7;

ring B = 0,(a,b),dp;
ncalgebra(l,tx*a);

ring W1 = 0, (x,d),dp;
ncalgebra(1,1);

poly pa = x7t;

poly pb = x*d+t;

def Wilop = opposite(Wl);
setring Wlop;

poly pa = oppose(Wl,pa);
poly pb = oppose(W1l,pb);
def C = B+Wlop;

setring C;
poly pa = imap(Wlop,pa);
poly pb = imap(Wiop,pb);
ideal I = a - pa, b - pb;
I
==>

I[1]=a-X7

I[2]=b-DX-7
eliminate(I,a*b); // is map a morphism?
==>

_[11=0
eliminate(I,D*X); // kernel
==>

_[1]1=0

ExXAMPLE 4.7. Here, we continue with the example 4.2. We are investi-
gating the map 7 : U(sly) — Wy, defined by 7(e) = z,7(f) = —zd*, 7(h) =
2xd. Let WP be the opposite algebra of Wi which is defined as in the
previous example.

Let E = U(sly) @x W™ and I? be generated by {¢1 = ¢ — X, g0 =
f+D?X,g5=h—2DX?.

Computing I° NP gives zero: applying the Product Criterion, we see
that spoly(g1, g3) = —2g1, spoly(gz, g3) = 2g2 and spoly (g1, g2) = g3. Hence,



4. MORPHISMS BETWEEN GR-ALGEBRAS 121

{91, 92,93} is a Grobner basis with respect to an elimination ordering with
e, fyh> D, X and indeed 7 € Mor(U (sly), W7).

Let us compute the kernel of 7. We set an elimination ordering with
D, X > e, f,h and compute the Grobner basis of I? with respect to it. We
obtain {4ef + h* — 2h, Dh + 2f,2De — h, X — ¢} C E and see, that the
polynomial 4ef + h? — 2h generates the kernel. Note, that this element is
the generator of the center of U(sly), hence the two—sided Grébner basis of
ker 7 = y(ap) (def + h2 — 2h).

In particular, 7 induces an injective morphism of G R—algebras

0— U(E[Q)/U(5[2)<4€f + h2 + 2h> L) Wl.

REMARK 4.8. However, with this technique we are not able to compute
preimages of left ideals from B. We transfer the following trivial (A, A)—
bimodule structure on A to A @k B°PP: Va,a' € A,b € B°PP,

ado(a®b)=do((a®1)-(1®b)) =(d/a®1)-(1®b) and (a®b)oa =
(1®D) - (ad’ ®1). In particular, a’ o (a @ b) = (d’'a ® b) = (a’ ® b) o a.

Then, for a right ideal L C B, generated by {gi,...,9s}, a left ideal
L° C A®g BPP gets a left A—module structure and becomes a left A®yg BPP—
module, generated by {1 ® g;*"}. But then, (L° + I3) N A is a left ideal
instead of a right one as a preimage must be. So, this approach works only
for two—sided ideals of B. In order to find preimages of one-sided ideals,
we will utilize another module structure.

4.2. Preimages via Induced Module Structure.

Let A and B be two G—algebras, generated by {x1,...,z,} and, respec-
tively, {y1,...,ym}. Moreover, let ¢ : A — B be a map. Consider the set
G={9—9¢(g9) | g € A} C A®x B (which is clearly closed with respect to
addition). There are the following natural actions of A on B, induced by ¢:

aopb:=¢(a)band b-a:=boga:=bp(a).

These actions provide a well-defined left and right A-module structures
on B, if Va2 € A,b € B aj o az o, b = (ay - az) o, b and, respectively,
borajogay = bog(a;-az). Computing with the first formula (the second gives
analogous result), we get ajopas0,b—(a1-ag)orb = (Pp(ay)p(az) —p(aras))b,
that is the action is well-defined if and only if ¢ is a morphism.

Hence, B is an (A, A)-bimodule. Extending both actions naturally to
A by aj of as := ay - as, we turn A ®g B into an (A, A)-bimodule.

Since we have the constructive criterion (Proposition 4.4) for checking,
whether a map ¢ is a morphism, from now on we deal with morphisms only.
We will use the notation f; := ¢(x;) € B.
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LEMMA 4.9. G = s{({x; — ¢(x;) | 1 <i<n})s C ARk B.

PROOF. Let f € G and Jg € A such that f = g — ¢(g). For any a € A,
aor f = ag — ¢(a)o(g) = ag — ¢(ag) € G and the same holds for the
multiplication from the right: f ora = ga — ¢(g9)p(a) € G. Hence, G is a
sub-(A, A)-bimodule of A ®k B.

Now we show, that as an (A, A)-bimodule, G is generated by the set
{zi — ¢(ai) |1 <i <n}.

Indeed, Vi and Yk > 1 we have 2™ — fF = ok o (2, — f)) = (2 —
fi) og x¥. Now, let % be a monomial. Assume its last positive exponent
is the n—th one. Then we can present z® as xz®z, and conclude, that

/

2 — ¢p(2®) = 2%, — fOfn = 2% op (zn — fn) = (2, — fn) og 2®. Since G
is additive, we conclude that G is generated by the same set both from the
right and from the left. O

In order to represent the action of A on A ®k B, we deform A ®yk B into
another algebra, which we denote by A ®§ B, by introducing the additional
non—commutative relations between elements of A and B.

The action, written in terms of relations, gives z;y; = fiy;, y;2: = y; fi-
Since B is a G-algebra, Im(f;y;) = 1lm(y, f;).

le(y; i

For 1 <i <n,1<j <m, define ¢;; € K to be ¢;; = 1 E?fi and
clfiY;

ri; € B C A®k B to be 1 := vy, fi — ¢ fiy;. Then, for all indices in the

same range as above

YiTi = Qij * TilYj + Tij (or [yj’ xi]qfij = [%’» fi]lIij)‘

If ¢;; =1 (e.g. when B is an algebra of Lie type), we have r;; =y, fi —
fiy; = ly;, fi] and relation becomes just [y;,x;] = [y;, fi] for all 1 < i < n,
1<j<m

It remains to incorporate the relations (z; — f;)y; = 0 = y,(x; — fi),
V1 <i<nand V1l <j<m. Since in A ®]§ B, yij(x; — fi) = (z; — fi)y;, it
suffices to consider a two-sided ideal R, C A®% B, generated by {(z;— f;)y; |
V1l < i < n,Vl < j < m}. One possibility for treating the situation
correctly would be to pass to factor—algebra A ®]§ B/Rs. On the other
hand, Ry C G and hence, in the computations below we do not need it,
since we need not Iy := G alone, but rather the sum Iy + J. According
to the Lemma §2, 3.8, the computation of a Grobner basis of an ideal J in
the factor—algebra modulo Rg is done by computing a Grobner basis of the
ideal J + Rg. Hence, the Grobner basis of Ig + J in the factor—algebra is
the Grobner basis of I + J + Re = I + J, since R, C G. Thus Rg can
be ignored and the action it represents will still be correct.
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If we are given A, B € GR, we construct A ®f B as a factor-algebra of
A ®% B by the two-sided ideal T' = T4 + Tk.

THEOREM 4.10. Let A, B € GR, ® € Mor(A, B).
Let Ip be the (A, A)-bimodule 4({z; — ®(x;) |1 <i<n})y C ARk B

and f; := ®(x;). Suppose there exists an elimination ordering for B on
A®g B, such that 1 <7 <n,1 <j <m, Im(le(fiy;)y; fi —1c(y;fi) fiy;) <
x;yj. Then

1) A ®]§ B is a G-algebra (resp. A ®% B is a G R-algebra).
2) Let J C B be a left ideal. Then

O NT) = (Is +T)N A

PROOF. 1) A quite lengthy technical computation (omitted here) en-
sures, that the non—degeneracy conditions on the A ®§; B indeed vanish.
We give the proof for the case when both A and B are algebras of Lie type,
other cases will follow analogously though more complicated coefficients will
be involved. In this case the non-degeneracy condition for z; < x; < y;
is (yexs)zi — ye(@ji) = [0, [y S]]+ [y fil, 23] + [ye, dig] = [, Tyw, @50] +
e, i), 5]+ [yn, dij] = Tyrtc; — 22y, — Y0 + T Ye®i + YeXiTj — Typ; —
Tk T+ 2505k Ykdi; — dijye = (=22 4+252 — dij ) yr+yr (dij+ 22— 1575) =
0. The non-degeneracy condition for another triple z; < y; < y; holds anal-
ogously.

Note, that any elimination ordering for A is admissible on A ®I§ B, since
any such ordering has the property z; > y;, r;; depends only on {y;} and
hence, z;y; > lm(r;;).

However, this will not always be the case for an elimination ordering for
B with its property y; > x;, thus the condition of the theorem is essential.

2) By Lemma 4.9, Vg € A, g — ®(g) € Ip. Since ® is a morphism and
an elimination ordering for A is admissible on A @3 B, we have I N B°PP =
Og C TR and hence, Is N J C Io N B°PP = 0. Then (I + J)NB=J.

Since there exists an admissible elimination ordering for B, the intersec-
tion with A is computable for an ideal in A®% B. For any ¢ € (Ip +J)NA
we see, that ®(q) = (P(¢) —q) + ¢ € (Is + T) N B = J and the inclusion
o HT) D (Is +J) N A holds.

Conversely, let p € ®71(J) € A. Then p = p — ®(p) + ®(p) € (I +
J)nA. O

REMARK 4.11. For our purposes, we need two different orderings on
A ®]§ B, namely an elimination orderings for A and, respectively, for B. In
the proof we show, that an elimination ordering for A is always admissible

and, furthermore, we imposed a condition on an elimination ordering for B.
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Indeed, we have to test whether

le(y; fi)

lm(r;;) = lm(y; fi — 4
( J) ( J lc(fzyg>

Sometimes, it might be a problem to find such an ordering, as the two

fiyj> < ZY;-

following examples show. One of possible solutions is to look for extra
weights on variables. It could also happen, that for some morphism there
exists no elimination ordering for B on A ®% B (see 4.13 and §2, 2.11).

ExAMPLE 4.12. We proceed with the examples 4.1 and 4.6.

For t € N,t > 2 we have a morphism S; = K(a,b | [b,a] =t - a) ¥ Wr,
Yi(a) = 2t 1y(b) = xd + t.

On S, ®%" Wi, there will be the following new relations: [z,b] = [z, zd +
t] = —x,[d,a] = [d, 2] = ta*~1,[d,b] = [d, 2d + t] = d. Hence, the condition
of the theorem is satisfied as soon as x'~! < ad and {z,d} > a at the same
time. As in the Example §2, 2.10 (where the situation with ¢ = 3 is indeed
described), assigning the weight ¢ to the variable d, we come to admissi-
ble orderings of the type (a(0,0,1,t),<) on S; ®H1ét W1 or, equivalently,
(a(1,t),<) on the W; ®§t S;.

Let us compute some preimages for t = 7. Recall, that we are interested
in preimages of left ideals I, = w, (2P, xd+p) and J, = w, (d*, zd —p+1) for
p € N. Consider, in addition, a family of ideals K;; = I; N J;. Computing
with PLURAL, we obtain the following.

(L) = (a,b—4), 7' (Is) = (a® b+ 1), 7' (Iz) = (a®, b+ 26).

From this data we conjecture, that ¢, () = (al¥/*1, b+ p —t). If it
holds, we conclude that (1, (1)) = (zP*P zd + p) = (2P, xd + p) = I,
where p’ > 0.

brt(Js) = (b—=9), ¥7'(Js) = (b—14), 7' (Jas) = (b—39).

We may conjecture, that 1;'(J,) = (b+1— (p +t)). If it holds, we
conclude that (v, ' (J,)) = (zd + 1 — p), which is strictly contained in J,,.

Now, let us compute preimages of intersections:

Kss = (2*d — 22°, 2%d* + 2xd — 6,2d* + 6d%) and ;' (K33) = (ab —
9a, b> —13b+36) = (a(b—9), (b—4)(b—9)) = 7 (I3) N7 *(J3). Further on,
U7 (Ks) = (@*(0—9), (b+1)(0—9)) = &7 ' (Is) N7 ' (Js), and o7 (Kyg) =
(a(b— 14), (b— 4)(b — 14)) = v (L) N6 (Jy).

ExXAMPLE 4.13. Here, we continue with the examples 4.2 and 4.7.

For the map 7 : U(sly) — Wy, 7(e) = z,7(f) = —zd?,7(h) = 2zd, we
build the algebra E' = U(sly) ®f Wy, introducing new relations {[d,e] =
1, @, f] = 2xd, [d, f] = —d?,[x,h] = =2z, [d, h] = 2d}. As wee see, only two
relations impose real restrictions: fz > xd and fd > d?, both being true if
and only if f > d. But this is incompatible with the elimination ordering
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condition for W; (compare with §2, 2.11). Hence, the conditions of the
theorem are not fulfilled and there is no way to compute preimages of left

ideals under 7 using this approach.

4.3. One—dimensional representations of G—algebras.

Recall, that an algebra of n x n matrices over K is denoted by M, (K).
For an associative K—algebra A, a K-algebra homomorphism A — M,,(K)
is called a n—dimensional representation of A in K.

Assume that A is generated by the variables {zi,...,z,} and there
is a representation p : A — M, (K), z; — p(x;). Then the n—tuple

(p(z1), ..., p(xy,)) is also called a representation of A.
Let B be a G-algebra, generated by xi,...,x, over a field K. Let
a:=(ay,...,a,) € K* and mg = g{x; — ay,...,z, —a,) C B be an ideal.

If m; is proper, it is a two—sided ideal and we have the following exact

sequence:

0—mzg — B— B/m; =K — 0,
and there is a residue map
B 5 K2~ B/ms, x;— a;
In the following lemma we establish some properties of ideals mj;.

LEMMA 4.14. Let B be a G-algebra in xq,...,z, over K. Consider a
map ¢ : B+— K, z;+ a;. Then the following are equivalent:

(1) ¢ is a morphism with ker ¢ = mg,

(2) ¢ : B— K= M;(K) is a one-dimensional representation of B,

(3) m; is a proper maximal ideal in B.

PROOF. (1) = (2) : At first, we compute the obstructions

0ij = (¢ij — 1)a;a; + d;j(a). Since ¢ is a morphism, by Proposition 4.4,
O, has to be zero in K. But then a; satisfy the relations between z; and
hence, ¢ : B — K is a one—dimensional representation of B.

(2) = (3) : Since Vi < j, (¢;; — )asa; + dij(@) = 0, generators of my
constitute a Grobner basis, which does not contain a constant. Hence m;
is proper.

(3) = (1) : Taking into account its simple structure, the fact that m;
is proper ideal implies that it is given in Grobner basis. But, computing it

explicitly, we see it is equal to

{.Il — A1y, Ty — CLn}U {dl](a) + (Cij — ].)CLi(lj | 1< <j < n}
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The latter part, which has to be zero, is exactly the ideal of obstructions
O,. Hence, ¢ is a morphism. Moreover, each x; — a; is mapped to zero,
hence ker ¢ = mg. U

REMARK 4.15. In fact, as we have seen, there is a 1-to—1 correspondence
between the one-dimensional representations and proper maximal ideals of
the form m;. On the contrary to the commutative case, these are not all of
the maximal ideals of B; inspecting the first Weyl algebra, we see it may
happen that an algebra has no maximal ideals of this form at all.

We show that there is an algorithm to compute all one-dimensional
representations. We declare (ay,...,a,) as new variables commuting with
A and build the algebra A := A®kKlay, . .., a,| with an elimination ordering
with respect to {z1,...,2,}. A is obviously a G-algebra, so we compute a
Grobner basis [ € A of I = mg, and then we set [ := 1N Klai,...,a,). In
the commutative ring Klay, ..., a,] we compute minimal associated primes
(with the procedure MINASSPRIMES) of I (they will be maximal ideals, if K
is algebraically closed) and read the representations from it (with the help of
a procedure GETREPRESENTATION). Then we have to test the obtained set
for the indecomposability with the procedure FINDINDECOMPOSABLES. We
are not going to describe both auxiliary procedures due to their simplicity,
but we’ll show how they work on a particular example.

Algorithm 4.1 ONEDIMREPRESENTATIONS
Input: B (G-algebra in variables x1, ..., x,);

Output: a list of vectors in K", corresponding to indecomposable one—

dimensional representations;

A=Klay,...,a,); E = B®Rk A,

I={z;—a;,1<i<n}CE;

J = ELIMINATE(/, B); >J=INA
MINASSPRIMES(J) =: { P, ..., Ps};

R, = GETREPRESENTATION(P;);

FINDINDECOMPOSABLES(R) =: { Ry, ..., Ri};

return R;

EXAMPLE 4.16. Consider the algebra U (so03) (see §5, 2.2 and the Ex-
ample 2.2) over a field of char0. At first, from the relations of this algebra
it follows, that for any ¢ there is a trivial one-dimensional indecomposable

representation pg = (0,0,0), which is not interesting for us.
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q1/2

7 —
{rij = ((=1)"t, (=1)t, (=1)"7t) | 1 < i,j < 2},

Let t = . Then there are four nontrivial representations of A,:

although 711 + 712 + 721 4+ 122 = po. Since every 7;; can be expressed as
a direct sum of other four representations, we can exclude one of them as
decomposable, in this case we throw r9; away. In such a way we obtain three
indecomposable one-dimensional representations of U (s03) in the following

nice form:
Rep, (Ul (s03)) = {( (—1)', (=1)7¢, (=1)"t) |1 <i<j<3}.

If we specify ¢ at the n—th primitive root of unity, the algebra Uy (s03) |gn=1
has properties, quite different from the properties of U/ (s03) — compare for
example their centers, enlisted in §5, 2.2. In this case, we get again four

representations of U, (503) [gn=1:
{rij = (=1, (=1, (1)) |1 <i,j < 2},
where t' = 1(2¢"/2 4+ 1) for n = 3, t' = 1¢'/%(¢ + 1) for n = 4,
' =1(¢"*(3¢+4) — (¢ +2)) for n =5 and so on.
We see, that as in the general case, r1; + 712 + 791 + 92 = pg, so indeed

there are only three non-trivial indecomposables. Hence, we come to the

answer
Rep, (A1) = {( (—1)'¢, (—1P¢, (—1)"¢' ) |1 i< j <3},
comprising three indecomposable one-dimensional representations. Real-
1/2
q

-1
dimensional representations of Aj for g a root of unity from the represen-

izing that t' = |p=1= t |;521, We see that we obtain all the one-
tations for generic q. Note, that these representations are non—classical
in the sense that there exists no limit when ¢ — 1. Indeed, the algebra
U(soz) = lim,.; U;(s03) has only the trivial one-dimensional representa-
tion (0,0,0). See [39] for the discussion on non—classical representations,

including finite-dimensional ones.
4.4. Exact values of global dimension of G—algebras.

PROPOSITION 4.17. Let A be a G—algebra in n variables over K, such
that A has finite-dimensional representations. Then gl. dim A = n.

ProOOF. The Gel’fand—Kirillov dimension of a finite-dimensional A-—
module M is zero. By §2, 4.16 (or by §1, 4.14), gl.dim A < n, hence
Ext’™ (M, A) = 0 Vk > 1. Since, by §1, 4.14, A is a CohenMacaulay
algebra, it follows that j(M) = GKdim(A) — GKdim(M) = n, that is V1 <
k<n—1, Exth(M,A) = 0 and Ext’;(M, A) # 0. Hence, gl. dim A =n. O
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REMARK 4.18. It would be interesting to know, whether the existence of
finite-dimensional representations is equivalent to the fact that the global
dimension is exactly the number of variables of a G—algebra. We conjecture
that this is true, since our experiments with PLURAL did not lead us to a

counterexample yet.

EXAMPLE 4.19. Consider a n—th Weyl algebra over a field K

Wo(K) =K(zy,...,2,,d1,...,dy | yiz; = 2;y; + 1). One can show, that
if K is a field of characteristic 0, there are no representations of finite dimen-
sion. The well-known result (e.g. [59]) states that the global dimension of
W, (K) (in 2n variables!) is just n.

Let IF be a field of characteristic p. Then, one can prove that the center
of W,, over F is Z(W,,) = F[S] for the set S = {af,d’ | 1 <i < n} (we have
mentioned this result already at the beginning of this Chapter).

Since S consists of central elements, which leading monomials have no
common factors, by applying a Product Criterion §2, 4.11 we see that S
is a left Grobner basis of a left ideal I := y, ) (S). From the centrality of
generators and the Algorithm §2, 3.1 it follows, that the ideal I is indeed
two—sided and S is its two—sided Grobner basis.

Consider a module M = W, (F)/I. The special form of elements of
the set S and a Grobner basis property of S imply dimg M = p™. Hence,
M is a finite dimensional module, so, we can build a finite dimensional
representation from it and then, by the Proposition 4.17, we obtain that
gl. dim W, (F) = 2n.

Let us give a new short proof of the following known result.

COROLLARY 4.20. Let K be a field and g be a finite dimensional Lie
algebra. Then, gl. dim U(g) = dimg g.

PRrOOF. Let {z1,...,x,} be a K-basis of g and czj eKforl<i,jk<
n are the structural constants of g. Thus, the relations on the universal
enveloping algebra U(g) are Vj > i x;z; = x;1; + >, ¢7ap. Tt is easy to see
that the trivial representation (0, ...,0) always exists, hence gl. dim U(g) =
n = dimg g. U

COROLLARY 4.21. Let K be a field and A be a G—algebra in n variables.
If for every structural polynomial d;;(Z) of A d;;(0) = 0 holds, then
gl.dim A = n.

PROOF. Indeed, d;;(0) = 0 implies that the polynomial d;; has no con-
stant term and hence, the relation x;r; — ¢;;x;x; — d;; = 0 holds true when
substituting x; with zero. Hence, A has the trivial representation (0,...,0)
over K and, by 4.17, gl. dim A = n. U
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Among these algebras are G—algebras with quasi-homogeneous relations
(like quadratic algebras in §1, 7.2), quadric solvable polynomial algebras
with ¢;; = 0,Vi < j of [56], Witten’s deformation of U(sly) in §1, 7.3,
diffusion algebras in §1, 7.4, nonstandard quantum deformations U, (s0,) of
[36] and many more.

As we see in the following Example, the Proposition 4.17, using the lan-
guage of representations, is more general and more suitable for our purposes
in comparison with the Corollary 4.21, since it allowed us to prove a more

general and more intrinsic statement.

EXAMPLE 4.22. Consider the G-algebra Xx = K(z,y | yr = zy+y*+1).
We know already, that 1 < gl.dim Xg < 2. There is a proper ideal I =
xo{z,y* + 1) with Syz(I) = x. ((—(y* + 1),z + 2y)"). Note, that the left
module M = Xk /I is of K-dimension 2.

We say, that a field K satisfies the property (x), if equation i* + 1 = 0
has solutions in K.

Using the Proposition 4.17, we conclude, that for any field K, satisfy-
ing (*) (it might be K = Fy with i = 1 or K D C with i = /—1), we
have gl. dim Xk = 2, since then there are one-dimensional representations
{(0,+0)}.

For a field F, not satisfying (*) (like Q or R), there are no one-dimen-—
sional representations. But there are finite-dimensional representations! In
particular, there is a family of representations, parametrized by a € F*,
given by

0 0 0 —a
2 Xp — Mo(F), , .
pa: X = Ma(F) IH(O 0) yH(l/a o)

Hence, the G-algebra X has global dimension 2 over any field K.

In particular, we can compute a global dimension of a difference algebra
D=K(z,A | A-z=2z-A+ A+1), mentioned already in the Section §1,
6. As we see from the relations, for any field K there is a one-dimensional

representation x — 0, A — —1. Hence, gl.dim D = 2.

5. Conclusion and Future Work

We hope that the nontrivial examples, computed and described in de-
tail, help to understand both usefulness and computational complexity of
treated problems. More applications like the investigation of singularities
of polynomials, describing algebraic dependency of generators of the center
(which we discussed in the Example 2.4) can be supported by the proposed
methods.
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For checking the Conjecture 2.3, the method of Perron polynomials
([66]), originated from the commutative case, should be revised and effi-
ciently implemented. Alternatively, an advanced algorithm for elimination
can be a big help for us.

An implementation of classification of isolated hypersurface singulari-
ties over fields of small characteristics is needed. Once available, such im-
plementations will help to check whether the conjecture holds for universal
enveloping algebras of simple Lie algebras of rank 2.

It is quite interesting to find out, in which G-algebra A the center of
a factor—algebra modulo a two-sided ideal @ is equal to the center Z(A)
modulo the ideal Z(A) N @ (cf. Subsection 2.6).

For a map ® : A — B of GR—algebras we obtained the following results.

e The Proposition 4.4 allows to check algorithmically whether a given
map is a morphism

e For A being commutative

o the preimage of a left and a two—sided ideal can be computed with
the Algorithm 2.1, which generalizes the preimage algorithm for
the morphism between two commutative algebras ([35]).

e For arbitrary G R—algebra A

o for a two—sided ideal 7 C B, the algorithmic computation of the
preimage of ®1(7) follows from the Theorem 4.5,

o for a left ideal £ C B, the preimage of £ can be computed (along
the lines of the Algorithm 2.1), if ® satisfies the condition of the
Theorem 4.10.

So far it is unknown whether an algorithm for the computation of the
preimage of an arbitrary left ideal under an arbitrary morphism of GR-
algebras exists. We conjecture, that it does not exist in general.

An algorithm for computing the global homological dimension of a given
(G R—algebra is of special interest. As we have shown in the Proposition 4.17,
the existence of finite dimensional representations of a G—algebra A over the
field K implies, that the global dimension of A is equal to the number of
variables of A. It would be very interesting to know whether it is possible
to determine the global dimension of arbitrary G-algebra in an algorithmic

way.



CHAPTER 4
Implementation in the system Singular:Plural

When he awoke again, he was walking.

He was walking up the twisted wall-trail of Hellwell.
As he walked, he passed the imprisoned flames.
Again, each cried out to him as he went by:

”Free us, masters!”

And slowly, about the edges of the ice that was his
mind, there was a thawing. Masters.

Plural. Not singular.

Masters, they had said.

He knew then that he did not walk alone.

Roger Zelazny, Lord of Light

1. Singular and Plural: history and development

SINGULAR is a specialized computer algebra system for polynomial com-
putations. The kernel implements among others a variety of Grobner basis-
type algorithms (generalized Buchberger’s algorithm, standard basis in local
rings, in rings with mixed order, syzygy computations, algorithms to com-
pute free resolutions of ideals, combinatorial algorithms for computations of
invariants from standard bases (vector space dimensions and -bases, Hilbert
function etc)) and algorithms for numerical solving of polynomial systems.

The development of SINGULAR started in 1984 by G. Pfister,

K.-P. Neuendorf and H. Schonemann, in order to be able to compute stan-
dard bases in local rings or, more precisely, in the localization of the poly-
nomial ring at the origin. The main algorithm for doing this was Mora’s
modification of Buchberger’s algorithm to compute Grobner bases in poly-
nomial rings. To explain the difference between these two algorithms, let
us think about a system of polynomial equations in many variables having
only finitely many solutions. Using Buchberger’s algorithms it is possible
to compute the total number of all solutions counted with multiplicities,
while Mora’s algorithm allows us to compute the multiplicity of a single,
specified solution. The need for this local version of Buchberger’s algorithm
arose from research problems in pure mathematics by G.-M. Greuel and
G. Pfister, while trying to find a counterexample for complete intersections
131
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of a theorem of K. Saito about the exactness of the Poincare complex of
hypersurfaces.

None of the existing systems offered the possibility for such local compu-
tations. This was the starting point of (a forerunner of ) SINGULAR. Indeed,
using this implementation, a counterexample was found. This early version
was mainly able to compute certain special invariants of singularities. In
September 1991 the SINGULAR project became a joint venture of the Hum-
boldt University of Berlin and the University of Kaiserslautern. Since 1994
the development of SINGULAR has been continued exclusively at the Uni-
versity of Kaiserslautern.

The main stimulus for enlarging the system by including new algorithms
comes from research problems, arising from algebraic geometry, commuta-
tive algebra, singularity theory and non—mathematical applications.

In order to be able to compute nontrivial examples we needed an efficient
implementation of the Grobner basis-type algorithms, as well as efficient
communication links between independent packages.

Many systems offer a possibility to compute Grobner bases in polyno-
mial rings. The general purpose Computer Algebra systems (like AXI0M,
MAPLE, MATHEMATICA, MAXYMA, REDUCE) are usually not very fast
and are limited in the choice of orderings, offering a little more than just
the possibility to compute a Grobner basis and, most seriously, having no
method to compute efficiently in local rings. SINGULAR provides, among
other things, the following features:

(1) Computations in very general rings, including polynomial rings, lo-
calizations hereof at a prime ideal and tensor products of such rings.
This includes, in particular, Buchberger’s and Mora’s algorithm as
special cases.

(2) Many ground fields for the above rings, such as the rational num-
bers; finite fields Z/p, p a prime, p < 2147483629; finite fields with
q = p" elements, transcendental and algebraic extensions, floating
point real numbers with arbitrary precision.

(3) The combination of Grobner basis techniques with multivariate fac-
torization and characteristic set methods is the basis for an efficient
implementation of several algorithms for primary decomposition.

(4) Many ideal- and module-theoretic operations, such as intersection,
ideal quotient, elimination and saturation, and more advanced al-
gorithms, based on free resolutions of finitely generated modules,

including normalizations of rings and resolution of singularities.
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Several combinatorial algorithms for computing dimensions, multi-
plicities, Hilbert series etc.

(5) Last, but not least, SINGULAR is designed for speed. Although
it has a very general standard basis algorithm, it belongs to the
fastest for computations of Grobner bases for, say, homogeneous
ideals in polynomial rings over fields of small characteristic, and it
is also quite fast in computations over the rationals.

Since 2000, SINGULAR:PLURAL is a kernel extension of SINGULAR, de-
signed to fill the present gap in considerably fast computations within the
certain class of non—commutative polynomial algebras (algebras of solvable
type ([41]) a.k.a. G-algebras ([53]) a.k.a. PBW-algebras ([14])).

Careful design of the SINGULAR:PLURAL included theoretical inspec-
tion, which led to several papers ([48], [49], [53]), as well as many investi-
gations of similarity and difference of commutative and non—commutative
approaches to algorithms and basic operations.

The extension SINGULAR:PLURAL allows us to handle many problems,
coming from representation theory (including Lie and quantum algebras),
algebraic geometry, theoretical physics and differential equations (includ-
ing more linear operators like shift, difference, their g—analogs and so on,
see Section §1, 6 and [18]). The major tools we use are the generaliza-
tion of Buchberger’s algorithm for computing Grébner basis and Grébner—
driven algorithm for computing syzygies and free resolutions. There are
only few systems, which can handle the non—commutative structures, simi-
lar to PLURAL’s (see Subsection 1.1); the modern systems which can operate
with non—commutative algebras are MGFUN (on MAPLE) and OPENXM,
the more general systems like FELIX and MAS are no more supported.

The long lifecycle of SINGULAR, as well as its success in the mathemat-
ical community, is a consequence of the continuous application of software
engineering methods. Complicated mathematical structures often need very
special approach, which lies between mathematics and computer science.

SINGULAR offers a powerful C-like programming language. The growing
number of libraries (nearly 60 up to now), written in this language by the
SINGULAR team and various contributors, shows that both the interactive
interface and the programming language were designed and implemented
successfully not only from the developer’s point of view but were also ac-
cepted by users. Many algorithms could be programmed using the language,
supported by the fast implementation of basic functions in the kernel.

SINGULAR offers probably the biggest choice of ground fields among the
contemporary specialized computer algebra systems — we have described
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them above. Since the coefficients of every computation lie in the ground
field, it is therefore of extreme importance to have flexible, general and fast
implementation.

The designing of a generally efficient code of course goes back to the
implementation of each special case, but all the operations are united under
the common ideology and internally homogeneous top—level architecture.
These pseudo—calls are unified, of course, not only in the case of fields,
but also in general. This makes the development of kernel additions much
easier and, on the other side, fully accessible for the analysis of each special
sub-case.

Monomials, their presentation and operations with them comprise the
heart of the "polynomial” part of SINGULAR, therefore the whole ideol-
ogy and, of course, the implementation of SINGULAR and, consequently,
PLURAL, are heavily influenced by them. We are using quite sophisticated
structures and algorithms, partially borrowed from the literature (like sev-
eral flavours of geobuckets [77] for the addition etc.) and partially developed
by ourselves. As a result, we have one of the fastest polynomial arithmetics
among the specialized computer algebra systems.

The generalized Buchberger’s algorithm, one of the key points of SIN-
GULAR, evolved with the time to the ”Grobner engine”, providing several
algorithms in one framework - Buchberger’s, Mora’s etc for the commuta-
tive case and generalized Buchberger’s algorithm for the non—commutative
case. It has a complicated structure, and our aim is to make it as flexible
and as fast as possible.

With the development of SINGULAR:PLURAL we have enhanced and
generalized our internal framework. It turned out, that its design enabled
us to change only a relatively small part of the code and to gain most of
the functionality (for algorithms, similar in both commutative and non—
commutative settings) in such extension as SINGULAR:PLURAL. The de-
velopment of such functionality from scratch would have taken enormous
human resources. Thus,PLURAL inhabits the highly developed SINGULAR’s
framework, that gives us the opportunity to concentrate on other aspects.

As a system which comply with the GPL license, we provide both bina-
ries and the source code of SINGULAR. Moreover, we add or even replace
some parts of SINGULAR with specialized packages, for instance GNU MP
for rational and floating-point arithmetics, NTL for univariate factoriza-
tion and MP for communication links between SINGULAR and itself or a
different Computer Algebra System. On the other side, according to the
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design, our sub-packages (algorithms and/or code) can be used in other sys-
tem: for example, MACAULAY2 uses FACTORY and LIBFAC sub-packages
of SINGULAR.

The design and implementation of SINGULAR:PLURAL were distinguished
by the Richard D. Jenks award for for Excellence in Software Engineering
for Computer Algebra at the International Symposium on Symbolic and
Algebraic Computation (ISSAC) 2004 in Santander (Spain). ISSAC is the
yearly premier international symposium in Symbolic and Algebraic Compu-
tation and it is of big importance for the SINGULAR team, that it became

the first nominee of the prize.

1.1. Existing computer algebra systems. Among the existing com-
puter algebra systems and packages we can see two different groups: to
the first one belong specialized systems, which deal with some very special
classes of algebras, while the systems from the second group provide the
user with an unified environment for computation in quite general families
of algebras.

We give a short account of the most known systems, starting with the
first group.

Grobner basis algorithms for Ore algebras, including elimination are
implemented in the MAPLE package MGFUN by F. Chyzak also for the
case where the coefficients may be non—commutative with respect to the
variables. Indeed, the package is restricted to several cases of operators
only, but the implementation of algorithms is reliable.
(http://algo.inria.fr/chyzak/mgfun.html, [18]).

The system MACAULAY2 by D. Grayson and M. Stillman is a software
system devoted to supporting research in algebraic geometry and commu-
tative algebra, but it also includes Grobner basis algorithms for exterior
and Weyl algebras. There is a package for sophisticated computations with
D-modules, providing a rich functionality for the D—-module specialists.
(http://www.math.uiuc.edu/Macaulay?2, [20]).

The system KAN/sm1 (distributed as a part of the system OPENXM)
by N. Takayama et. al. provides Grébner basis computations in polynomial
rings, rings of differential operators, rings of difference and g-difference op-
erators. OPENXM is said to be able to compute with algebras, where the
coefficients may be non—commutative with respect to the variables.
(http://www.math.kobe-u.ac.jp/KAN/index.html).

The more general systems, where our system PLURAL belongs to, include
also the computer algebra systems FELIX and MAS, whose development has
unfortunately ceased by now.
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FeLIX by J. Apel and U. Klaus was released last time in August 1998
(http://felix.hgb-leipzig.de, [2]). It provides Buchberger’s algorithm
and its generalizations to (non—) commutative rings, in particular to free
K-algebras, polynomial rings and G-algebras. Among the implemented
applications there are syzygy computations and basic ideal operations. Fe-
lix provides a complete programming language which in standard mode is
interpreted but also an on-line compiler and a linker are included.

MAS by H. Kredel and M. Pesch ([45]) was last time released as Ver-
sion 1.01 in March 1998. It contains a large library of implemented Grobner
basis algorithms for computing in (non—) commutative polynomial rings.
MAS combines imperative programming facilities with algebraic specifica-
tion capabilities for design and study of algebraic algorithms. It includes
algorithms for real quantifier elimination and parametric real root counting.
(http://krum.rz.uni-mannheim.de/mas.html).

For free K-algebras, there are the systems OPAL and its obsolete prede-
cessor GRB, which are specialized standalone systems for Grobner bases in
free and path algebras. Consequently, computations in free algebras with
OpPAL are much faster than with FELIX. Unfortunately, the development of
OPAL has been ceased. The last working link was located at
http://people.cs.vt.edu/~keller/opal.

There is a MATHEMATICA package NCALGEBRA, created for comput-
ing Grobner bases in free algebras and further manipulations with non-
commutative expressions. (http://www.math.ucsd.edu/~ncalg/).

A system BERGMAN is a powerful tool to calculate Grobner bases in
commutative and non—commutative algebras, and in modules over them. It
may also be used to calculate some invariants of algebras and modules: the
Hilbert series, and (in the non-commutative case) the Poincaré—Betti series,
the Anick resolution, and the Betti numbers.

BERGMAN offers the user a high level of flexibiliy. Among the alter-
natives for ring set-ups are: various strategies of Grbner basis compu-
tation; a few different monomial orderings; and various coefficient fields,
most calculations can be done both for ideals and modules. BERGMAN
is written in Standard Lisp, the Lisp dialect underlying Reduce imple-
mentations, an experimentative Common Lisp version is also available.
(http://servus.math.su.se/bergman/)

The only contemporary system for computation with free and path al-
gebras, being developed further, is the GROBNER Package for GAP 4 by
A. M. Cohen and D. A. H. Gijsbers.

(See http://www.win.tue.nl/~amc/pub/grobner/). With GROBNER, its
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authors provide algorithms for computing Grobner bases of sets of non-
commutative polynomials with coefficients from a field implemented in GAP
and with respect to the degree lexicographical ordering. Further on, some
variations, such as a weighted and truncated version and a tracing facility
are provided. At the moment the system features an interface, which is not

convenient for the end—user, but we hope that this will be enhanced soon.

1.2. Aims of PLURAL. The development of non—commutative algo-
rithms in SINGULAR started in 1993, when the experimental version SIN-
GULARD 0-9-3 appeared. It contained Grobner basis algorithms for exterior
and Weyl algebras (see the technical details in the article [63]) — although
based on the SINGULAR sources, it never became an integral part of SIN-
GULAR.

Based on this version, we created SINGULAR: PLURAL 0-9-9 (1999-2000,
[48]), which was able to compute left and two—sided Grobner bases for a
wide class of non—commutative algebras (G-algebras). With PLURAL 0-9-9
we computed numerous concrete important examples (see [48] for details),
which were also used by others (like [38], [17]).

Although the name Plural originated from the wordplay (the opposite of
Singular), we keep the name PLURAL for the modern specialized computer
algebra system for non—commutative polynomial algebras. It is a part of
SINGULAR, providing the Grobner basis family of algorithms, which are to
be used within the large class of non—commutative algebras important in
applications. It is not only important nowadays to have a non—commutative
Grobner basis engine on its own, but also a connection to the fast and effi-
cient ”commutative” system is needed. This is motivated by many applica-
tions, like in algebraic geometry ([20]), D-modules, differential equations,
theoretical physics. Many problems, arising within non—commutative al-
gebras, contain sub-problems which are purely commutative (like primary
decomposition, see e.g. §1, 7.1). That’s why PLURAL is designed to be
not a standalone package only, but a part of SINGULAR — in particular,
it inherits the programming language, a help system, portability and many
other capabilities of SINGULAR.

2. Aspects of Implementation

2.1. Singular Framework. PLURAL is implemented in the framework
of SINGULAR, a system for commutative polynomial computations. This
system provides memory management, an interpreter, basic types, etc. Ex-

periences showed that Grobner base computations tend to tremendously
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long running times and consumption of huge amounts of memory even in
the case of commutative polynomials.

Experience with the implementation of a commutative standard basis
([35]) algorithm led to highly tuned data structures, routines for polynomial
operations and knowledge, how to optimize such kinds of algorithms.

Some lessons to learn from are the data representation ([6]) and fast
additions ([71], [77]). Furthermore, the memory management of SINGULAR
is optimized to handle many very small blocks of the same size (monomials)
efficiently with a high locality of reference.

2.2. Basic Operations with Polynomials. In the non—commutative
case, the importance of efficient basic polynomial operations is even more
evident. For an efficient data representation, fast monomial comparisons
and addition of polynomial routines from the commutative rings can be
copied.

Multiplication of monomials is much more difficult: instead of multiply-
ing several variables at once, we have to do it step by step for every pair of
non—commuting variables.

In general, polynomial multiplication is broken down to the multiplica-
tion of monomials, where the variables with smaller indices are sorted to the
left, the variables with larger indices are sorted to the right. Subexpressions
of the form x%x! are transformed to its normal form via the definition of the
G-algebra (for a = b = 1), via a formula (if one is available, like in the case
of Weyl algebras) or via a table lookup (previously computed products xja:f
are cached to speed up the computation) or, as a last resort, recursively.

Furthermore, different types of G—algebras allow different multiplication
routines (i.e. more efficient than the general case) for multiplying mono-
mials, handling commuting variables or formulas to compute xjxf Let A
be a G-algebra with the relations V i < j z;z; = ¢;; - x;2; + d;j(x), where
c;j € K* and d;; € A. We decided to implement routines for three following
types:

skew : quasi-commutative algebras (all the d;; = 0, cf. §1, 3.2),

lie : Lie-type algebras (all the coefficients ¢;; = 1, cf. §1, 3.2),

general : all the algebras that do not belong to the previous types (for
example, quantum algebras).

However, further experiments led us to the following refinement. For
the multiplication of two monomials we need subroutines for multiplying
a monomial with a univariate monomial from the left and from the right,
and a subroutine for multiplying two univariate monomials, say, z§ and z?

(7 > 1i). So, one should concentrate on the efficient implementation of all
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these three levels of multiplication. In the last one we analyze the relation
between the x; and z; and conclude what kind of multiplication will be
used. If x; and x; (quasi-) commutes we just return :L‘;‘mf = c‘;]bxij If
there is a formula implemented, we compute the product according to it
and return the corresponding result. In the most general case, we should
store the values of a:jxf in the table. Of course, cashing all the values
which were called from the multiplication routines, we gain higher speed of
computation, but quite often the multiplication tables will become huge in
size. The opposite way (not to cache any products at all) could be very slow
but it uses no extra memory. So, there are several strategies of handling
the tables.

We implemented at first the ”cache-all” multiplication, whose principles
become clear from the Figure 1. In some sense it has been the common
approach to multiplication before, since ”cache-all” multiplication has been
implemented in MAS and FELIX ([5]). However, it seems to us that an-
other type of strategy should be better, namely, the ”arrow” multiplication
(Figure 2). We store only the values of products zfz;, z;2? and rjry, com-
puting them on demand and use them in computations of other requested
elements.

Multiplication of polynomials require many intermediate additions of
large polynomials. The technique of geobucket addition ([77]) is used inside
the polynomial multiplication routines. It avoids the O(n?)-complexity in

additions (repeated merge of sorted lists) by postponing them: the terms

Xj
= F A
A [\ A
[
[ J
[ J
[ J

¥x;
¢%=- directions of computing
[e] -elements, requested to compute

F1GURE 1. Cache-all multiplication
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E| elements, requested to compute

[X] computed and stored elements

FIGURE 2. Arrow multiplication

will be accommodated in buckets of geometrically increasing length. Unlike
the variant of geobuckets used in the reduction step we do not separate
the leading term here. At the end of the multiplication all the buckets are
added up to the result.

2.3. Connection to the commutative kernel of Singular. In SiN-
GULAR the properties of polynomials are described by defining a base ring
they belong to. In order to define such a ring one has to describe the vari-
ables, the monomial ordering and the coefficient field. Internally, the ring
definition includes all basic monomial operations, corresponding to the size
of the monomials, the ordering, the coefficient field, etc. We extended SIN-
GULAR in the following way: one can define a non—commutative base ring,
which borrows addition etc. from its corresponding commutative ring, but
substitute all the multiplication routines.

Implementing our algorithms this way, we can use many routines from
the SINGULAR kernel. Although it might have been possible also to reuse
the main loop of the existing standard basis code, we decided not do this:
this code can handle many special cases we are not interested in (like local
standard bases) and contains too many implicit ”commutative” optimiza-
tions.

The SINGULAR framework provides many means to process the results
of Grobner bases: computing dimensions, syzygies, free resolutions etc. On

the other hand, the most general form of the internal call is implemented for



3. TIMINGS, PERFORMANCE AND EXPERIENCE 141

submodules, and is called from the elimination, intersection, modulo and

other routines.

2.4. Plural libraries. Below we enlist libraries from the actual SIN-
GULAR:PLURAL distribution accompanied with short descriptions. I would
like to thank all the colleges, contributed to the libraries: Javier Lobillo and
Carlos Rabelo (Granada, Spain), Oleksander Motsak, Oleksander Yena and
Markus Becker (Kaiserslautern).

e center.lib, [62]. Computation of centers and centralizers in GR-
algebras.

e involut.lib, [7]. Procedures for computations and operations
with involutions.

e gkdim.1lib, [57]. Procedures for calculating the Gel’fand—Kirillov
dimension of modules.

e ncalg.lib, [51]. Definitions of important GR-algebras.

e ncdecomp.lib, [50]. Computation of the central character decom-
position of a module.

e nctools.lib, [54]. General tools for non—commutative algebras.

e gmatrix.lib, [58]. Computations with quantum matrices, quan-

tum minors and symmetric groups.

Even more libraries for PLURAL are being developed by ourself and
other contributors, like dmod.1ib for the theory of D-modules ([17], [64]),
perron.lib for the computation of Perron polynomial ([66]), delta.lib
for Delta-Grobner bases of Castro ([16]), nchomolog.lib for homolog-
ical computations including Hochschild cohomology of bimodules ([52]),
ncontrol.lib for the non—commutative Control Theory ([19]) and more.

3. Timings, Performance and Experience

Until now there is no agreement on benchmarks for non-commutative
Grobner bases, although there were some suggestions and examples. A
collection of test problems for D-modules was presented by N. Takayama
in [75]. Many of them involve computations in rational Weyl algebras and
therefore cannot be tested with PLURAL.

We use mainly the examples, originating from some concrete problems
in representation theory, D-modules theory and quantum algebra.

For universal enveloping algebras of finite dimensional Lie algebras and
their quantized analogues we propose the following tests to be performed.
Consider a family of modules, having finite K-dimension. For a member of

such a family (say, indexed by a natural number n), presented by a set of
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polynomial generators S, from an algebra A, the following operations can
be performed:

1. For a module Lg, = A/4(Sy):
a) left Grobner basis of S, (§2, 1.3),
b) a K-dimension of a module Lg,,
c) annihilator of a finite-dimensional module Lg, (§2, 5.17),
d) intersection of a finite set of left ideals {Lg, | i € A C N}.
2. For a module Ts, = A/4(Sy):
a) two—sided Grobner basis of S, (§2, 3.1),
b) a K-dimension of a module Ty,
c¢) annihilator of a finite-dimensional module Tg, ,
ieACN}
3. Intersection of a left ideal Lg, with a two-sided ideal T, .
4. The image of Lg, in the algebra A/4(Ts, )4 (§2, 1.2).

d) intersection of a finite set of ideals {Tg,

Various intersections of finite sets of ideals can be computed as described
in §2, 2.13, §2, 5.1 or §2, 5.7.

ExXAMPLE 3.1. We use a family of examples for computing Grobner bases
for the annihilators of certain modules over U(sly). Consider the standard
presentation of U(sly) (see §5, 1.1).

For a positive integer N consider the set FI(N) = {eN*1 f¥*1 (b — N)-
(h—N+2)-...-(h+ N)}, and compute the left Grébner basis of the left
ideal FL(N) = vy(sw)(F(IV)) and the two-sided Grébner basis of the two-
sided ideal Fr(N) = (i) (F(N))u(s)- We denote the computation of both
bases as AnnFD-s12-{N}. More details on this family of examples can be
found in §2, 3.4 and §2, 5.18.

If we take the algebra U(gsy), generated by 14 variables, then we are
interested in computing the two-sided Grobner basis of the ideal, generated
by the third power of the variable, representing the shortest positive root
of go. This problem is denoted by TwoGB-g2-3. Its detailed description can
be found in §2, 3.5.

Another interesting family of examples originating from the D—modules
theory were provided by J. M. Ucha (Sevilla).

EXAMPLE 3.2. Consider the algebra B = K(z,y,t, 0,0y, O, u,v) sub-
ject to the relations 0, - x = 20, + 1,0, -y = y0, + 1,0, - t = t0, + 1; all
other pairs of variables commute. Now let I C B be a left ideal, generated
by the set {tu —2* — y® — zy*, 42*v0; + y*v0, + 0., 5y*v0, + dxyvd, + 9, }.
One is interested in eliminating the variables u,v from I, what requires in

fact a lot of computing resources. We denote this problem as ucha?2.
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Much easier problem of a similar nature appears in the algebra C' =
K(z,y, 0y, 0y, t, s) with the relations 0, - = 20, +1,0,-y = y0,+ 1,5t =
ts + t; all other pairs of variables commute. Here one wish to eliminate ¢, s
from the left ideal J C C, generated by the set {s + tz* + ty° + taxy?, 0, +
4t + ty*, 0, + Sty* + 4txy®}. We denote this problem as ucha4.

Both problems ucha2 and ucha4 comprise parts of a general algorithm
for computing the so-called Bernstein—Sato ideal ([64], [17]), what is
a generalization of a well-known notion of Bernstein polynomial ([64]).
The algorithm for computing a D-module structure of a ring K[z, f~!] for
f € K[z] is usually called ANNF's; it is presented e.g. in [64]. Construc-
tively it is a sequence of eliminations, which may be quite complicated even
for polynomials f of moderate total degree. It is a future task to compare
the performance of PLURAL (and its forthcoming library dmod.lib) with
the one of Kan/sm1 and Macaulay2 (both systems feature libraries for D—
modules); in particular, the cusps f = ™ — y™ for m,n € N being coprime
and the Reiffen curves f = 2P + y? + xy?™' ¢ > p+1 > 5 ([17]) are good
test examples.

There exists a SYMBOLICDATA project [74], created for unifying con-
cepts and tools for Computer Algebra Benchmarks and for collecting rel-
evant data from different areas of Computer Algebra. With the time it
evolved into an unofficial standard source of examples for, in particular,
commutative polynomial computations, see the review [32].

Together with Prof. H.-G. Grdbe (Leipzig) and O. Motsak (Kaiser-
slautern) we have extended SYMBOLICDATA mechanisms to handle the
non—commutative algebras (G—algebras) and produced several routines for
writing examples in languages of systems SINGULAR:PLURAL, FELIX and
MAS. We encoded several interesting examples in the internal data stan-
dard of SYMBOLICDATA and used them in comparisons below. We intend
to continue this work by enlarging the set of predefined algebras and ideals
in these algebras.

Now, we present comparisons of performance.

Firstly, we compare the two implementations of PLURAL, namely ver-
sions 0-9-9 (an older experimental version) and 3-0-0 (indeed, the last beta-
version of the big official release 3-0-0). We test them on HP 160 workstation
with 512 MB RAM running HP-UX 10.20, time is measured in seconds.
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Test PLUrRAL 0-9-9 | PLURAL 3-0-0 | speedup
AnnFD-s12-4 3.34 0.81 4.1
AnnFD-s12-7 22.7 16.3 1.4
TwoGB-g2-3 245771 1422 170
uchad 12.9 7.2 1.8
ucha? 44.3 hours 5 hours 8.9

L. with the algorithm §2, 3.1, implemented as a PLURAL library
2: with the algorithm §2, 3.1, implemented in the kernel.

We use the described series to compare the systems FELIX, MAS and
PLURAL. The computations were performed on a Linux workstation (Pen-
tium III 866 MHz, 1GB RAM), time is measured in seconds.

Test FELIX | MAS | PLURAL 3-0-0
AnnFD-s12-4 0.40 0.63 0.11
AnnFD-s12-7 1.82 | 10.05 2.90
AnnFD-s12-10| 6.57 X 21.44
TwoGB-g2-3 6.821 X 22.60
uchad 0.62 | 4.43 0.78
ucha? X X 2974.06

. instead of 106 elements in the minimal basis, FELIX returns only 105.

x: indicates that the example failed (there were either ”out of memory” or
other system messages).

As we see PLURAL shows good performance compared to its old imple-
mentation and MAS, while sometimes FELIX is faster, having its merits in
enveloping algebras. We excluded examples, related to quantum algebras,

since such algebras are not fully supported by both FELIX and MAS.

4. Download ans Support

SINGULAR 3-0-0 was released in June of 2005. Starting from this ver-
sion, PLURAL is an integral part of a SINGULAR distribution. In particular,
the documentation and the help system of PLURAL together with test and
example files are integrated in corresponding parts of a SINGULAR distrib-
ution.

One can freely download SINGULAR 3-0-0 from the official web-site
http://www.singular.uni-k1l.de. There are precompiled binaries for var-
ious platforms (including Unix/Linux, MacOS and Windows) and detailed
documentation in several formats (including texinfo, html, ps and pdf).
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At the official web-site, there is a Forum, where the requests of users are an-
swered and commented both by members of a SINGULAR Team and various
contributors. In addition, support via e-mail is proposed.

There is a semi-official web-site, devoted to PLURAL. It is located at
http://www.singular.uni-kl.de/plural and contains more information
on PLURAL, its libraries as well as applications and details of use.

The readers, having questions, requests and suggestions concerning
PLURAL are welcome to contact the author via e-mail address

levandov@mathematik.uni-kl.de.

5. Conclusion and Future Work

We have presented prerequisites and the implementation of PLURAL as
of part of SINGULAR and compared it with earlier implementations and
other systems.

In its current state, PLURAL has proven, through the examples, papers,
presentations and contributions, its diversity and usefulness and strong in-
tegration in the SINGULAR framework. Moreover, the overall performance
of PLURAL is quite reasonable and we are working on further improving it:
better treatment of special cases will give a lot of possibilities for this.

Directions of further work include an optimized polynomial multiplica-
tion, more distinct separation into special cases and better possibilities to
pre— and post-process the computed non—commutative Grobner bases: all
the algorithms should recognize the non—commutative base ring and switch
to a corresponding implementation.

It turned out, that recognizing the structure of a complicated algebra
(say, as a tensor product of several algebras over the ground field) together
with corresponding product of orderings can bring much more than one can
think at first. However, correct design of such contezts (or building blocks
of such tensor products) must be done in order to reveal all the potential
strengths and dangers. It is also of big importance for the pure commutative

case, as Prof. G.-M. Greuel recently noted.






CHAPTER 5

Small Atlas of Important Algebras

Let K be a field. The structural coefficients of algebras are written in
the field of characteristic 0. If we consider an algebra over a field of posi-
tive characteristic, we replace the coefficients by their images in case they
are given over the integers. We enlist only the non—commutative relations
and omitt commutative ones. The central polynomials are written in their

reduced form and with fraction—{ree coeflicients.

1. Universal Enveloping Algebras of Lie Algebras

1.1. U(5[2>

Reference(s): [23];

Variables: {e, f, h};

Relations: [e, f] = h, [h,e] = 2¢, [h, f] = —2f;

Casimir element: Cy = 4ef + h? — 2h;

charK = 0: Z(U(sly)) = K[Cy];

charK =p: Z(U(sly)) = K[Cy, €?, fP, h? — h;

Realization as Ore algebra: see §1, 3.14;

PLURAL (ncalg.1lib) function: makeUs12(p) or makeUsl(2,p).

1.2. U(sos).
Reference(s): [23], [27];
Variables: {z,y, z};
Relations: [x,y] = z, [z,2] = v, [y,2] = ;
Central element: Cy = 22 + y? + 2%
charK =0 : Z(U(so03)) = K[C5];
charK = p: Z(U(so03)) = K[Cy, 2? + z,y* 4+ y, 2P + 2];
PLURAL (ncalg.1lib) function: makeUso3(p).

Reference(s): [37];
Variables: {x, g, Ty, Yas Yss Yy, Pa, Rpts

Relations: [za,xg] = Ty, [Ta, Ya] = Pas [Ta, Y] = —Ys,
[xom ha] = _21'0” [xaa hﬁ] = Ta, [xﬁayﬁ] = hﬁ?
[xﬁ’y'y] = Ya; [x57 ha] = Zg, [$5, hﬁ] - _2‘T,Bv [x’w ya] = —Ip,
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(25, Y8l = oy [T, 93] = ha + hg, [Ty, ha] = —24, [25, hp] = —24,
[Was ys]l = =Ys Yo hal = 200 [Ya, Bl = Yo, [Ys: hal = —ys,

s, hsl = 2ys; [y, hal = Yo, [yy, hsl = v,

Casimir elements:

Cy = 3TaYa + 325Ys + 3Ty + hZ + hahg + h% — 3he — 3hg,

Cs = 2T0,YaYs + 27202 5Yy + 9T aYaha — 1825y sha + 97,y ho + 203 +
18ayahs — 925yshs — 92,y hs + 3hihs — 3hah% — 2h% — 3624ya +
1825y — 974y, — 12h2 — 3hahg + 6h% + 18hy;

charK = 0: Z(U(sly)) = K[Cy, C3];

charK = p: Z(U(sk)) = K[Cy, Cs, 2, 5, Y0 5.5 b — has Wy — hgl;
PLURAL (ncalg.1lib) function: makeUsl1(3,p).

Ul(gz).
Reference(s): [27];
Variables: {x1,...,%6,Y1,- -, Ys, Pa, P5};

Y1, Yol = —ys, (Y1, ys] = —2ya, [y1, yal = 3ys, [y1, hal = 2y,

Y1 hsl = —y1, (Y2, 5] = Yo, [Y2, ha] = —3y2, [y2, ] = 22,

Y3, Yal = 3Ys; [Ys, hal = —us, (Y3, hal = ys, [Ya; hal = v,

Ys, ha| = 3ys, [yf)?hﬂ] = —Ys, [Us; hﬁ] = Ys;

Casimir elements:

Cy = m1y1 + 3Tay2 + T3y3 + Tays + 3x5y5 + 3T6Ys + h2 + 3hahs +
3h% — Sho — 9hg;

Ce = 4z 123y193 + ... (totally 754 monomials);

charK =0: Z(U(g2)) = K[Cy, Cg);

charK = p : Z(U(g2)) = KICo, Co, {22}, {4P'}. 2, — s ) — Bl
PLURAL (ncalg.1lib) function: makeUg2(p).

Relations: [z, xo] = z3, [21, 23] = 224, [v1, 4] = —3x5,

(21, 01] = ha, [21,y3] = =3y2, [21, ya] = —2ys,

(21, Ys] = ya, [T1, ha] = =221, [21, hp] = 71,

(w9, x5] = =6, (2, Yo| = hg, [2,y3] = Y1, [T2, Ys] = V5,

(22, ha] = 31, [T2, hg] = =21y, [3, 14] = =36, [73,Y1] = —372,
(23, y2] = 1, [73,y3] = ha + 3hg, [23,y4] = 21, [73, Y] = Ya,
(73, ha] = T3, [13, hg| = —x3, [T4, 91| = =273, [14, y3] = 271,

(24, ya] = 2ha + 3hg, [24,y5] = =1, (24, Y6] = —ys, [74, ha] = — 24,
(25, y1] = 24, (75, y4] = —21, [T5,Y5] = ha + I, [25, 6] = —12,
(25, ha] = =35, [T5, hg] = @5, [26, Y2] = ¥s5, [T6, y3] = 74,

(26, Y] = —x3, [6, y5] = —T2, [T6, Ys| = ha + 2hp, [76, hg] = —xs,
[

[

[

[
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2. Quantum Algebras

Uqy(sly).

Reference(s): [14], [43];

Variables: {E, F, K., K;};

Relations: F'E = EF — S5 K + 25Ky,

K.E = ¢EK, K;F = ¢FK;, K;E = YEK; K.F = LFK,,
KK, = K.K;;

U,(sly) is a factor-algebra modulo the two-sided ideal (K. K — 1);
Casimir element: Cy = (¢> — 1)?EF + ¢K. + ¢*Ky;

q generic: Z(Uy(sly)) = K[Cyl;

In,q" = 1: Z(U,(sk)) = K[Cy, E", F", K, K7);

PLURAL (ncalg.lib) function: makeQsl2(n).

U, (s03).
Reference(s): [36], [38];
Variables: {I, I, I3};
Relations: LI} = gl Iy — ¢*/215, I, = ¢ '\ 15 + ¢~ '/?1,,
I31; = qlal3 — q1/211;
Casimir elements: C3 = —¢'/2(¢* — 1)1 I, I3 + ¢*I? + I2 + ¢*1%;
q generic: Z (U (s03)) = K[C3];
an,q" = 1: Z(U;(s03)) = K[Cg,Cr(Ll),Céz),Cr(Lg)], where O =
2T,(I(g—qY)/2), k =1,2,3, where T,(z) is a Chebyshev poly-
nomial of the first kind (see §3, 2.2 for detailed description);
PLURAL (ncalg.1lib) function: makeQso3(n).
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6 Singular:Plural Manual

6.1 Getting started with PLURAL

What is and what does PLURAL?
PLURAL is a kernel extension of SINGULAR, providing many algorithms
for computations within certain noncommutative algebras (see see Sec-
tion 6.4.33 [G-algebras|, page 195 and Section 6.4 [Mathematical back-
ground (plural)], page 195 for detailed information on algebras and al-
gorithms).

PLURAL is compatible with SINGULAR, since it uses the same data struc-
tures, sometimes interpreting them in a different way and/or modifying
them for its own purposes. In spite of such a difference, one can always
transfer objects from commutative rings of SINGULAR to noncommuta-
tive rings PLURAL and back.

With PLURAL, one can set up a noncommutative G -algebra with a
Poincaré-Birkhoff-Witt (PBW) basis, say, A (see Section 6.4.33 [G-
algebras|, page 195 for step-by-step building instructions and also Sec-
tion 6.5 [PLURAL libraries|, page 201 for procedures for setting many
important algebras easily).

Functionalities of PLURAL (enlisted in Section 6.3 [Functions (plural)],
page 170) are accessible as soon as the basering becomes noncommuta-
tive (see Section 6.3.21 [ncalgebral, page 182).

One can perform various computations with polynomials and ideals in
A and with vectors and submodules of a free module A™.

One can work also within factor-algebras of G -algebras (see Section 6.2.5
[qring (plural)], page 165 type) by two-sided ideals (see Section 6.3.31
[twostd], page 193).

What PLURAL does not:
PLURAL does not perform computations in free algebra or in its
general factor algebras.

One can only work with GG -algebras and with their factor-algebras
by two-sided ideals.

PLURAL requires a monomial ordering but it does not work with
local and mixed orderings.

Right now, one can use only global orderings in PLURAL (see Sec-
tion B.2.2 [General definitions for orderings|, page 255).

This will be enhaced in the future by providing the possibility of
computations in a tensor product of a noncommutative algebra
(with a global ordering)

with a commutative algebra (with any ordering).



152

Singular:Plural Manual

PLURAL does not handle noncommutative parameters.

Defining parameters, one cannot impose noncommutative relations
on them. Moreover, it is impossible to introduce
parameters which do not commute with variables.

PLURAL conventions

*-multiplication (plural)

ideal (plural)

module (plural)

qring (plural)

in the noncommutative case, the correct multiplication of y by x
must be written as y*x.

Both expressions yx and xy are equal, since they are interpreted
as commutative expressions. See example in Section 6.2.4.2 [poly
expressions (plural)|, page 163.

Note, that PLURAL output consists only of monomials, hence the
signs * are omitted.

Under an ideal PLURAL understands a list of generators of a
left ideal. For more information see Section 6.2.1 [ideal (plural)],
page 152.

For a two-sided ideal T, use command Section 6.3.31 [twostd],
page 193 in order to compute the two-sided Groebner basis of T.

Under a module PLURAL understands either a fininitely generated
left submodule of a free module (of finite rank)

or a factor module of a free module (of finite rank) by its left sub-
module (see Section 6.2.3 [module (plural)], page 159 for details).

In PLURAL it is only possible to build factor-algebras modulo two-
sided ideals (see Section 6.2.5 [qring (plural)], page 165).

6.2 Data types (plural)

This chapter explains all data types of PLURAL in alphabetical order. For every

type, there is a description of the declaration syntax

as well as information about how to build expressions of certain types.

The term "expression list" in PLURAL refers to any comma separated list of expres-

sions.

For the general syntax of a declaration see Section 2.5.1 [General command syntax],

page 44.

6.2.1 ideal (plural)

For PLURAL ideals are left ideals.
Ideals are represented as lists of polynomials which are interpreted as left generators
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of the ideal.

For the operations with two-sided ideals see Section 6.3.31 [twostd], page 193.

Like polynomials, ideals can only be defined or accessed with respect to a basering.

Note: size counts only the non-zero generators of an ideal whereas ncols counts
all generators.

6.2.1.1 ideal declarations (plural)

Syntax: ideal name = list_of_poly_and_ideal_expressions ;

ideal name = ideal_expression ;
Purpose:  defines a left ideal.
Default: 0

Example:
ring r=0, (x,y,z),dp;
ncalgebra(-1,0); // an anticommutative algebra
X2;
y3;
Z;
sl, s2-s1, 0,s2%s3, s374;

poly s1

poly s2

poly s3

ideal i
i;

— i[1]=x2
— i[2]=y3-x2
— i[3]=0

— i[4]=y3z
— i[5]=z4
size(i);

= 4
ncols(i);

— 5

6.2.1.2 ideal expressions (plural)

An ideal expression is:
1. an identifier of type ideal
2. a function returning an ideal
3. a combination of ideal expressions by the arithmetic operations + or *

4. a power of an ideal expression (operator ~ or *x)
Note that the computation of the product i*i involves all products of generators
of i while i~2 involves only the different ones, and is therefore faster.

5. a type cast to ideal

Example:

ring r=0, (x,y,z),dp;
ncalgebra(-1,0); // an anticommutative algebra
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ideal m = maxideal(1);

m;

— m[1]=x

— m[2]=y

— m[3]=z

poly f = x2;

poly g = y3;

ideal i = xxy*z , f-g, gx(x-y) + £74 ,0, 2x-z2y;
ideal M = i + maxideal(10);
i = M*M;

ncols(i);

— 598

i=M"2;

ncols(i);

— 690

i[ncols(i)];

— x20

vector v = [x,y-z,x2,y-x,x2yz2-y];
ideal j = ideal(v);

s

= jl1]=x

j2]=y-z

j[3]1=x2

j[4]l=-x+y

j [5]=x2yz2-y

—
—
—
—

6.2.1.3 ideal operations (plural)

+ addition (concatenation of the generators and simplification)

* multiplication (with ideal, poly, vector, module; in case of multiplication
with ideal, the result will be simplified)

exponentiation (by a non-negative integer)

ideal _expression [ intvec_expression ]

are polynomial generators of the ideal, index 1 gives the first generator.

Note: For simplification of an ideal, see also Section 4.1.118 [simplify], page 232.

Example:
ring r=0, (x,y,z),dp;
matrix D[3][3];
D[1,2]=-z; DI[1,3]=y; DI2,3]=x;
ncalgebra(1,D); // this algebra is U(so_3)
ideal I = 0,x,0,1;
I;
— I[1]=0
— I[2]=x
— I[3]=0
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— I[4]=1

I+ 0; // simplification
— _[1]=1

Ix*x;

— _[1]1=0

— _[2]=x2

— _[3]1=0

— _[4]=x

ideal J = I1,0,x,x-z;

I xJ; // multiplication with simplification
— _[1]1=1

vector V = [x,y,z];

print (IxV);

—~ 0,x2,0,x,

— 0,xy,0,vy,

—~ 0,xz,0,z
ideal m = maxideal(1);

m-2;

— _[1]=x2
— _[2]=xy
— _[3]=xz
— _[4]=y2
— _[5]l=yz
— _[6]=2z2
ideal II = I[2..4];
II;

— II[1]=x
— II[2]=0
— II[3]=1

6.2.1.4 ideal related functions (plural)

eliminate
elimination of variables (see Section 6.3.10 [eliminate (plural)], page 172)

intersect
ideal intersection (see Section 6.3.14 [intersect (plural)], page 176)

kbase vector space basis of basering modulo the leading ideal (see Sec-
tion 6.3.15 [kbase (plural)], page 176)

lead leading terms of a set of generators (see Section 4.1.63 [lead], page 186)
lift lift-matrix (see Section 6.3.16 [lift (plural)], page 177)

liftstd left Groebner basis and transformation matrix computation (see Sec-
tion 6.3.17 [liftstd (plural)], page 178)

maxideal generators of a power of the maximal ideal at 0 (see Section 4.1.72
[maxideal], page 193)
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represents (hl + h2)/hl = h2/(h1l N h2) (see Section 6.3.19 [modulo
(plural)], page 180)

minimal free resolution of an ideal and a minimal set of generators of
the given ideal (see Section 6.3.20 [mres (plural)], page 180)

number of columns (see Section 4.1.85 [ncols], page 203)

computes a free resolution of an ideal resp. module M which is mini-
mized from the second free module on (see Section 6.3.22 [nres (plural)],
page 184)

creates an opposite ideal of a given ideal from the given ring into a
basering (see Section 6.3.23 [oppose], page 185)

preimage under a ring map (see Section 6.3.25 [preimage (plural)],
page 187)

ideal quotient (see Section 6.3.26 [quotient (plural)], page 188)

left normal form with respect to a left Groebner basis (see Section 6.3.27
[reduce (plural)], page 189)

simplify a set of polynomials (see Section 4.1.118 [simplify], page 232)
number of non-zero generators (see Section 4.1.119 [size|, page 233)

left Groebner basis computation (see Section 6.3.28 [std (plural)],
page 191)

substitute a ring variable (see Section 6.3.29 [subst (plural)], page 192)

computation of the first syzygy module (see Section 6.3.30 [syz (plural)],
page 192)
two-sided Groebner basis computation (see Section 6.3.31 [twostd],

page 193)

vector space dimension of basering modulo the leading ideal (see Sec-
tion 6.3.32 [vdim (plural)], page 194)

6.2.2 map (plural)

Maps are ring maps from a preimage ring into the basering.

Note:

e the target of a map is ALWAYS the actual basering

e the preimage ring has to be stored "by its name", that means, maps can only

be used in such contexts, where the name of the preimage ring can be resolved

(this has to be considered in subprocedures). See also Section 5.4 [Identifier

resolution|, page 277, Section 2.7.2 [Names in procedures], page 56.

Maps between rings with different coefficient fields are possible and listed below.

Canonically realized are
e Q— Qa,...) (Q : the rational numbers)
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e Q — R ( R : the real numbers)
e Q— C ( C: the complex numbers)

o Z/p— (Z/p)(a,...) ( Z : the integers)
o Z/p— GF(p") ( GF : the Galois field)
e Z/p— R

e R—C

Possible are furthermore
« Zp—Q, [, —icl-p/2p/0CZ
o Z/p— ZJp, [il,—i€[-p/2,p/2]CZ i [ily € Z/p
e C' — R, by taking the real part

Finally, in PLURAL we allow the mapping from rings with coefficient field Q to rings
whose ground fields have finite characteristic:

e Q—Z/p
e Q— (Z/p)a,..))

In these cases the denominator and the numerator of a number are mapped sepa-
rately by the usual map from Z to Z/p, and the image of the number is built again
afterwards by division. It is thus not allowed to map numbers whose denominator is
divisible by the characteristic of the target ground field, or objects containing such
numbers. We, therefore, strongly recommend using such maps only to map objects
with integer coefficients.

6.2.2.1 map declarations (plural)

Syntax: map name = preimage_ring_name , ideal_expression ;
map name = preimage_ring_name , list_of_poly_and_ideal_expressions ;
map name = map-_expression ;

Purpose:  defines a ring map from preimage_ring to basering.
Maps the variables of the preimage ring to the generators of the ideal.
If the ideal contains less elements than the number of variables in the
preimage_ring, the remaining variables are mapped to 0.
If the ideal contains more elements, extra elements are ignored.
The image ring is always the current basering. For the mapping of co-
efficients from different fields see Section 6.2.2 [map (plural)], page 156.

Default: none

Note: There are standard mappings for maps which are close to the identity
map: fetch (plural) and imap (plural).

The name of a map serves as the function which maps objects from
the preimage_ring into the basering. These objects must be defined by
names (no evaluation in the preimage ring is possible).

Example:
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// an easy example

ring rl = 0,(a,b),dp; // a commutative ring
poly P = a"2+ab+b”3;

ring r2 = 0,(x,y),dp;

ncalgebra(1,-1); // a Weyl algebra

map M = rl, x72, -y~3;

// note: M is a map and not a morphism

M(P);

= -y9-x2y3+x4

// now, a more interesting example

LIB "ncalg.lib";

def Usl2 = makeUsl2();

// this algebra is U(sl_2), generated by e,f,h
setring Usl2;

4xexf+h"2-2%h; // the central el-t of Usl2
poly D e"3xf-h"4; // some polynomial
ring W1 = 0,(D,X),dp;

ncalgebra(l,-1);

// this algebra is the opposite Weyl algebra
option(redSB);

option(redTail);

map F = Usl2, -X, D*DxX, 2*Dx*X;

F(C); // 0, because C is in the kernel of F
— 0

F(D);

— -16D4X4+96D3X3-D2X4-112D2X2+6DX3+16DX-6X2

poly C

See Section 6.3.12 [fetch (plural)], page 174; Section 6.2.1.2 [ideal expressions (plu-
ral)], page 153; Section 6.3.13 [imap (plural)], page 174; Section 6.2.2 [map (plural)],
page 156; Section 6.2.7 [ring (plural)], page 167.

6.2.2.2 map expressions (plural)

A map expression is:
1. an identifier of type map
2. a function returning map

3. map expressions combined by composition using parentheses ((, ))

6.2.2.3 map (plural) operations

) composition of maps. If, for example, £ and g are maps, then £ (g) is a
map expression giving the composition f o g of £ and g,
provided the target ring of g is the basering of £.

map-_expression [ int_expressions ]
is a map entry (the image of the corresponding variable)
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Example:

LIB "ncalg.lib";

def Usl2 = makeUsl2(); // this algebra is U(sl_2)
setring Usl2;

map F = Usl2, f, e, -h; // endomorphism of U(sl_2)

map G = F(F);

poly p = (f+exh)~2 + 3*h-e;

p;

— e2h2+2e2h+2efh-2ef+f2-h2-e+3h
F(p);

— f2h2-2efh-2f2h+e2-2ef+h2-f-h
G(p);

— e2h2+2e2h+2efh-2ef+f2-h2-e+3h
(G(p) == p); // G is the identity on p

=1
6.2.2.4 map related functions (plural)

fetch (plural)
the identity map between rings and qrings (see Section 6.3.12 [fetch
(plural)], page 174)

imap (plural)
a convenient map procedure for inclusions and projections of rings (see
Section 6.3.13 [imap (plural)], page 174)

preimage (plural)
preimage under a ring map (see Section 6.3.25 [preimage (plural)l,
page 187)

subst substitute a ring variable (see Section 6.3.29 [subst (plural)]|, page 192)

6.2.3 module (plural)

Modules are left submodules of a free module over the basering with basis gen(1),
gen(2), ..., gen(n) for some natural number n.

They are represented by lists of vectors, which generate the left submodule. Like
vectors, they can only be defined or accessed with respect to a basering.

If M is a left submodule of R™ (where R is the basering) generated by vectors
vy, ...,V then these generators may be considered as

the generators of relations of R"/M between the canonical generators
gen(1),...,gen(n). Hence, any finitely generated R -module can be represented in
PLURAL by its module of relations.

The assignments module M=v1,...,vk; matrix A=M; create the presentation
matrix of size n x k for R"/M, i.e. the columns of A are the vectors vq,..., vy
which generate M.
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6.2.3.1 module declarations (plural)

Syntax: module name = list_of_vector_expressions (which are interpreted as left
generators of the module) ;
module name = module_expression ;

Purpose:  defines a left module.
Default:  [0]

Example:
ring r=0, (x,y,2),(c,dp);
matrix D[3][3];
D[1,2]=-z; D[1,3]=y; DI[2,3]=x;
ncalgebra(1,D); // this algebra is U(so_3)

vector sl = [x2,y3,z];

vector s2 = [xy,1,0];

vector s3 = [0,x2-y2,z];

poly £ = —xxy;

module m = s1, s2-s1,f*(s3-s1);

m;

— m[1]=[x2,y3,z]

— m[2]=[-x2+xy,-y3+1,-z]

— m[3]=[x3y-2x2z-xy,xy4-x3y+xy3+2x22+xy]
// show m in matrix format (columns generate m)
print(m);

= x2,-x2+xy,x3y-2x2z-Xy,
= y3,-y3+1, xy4-x3y+xy3+2x2z+xy,
=z, -z, 0

6.2.3.2 module expressions (plural)

A module expression is:
. an identifier of type module

. a function returning module

1

2

3. module expressions combined by the arithmetic operation +

4. multiplication of a module expression with an ideal or a poly expression: *
5

. a type cast to module

6.2.3.3 module operations (plural)

+ addition (concatenation of the generators and simplification)
* right or left multiplication with ideal or poly (but not ‘module* * ‘mo-
dule‘!)

module_expression [ int_expression , int_expression ]
is a module entry, where the first index indicates the row and the second
the column
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module_expressions [ int_expression ]

is a vector, where the index indicates the column (generator)

Example:
ring A=0, (x,y,2z),Dp;
matrix D[3][3];
D[1,2]=-z; DI[1,3]=y; DI[2,3]=x; // this algebra is U(so_3)
ncalgebra(1,D);

module M = [x,y],[0,0,x*z];
module N = (x+y-z)*M - M*(x+y-z);
print (-N);

— y+z,0,

— x-z,0,

= 0, x2+xy+yz+z2

6.2.3.4 module related functions (plural)

eliminate
elimination of variables (see Section 6.3.10 [eliminate (plural)], page 172)

freemodule
the free module of given rank (see Section 4.1.38 [freemodule], page 169)

intersect
module intersection (see Section 6.3.14 [intersect (plural)], page 176)

kbase vector space basis of free module over the basering modulo the module
of leading terms (see Section 6.3.15 [kbase (plural)], page 176)

lead initial module (see Section 4.1.63 [lead], page 186)
lift lift-matrix (see Section 6.3.16 [lift (plural)], page 177)

liftstd left Groebner basis and transformation matrix computation (see Sec-
tion 6.3.17 [liftstd (plural)], page 178)

modulo represents (hl + h2)/hl = h2/(h1 N h2) (see Section 6.3.19 [modulo
(plural)], page 180)

mres minimal free resolution of a module and a minimal set of generators of
the given ideal module (see Section 6.3.20 [mres (plural)], page 180)

ncols number of columns (see Section 4.1.85 [ncols|, page 203)

nres computes a free resolution of an ideal resp. module M which is mini-
mized from the second free module on (see Section 6.3.22 [nres (plural)],
page 184)

nrows number of rows (see Section 4.1.88 [nrows], page 205)

oppose creates an opposite module of a given module from the given ring into

a basering (see Section 6.3.23 [oppose|, page 185)

print nice print format (see Section 4.1.99 [print|, page 213)
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minimize the embedding into a free module (see Section 4.1.101 [prune],
page 217)

module quotient (see Section 6.3.26 [quotient (plural)], page 188)

left normal form with respect to a left Groebner basis (see Section 6.3.27
[reduce (plural)], page 189)

simplify a set of vectors (see Section 4.1.118 [simplify], page 232)
number of non-zero generators (see Section 4.1.119 [size], page 233)

left Groebner basis computation (see Section 6.3.28 [std (plural)],
page 191)

substitute a ring variable (see Section 6.3.29 [subst (plural)], page 192)

computation of the first syzygy module (see Section 6.3.30 [syz (plural)],
page 192)

vector space dimension of free module over the basering modulo module
of leading terms (see Section 6.3.32 [vdim (plural)], page 194)

6.2.4 poly (plural)

Polynomials are the basic data for all main algorithms in PLURAL. They consist of

finitely many terms (coefficient*monomial) which are combined by the usual poly-
nomial operations (see Section 6.2.4.2 [poly expressions (plural)], page 163). Poly-
nomials can only be defined or accessed with respect to a basering which determines

the coefficient type, the names of the indeterminants and the monomial ordering.

Example:

ring r=32003, (x,y,2),dp;
poly f=x3+y5+z2;

Remark: Remember the conventions on polynomial multiplication we follow (*-
multiplication in Section 6.1 [Getting started with PLURALJ, page 151).

6.2.4.1 poly declarations (plural)

Syntax:
Purpose:
Default:

Example:

poly name = poly_expression ;
defines a polynomial.

0

ring r = 32003, (x,y,z) ,dp;
ncalgebra(-1,1);
// ring of some differential-like operators

r;

— //  characteristic : 32003

— // number of vars : 3

= // block 1 : ordering dp

= // : names Xy z
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= // block 2 : ordering C
— // noncommutative relations:

= // yx=-xy+1

= // zx=-x2z+1

= // zy=-yz+1

VX; // not correct input

V*X; // correct input

= -xy+1

poly s1 = x3y2+151xby+186xy6+169y9;
poly s2 = 1xx"2%y~2%xz"2+3z8;

poly s3 = 5/4x4y2+4/5*x*y~5+2x2y2z3+y7+11x10;

int a,b,c,t=37,5,4,1;
poly f=3*x"a+x*y~ (b+c)+t*x " a*xy b*z"c;

f;

— x37y5z4+3x37+xy9
short = 0;

f;

= X7 37*xy " b*xz"44+3*x"37+x*y "9

6.2.4.2 poly expressions (plural)

A poly expression is (optional parts in square brackets):

1. a monomial (there are NO spaces allowed inside a monomial)

2
3
4.
)

[coefficient] ring var [exponent] [ring var [exponent] ...]

monomials which contain an indexed ring variable must be built from ring_var

and coefficient with the operations * and ~

. an identifier of type poly

. a function returning poly

poly expressions combined by the arithmetic operations +, -, *, /, or ~.

Example:

. a type cast to poly

ring r=0, (x,y),dp;
ncalgebra(1,1); // make it a Weyl algebra

r;

1

//
= //
= //
= //
= //
= //
= //

characteristic : 0O

number of vars : 2
block 1 : ordering dp

: names Xy

block 2 : ordering C

noncommutative relations:

yx=xy+1

// not correct input

// correct input
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= xy+1

poly f = 10x2xy3 + 2y2%x~2 - 2%x*y + y - x + 2;
lead(f);

— 10x2y3

leadmonom(f) ;

— x2y3

simplify(f,1); // normalize leading coefficient
— x2y3+1/5x2y2+3/5xy-1/10x+1/10y+3/5
cleardenom(f) ;

— 10x2y3+2x2y2+6xy-x+y+6

6.2.4.3 poly operations (plural)

+ addition

- negation or subtraction

* multiplication

/ division by a monomial, non divisible terms yield 0
T, kK power by a positive integer

<, <=, > >= == <>

comparison (of leading monomials w.r.t. monomial ordering)

poly_expression [ intvec_expression ]
the sum of monomials at the indicated places w.r.t. the monomial or-
dering

6.2.4.4 poly related functions (plural)

bracket  computes the Lie bracket of two polinomials (see Section 6.3.9 [bracket],
page 171)

lead leading term (see Section 4.1.63 [lead], page 186)
leadcoef coefficient of the leading term (see Section 4.1.64 [leadcoef], page 187)

leadexp the exponent vector of the leading monomial (see Section 4.1.65 [lead-
expl, page 188)

leadmonom
leading monomial (see Section 4.1.66 [leadmonom], page 188)

oppose creates an opposite poly of a given poly from the given ring into a
basering (see Section 6.3.23 [oppose], page 185)

reduce left normal form with respect to a left Groebner basis (see Section 6.3.27
[reduce (plural)], page 189)

simplify mnormalize a polynomial (see Section 4.1.118 [simplify], page 232)

size number of monomials (see Section 4.1.119 [size], page 233)

subst substitute a ring variable (see Section 6.3.29 [subst (plural)], page 192)
var the indicated variable of the ring (see Section 4.1.137 [var], page 249)
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6.2.5 qring (plural)

PLURAL offers the possibility to compute within factor-rings modulo two-sided ide-

als. The ideal has to be given as a two-sided Groebner basis (see Section 6.3.31

[twostd], page 193 command).

For a detailed description of the concept of rings and quotient rings see Section 2.3

[Rings and orderings|, page 33.

Note: we highly recommend to turn on option(redSB); option(redTail); while

computing in qrings. Otherwise results may have a difficult interpretation.

6.2.5.1 qring declaration (plural)

Syntax:
Default:

Purpose:

Note:

Example:

gring name = ideal_expression ;
none

declares a quotient ring as the basering modulo an ideal_expression
and sets it as current basering.

reports error if an ideal is not a two-sided Groebner basis.

ring r=0,(z,u,v,w),dp;

ncalgebra(-1,0); // an anticommutative algebra
option(redSB);

option(redTail);

ideal i=z"2,u"2,v"2,w"2;

gring Q = i; // incorrect call produces error
— // ** i is no standard basis

— // ** i is no twosided standard basis

kill Q;

setring r; // go back to the ring r

gring g=twostd(i); // now it is an exterior algebra

// quotient ring from ideal
_[1]1=w2

q;

— //  characteristic : 0

— // number of vars : 4

= // block 1 : ordering dp
= // : names ZUVW
= // block 2 : ordering C
— // noncommutative relations:

= // uz=-zu

= // vz=-2zV

= // WZ=-2zW

= // vu=-uv

= // wu=-uw

= // WV=—VW

—

—
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= _[2]=v2
— _[3]=u2
— _[4]=2z2

poly k = (v-u)*(zv+u-w);

k; // the output is not yet totally reduced
= Zuv-zv2-u2-uv+uw-vw

poly ek=reduce(k,std(0));

ek; // the reduced form

= zZuv-uv+uw-vw

6.2.5.2 qring related functions (plural)

envelope enveloping ring (see Section 6.3.11 [envelope], page 173)
nvars number of ring variables (see Section 4.1.89 [nvars], page 205)
opposite opposite ring (see Section 6.3.24 [opposite], page 186)

setring  set a new basering (see Section 4.1.116 [setring], page 229)

6.2.6 resolution (plural)

The type resolution is intended as an intermediate representation which internally
retains additional information obtained during computation of resolutions. It fur-
thermore enables the use of partial results to compute, for example, Betti numbers
or minimal resolutions. Like ideals and modules, a resolution can only be defined
w.r.t. a basering.

Note: to access the elements of a resolution, it has to be assigned to a list. This
assignment also completes computations and may therefore take time, (resp. an
access directly with the brackets [ , 1 causes implicitly a cast to a list).

6.2.6.1 resolution declarations (plural)

Syntax: resolution name = resolution_expression ;
Purpose:  defines a resolution.
Default: none

Example:

ring r=0, (x,y,2),dp;

matrix D[3][3];

D[1,2]=z;

ncalgebra(1,D); // it is a Heisenberg algebra
ideal i=z2+z,x+y;

resolution re=nres(i,0);

re;

=1 2 1

= r <-——- r <-- T
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— 0 1 2

— resolution not minimized yet
g

-
- '_l
()
ot
'_I
I
~
o

[1]:
_[1]=z2+=z
_[2]=x+y
[2]:
_[1]1=z2*gen(2) -x*gen (1) -y*gen (1) +z*gen(2)
[3]:
_[11=0
print (matrix(1[2]));
= -x-y,
= z2+z

LR A A A

1

6.2.6.2 resolution expressions (plural)

A resolution expression is:
1. an identifier of type resolution
2. a function returning a resolution

3. a type cast to resolution from a list of ideals, resp. modules.

6.2.6.3 resolution related functions (plural)

betti Betti numbers of a resolution (see Section 6.3.8 [betti (plural)], page 170)

minres minimizes a free resolution (see Section 6.3.18 [minres (plural)l,
page 179)

mres computes a minimal free resolution of an ideal resp. module and a mini-

mal set of generators of the given ideal resp. module (see Section 6.3.20
[mres (plural)], page 180)

nres computes a free resolution of an ideal resp. module M which is minimized

from the second module on (see Section 6.3.22 [nres (plural)], page 184)

6.2.7 ring (plural)

Rings are used to describe properties of polynomials, ideals etc. Almost all compu-
tations in PLURAL require a basering. For a detailed description of the concept of
rings see Section 2.3 [Rings and orderings|, page 33.

Note: PLURAL works with global orderings only (see Section 6.1 [Getting started
with PLURALJ, page 151).
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6.2.7.1 ring declarations (plural)

Syntax:

Default:

Purpose:

ring name = ( coefficient_field ), ( names_of_ring_variables ), ( order-
ing );

2147483629, (x,y,2),(dp,C);

declares a ring and sets it as the actual basering.

The coefficient_field is given by one of the following:

1. a non-negative int_expression less or equal 2147483629.

. an expression_list of an int_expression and one or more names.

. the name real.

2
3
4. an expression_list of the name real and an int_expression.
5

. an expression_list of the name complex, an optional int_expression and a name.

‘names_of_ring_variables’ must be a list of names or indexed names.

‘ordering’ is a list of block orderings where each block ordering is either

1. 1p, dp, Dp, optionally followed by a size parameter in parentheses.

2. wp, Wp, or a followed by a weight vector given as an intvec_expression in paren-

theses.

3. M followed by an intmat_expression in parentheses.

4. corC.

If one of coefficient_field, names_of_ring_variables, and ordering consists of only one

entry, the parentheses around this entry may be omitted.

In order to create the non-commutative extension, use Section 6.3.21 [ncalgebral,

page 182.

6.2.7.2 ring operations (plural)

construct a tensor product C = A®gk B of two G-algebras A and B over
the groung field.

Let

A=k, ...,z | {zjo = ¢ - vy +diy},1 < i < j < n), and
B = koY1, s Ym | 1Y% = @ij - viy; + i1, 1 <0< j <m)

be two G -algebras, then C' is defined to be the algebra

C =K@, ..,Tn, Y1, Ym | {zj2 = ¢;j - miwy + dij, 1 < i < j < n},
{vivi = @i - yiy; + 15,1 <i<j <mp, {y;z =2y, 1 <j<m, 1 <i <

Concerning the ground fields k; resp. ko of A resp. B , take the following guide

lines for A ®k B into consideration:

e Neither k; nor ks may be R or C' .

e If the characteristic of k; and k, differs, then one of them must be @ .
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e At most one of k; and k; may have parameters.
e If one of k; and k, is an algebraic extension of Z/p it may not be defined by a
charstr of type (p°n,a).
Example:

LIB "ncalg.lib";

def a = makeUsl2(); // U(sl_2) in e,f,h presentation
ring W = 0, (x,d),dp;

Weyl(); // 1st Weyl algebra in x,d
def S = atW;

setring S;

S;

— //  characteristic : 0

— // number of vars : 5

= // block 1 : ordering dp

= // : names efh

= // block 2 : ordering dp

= // : names x d

= // block 3 : ordering C

— // noncommutative relations:

= // fe=ef-h

= // he=eh+2e

= // hf=fh-2f

= // dx=xd+1

6.2.7.3 ring related functions (plural)

charstr  description of the coefficient field of a ring (see Section 4.1.6 [charstr],
page 147)

envelope enveloping ring (see Section 6.3.11 [envelope], page 173)

npars number of ring parameters (see Section 4.1.86 [npars], page 203)

nvars number of ring variables (see Section 4.1.89 [nvars|, page 205)

opposite opposite ring (see Section 6.3.24 [opposite], page 186)

ordstr monomial ordering of a ring (see Section 4.1.93 [ordstr|, page 211)

parstr names of all ring parameters or the name of the n-th ring parameter
(see Section 4.1.96 [parstr], page 212)

qring quotient ring (see Section 6.2.5 [qring (plural)], page 165)
setring  set a new basering (see Section 4.1.116 [setring], page 229)

varstr names of all ring variables or the name of the n-th ring variable (see
Section 4.1.138 [varstr], page 250)
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6.3 Functions (plural)

This chapter gives a complete reference of all functions and commands of the PLURAL
kernel, i.e. all built-in commands (for the PLURAL libraries see Section 6.5 [PLURAL
libraries|, page 201).

The general syntax of a function is
[target =] function_name (<arguments>);

Note, that both Control structures and System variables of PLURAL are the same
as of SINGULAR (see Section 4.2 [Control structures|, page 253, Section 4.3 [System
variables], page 264).

6.3.8 betti (plural)

Syntax: betti ( list_expression )
betti ( resolution_expression )
betti ( list_expression , int_expression )
betti ( resolution_expression , int_expression )

Type: intmat

Note: in the noncommutative case, computing Betti numbers makes sense only
if the basering R has homogeneous relations

Purpose: with 1 argument: computes the graded Betti numbers of a minimal
resolution of R™/M, if R denotes the basering and M a homogeneous
submodule of R™ and the argument represents a resolution of R"/M.
The entry d of the intmat at place (i, j) is the minimal number of gen-
erators in degree i+j of the j-th syzygy module (= module of relations)
of R"/M (the Oth (resp. 1st) syzygy module of R"/M is R" (resp. M)).
The argument is considered to be the result of a mres or nres command.
This implies that a zero is only allowed (and counted) as a generator in
the first module.

For the computation betti uses only the initial monomials. This could
lead to confusing results for a non-homogeneous input.

If the optional second argument is non-zero, the Betti numbers will be
minimized.
Example:
int i;int N=2;
ring r=0, (x(1..N),d(1..N),q(1..N)),Dp;
matrix D[3*N] [3*N];
for (i=1;i<=N;i++)
{ D[i,N+il=q(i)~2; }
ncalgebra(1,D);
// this algebra is a kind of homogenized Weyl algebra
r;
— // characteristic : 0
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// number of vars : 6

// block 1 : ordering Dp

// : names x(1) x(2) d(1) d(2) q(1) q(2)
// Dblock 2 : ordering C

// noncommutative relations:

/7 d(D)x(1)=x(1)*d(1)+q(1)"2

/7 d(2)x(2)=x(2)*d(2)+q(2) "2

ideal I = x(1),x(2),d(1),d(2),q(1),q(2);

option(redSB);

option(redTail);

111111

1

resolution R = mres(I,0);
// thus R will be the full length minimal resolution
print(betti(R),"betti");

— 0 1 2 3 4 5 6
H ————————————————————————————————————————————————
— 0 1 6 15 20 15 6 1
H ________________________________________________
— total: 1 6 15 20 15 6 1
6.3.9 bracket
Syntax: bracket ( poly_expression, poly_expression )

Type: poly

Purpose: Computes the Lie bracket [p,ql=pg-qp of the first polynomial with the
second. Uses special routines, based on the Leibniz rule.

Example:

ring r=(0,Q), (x,y,2z),Dp;

minpoly=Q"2-Q+1;

matrix C[3][3]; matrix D[3][3];

Cl[1,2]=Q2; C[1,31=1/Q2; C[2,3]=Q2;
D[1,2]=-Q*z; DI[1,3]=1/Q*y; D[2,3]=-Q*x;
ncalgebra(C,D);

// this is a quantum deformation of U(so_3),

// where Q is a 6th root of unity

poly p=Q~4*x2+y2+Q~4*z2+Q* (1-Q"4) *x*y*z;

// p is the central element of the algebra

p=p~3; // any power of a central element is central
poly q=(x+Q*y+Q~2%z)"4;

// take q to be some big noncentral element
size(q); // check how many monomials are in big poly q
— 28

bracket(p,q); // check p*q=q*p

— 0

// a more common behaviour of the bracket follows:
bracket (x+Q*y+Q~2*z,z) ;

— (Q+1) *#xz+(Q+1) xyz+(Q-1) *x+(Q-1) *y
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6.3.10 eliminate (plural)

Syntax:

Type:

Purpose:

Note:

Remark:

Example:

eliminate ( ideal_expression, product_of_ring_variables)
eliminate ( module_expression, product_of_ring_variables)

the same as the type of the first argument

eliminates variables occurring as factors of the second argument from an
ideal (resp. a submodule of a free module), by intersecting it (resp. each
component of the submodule) with the subring not containing these
variables.

eliminate does not need neither a special ordering on the basering nor
a Groebner basis as input.

in a noncommutative algebra, not every subset of a set of variables
generates a proper subalgebra. But if it is so, there may be cases, when
no elimination is possible. In these situations error messages will be
reported.

ring r=0, (e,f,h,a),Dp;

matrix d[4][4];

d[1,2]=-h; d[1,3]=2%e; d[2,3]=-2xf;
ncalgebra(l,d);

// this algebra is U(sl_2), tensored with K[a] over K
option(redSB);

option(redTail);

poly p = 4*exf+h™2-2xh - a;

// p is a central element with parameter

ideal I e”3, £°3, h"3-4xh, p; // take this ideal
// and intersect I with the ring K[a]

ideal J = eliminate(I, exfxh);

// if we want substitute ’a’ with a value,

// it has to be a root of this polynomial:
J;
— J[1]=a3-32a2+192a
// now we try to eliminate h,
// that is we intersect I with the subalgebra S,
// generated by e and f.
// But S is not closed in itself, since fxe-e*xf=-h !
// the next command will definitely produce an error
eliminate(I,h);
— 7 no elimination is possible:
subalgebra is not admissible
— ? error occurred in line 13: ‘eliminate(I,h);
// since a commutes with e,f,h, we can eliminate it:
eliminate(I,a);
+— _[1]1=h3-4h
— _[2]=fh2-2fh
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— _[3]=£3

— _[4]=eh2+2eh

— _[5]=2efh-h2-2h
— _[6]=e3

173

See Section 6.2.1 [ideal (plural)], page 152; Section 6.2.3 [module (plural)], page 159;
Section 6.3.28 [std (plural)], page 191.

6.3.11 envelope

Syntax:
Type: ring

Purpose:

envelope ( ring_name )

creates an enveloping algebra of a given algebra, that is A" = A Qg

A°PPwhere A°PP is the opposite algebra of A.

Remark:

You have to activate the ring with the setring command. For the

presentation, see explanation of opposite in Section 6.3.24 [opposite],

page 186.

LIB "ncalg.lib";

def A =

makeUs12(Q);

setring A; A;

1

//
//
//
//
//
//
//
//
//

11T 11111

def Aenv

characteristic :
number of vars :

0
3
ordering dp
! names efh

ordering C

noncommutative relations:

block 1
block 2 :
fe=ef-h
he=eh+2e
hf=fh-2f
= envelope(A);

setring Aenv;

Aenv;
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//

11111711111 1111

characteristic

: 0
number of vars :

6
ordering dp
: names efh
ordering a
! names HFE
: weights 1 1 1
ordering 1s
! names HFE

ordering C

noncommutative relations:

block 1
block 2
block 3 :
block 4
fe=ef-h
he=eh+2e
hf=fh-2f
FH=HF-2F
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= // EH=HE+2E
= // EF=FE-H

See Section 6.3.23 [oppose], page 185; Section 6.3.24 [opposite], page 186.
6.3.12 fetch (plural)

Syntax: fetch ( ring_name, name )

Type: number, poly, vector, ideal, module, matrix or list (the same type as the
second argument)

Purpose: maps objects between rings. fetch is the identity map between rings
and qrings, the i-th variable of the source ring is mapped to the i-
th variable of the basering. The coefficient fields must be compatible.
(See Section 6.2.2 [map (plural)], page 156 for a description of possible
mappings between different ground fields).
fetch offers a convenient way to change variable names or orderings, or
to map objects from a ring to a quotient ring of that ring or vice versa.

Note: Compared with imap, fetch uses the position of the ring variables, not
their names.

Example:
LIB "ncalg.lib";
def Usl2 = makeUsl2(); // this algebra is U(sl_2)
setring Usl2;
option(redSB);
option(redTail);
4dxexf+h~2-2*%h; // the central element of Usl2
ideal I e”3,£73,h"3-4%*h;
ideal J twostd(I);
print (matrix(J)); // print a compact presentation of J
— h3-4h,fh2-2fh,eh2+2eh,f2h-2f2,2efh-h2-2h, \
e2h+2e2,f3,ef2-fh,e2f-eh-2e,e3

poly C

ideal QC = twostd(C-8);
gqring Q = QC;

ideal QJ = fetch(Usl2,J);
QJ = std(QJ);

// thus QJ is the image of I in the factor-algebra QC
print (matrix(QJ)); // print QJ compactly
— h3-4h,fh2-2fh,eh2+2eh,f2h-2f2,e2h+2e2,£3,e3

See Section 6.3.13 [imap (plural)], page 174; Section 6.2.2 [map (plural)], page 156;
Section 6.2.5 [qring (plural)], page 165; Section 6.2.7 [ring (plural)], page 167.

6.3.13 imap (plural)

Syntax: imap ( ring_name, name )

Type: number, poly, vector, ideal, module, matrix or list (the same type as the
second argument)



Chapter 6: Singular:Plural Manual 175

Purpose: identity map on common subrings. imap is the map between rings and
qrings with compatible ground fields which is the identity on variables
and parameters of the same name and 0 otherwise. (See Section 6.2.2
[map (plural)], page 156 for a description of possible mappings between
different ground fields). Useful for mappings from a homogenized ring
to the original ring or for mappings from/to rings with/without para-
meters. Compared with fetch, imap uses the names of variables and
parameters. Unlike map and fetch, imap can map parameters to vari-
ables.

Example:

LIB "ncalg.lib";

ring ABP=0, (p4,p5,a,b),dp; // a commutative ring
def Usl3 = makeUsl(3);

def BIG = Usl3+ABP;

setring BIG;

poly P4 = 3kx(1)*y(1)+3xx(2)*y(2)+3*x(3)*y(3);

P4 = P4 +h(1)"2+h(1)*h(2)+h(2)~2-3%h(1)-3%h(2);

// P4 is a central element of Usl3 of degree 2
poly P5 = 4#x(1)*y(1) + h(1)"2 - 2*h(1);

// P5 is a central element of the subalgebra of Usl3,
// generated by x(1),y(1),h(1)

ideal J = x(1),x(2),h(1)-a,h(2)-b;

// we are interested in the module U(sl_3)/J,

// which depends on parameters a,b

ideal I = p4-P4, pb-P5;

ideal K = I, J;

poly el = x(1)*x(2)*x(3)*y(1)*y(2)*y(3)*h(1)*h(2);
ideal E = eliminate(K,el);

E; // this is the ideal of central characters in ABP
— E[1]=a*b+b~2-p4+pb+a+3*b

— E[2]=a"2-p5+2*a

— E[3]=b"3+p4*a-pb*a-a”~2-p4*b+3*b~2

// what are the characters on nonzero a,b?

ring abP = (0,a,b), (p4,p5),dp;

ideal abE = imap(BIG, E);

option(redSB);

option(redTail);

abE = std(abE);

// here come characters (indeed, we have only one)

// that is a maximal ideal in K[p4,p5]
abE;

— abE[1]=pb+(-a"2-2%a)

— abE[2]=p4+(-a"~2-a*b-3*a-b~2-3%b)

See Section 6.3.12 [fetch (plural)], page 174; Section 6.2.2 [map (plural)], page 156;
Section 6.2.5 [qring (plural)], page 165; Section 6.2.7 [ring (plural)], page 167.
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6.3.14 intersect (plural)

Syntax: intersect (expression_list of ideal_expression )
intersect (expression_list of module_expression )

Type: ideal, resp. module

Purpose: computes the intersection of ideals, resp. modules.

Example:

ring r=0, (x,y) ,dp;
ncalgebra(-1,0);
module M=[x,x],[y,0];
module N=[0,y"2], [y,x];
option(redSB) ;

module Res;
Res=intersect (M,N);
print (Res);

— y2, 0,

= -Xy,Xy2

kill r;

LIB "ncalg.lib";

ring r=0, (x,d) ,dp;

Weyl(); // make r into Weyl algebra
ideal I = x+d"2;

ideal J = d-1;
ideal H = intersect(I,J);
H;

— H[1]=d4+xd2-2d3-2xd+d2+x+2d-2
— H[2]=xd3+x2d-xd2+d3-x2+xd-2d2-x+1

6.3.15 kbase (plural)

Syntax: kbase ( ideal_expression )
kbase ( module_expression )
kbase ( ideal_expression, int_expression)
kbase ( module_expression, int_expression)

Type: the same as the input type of the first argument

Purpose:

computes the vector space basis of the factor-module that equals ring
(resp. free module) modulo the ideal (resp. submodule), generated by
the initial terms of the given generators.

If the factor-module is not of finite dimension, -1 is returned.

If the generators form a Groebner basis, this is the same as the vector
space basis of the factor-module.
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Note:

Example:

in the noncommutative case, a ring modulo an ideal has a ring stucture
if and only if an ideal is two-sided.

ring r=0, (x,y,2),dp;

matrix d[3][3];

d[1,2]=-z; dI[1,3]=2x; d[2,3]=-2y;

ncalgebra(l,d); // this algebra is U(sl_2)

ideal i=x2,y2,z2-1;

i=std(i);

print (matrix(i)); // print a compact presentation of i
— z2-1,yz-y,xz+x,y2,2xy-z-1,x2

kbase (i) ;
— _[1]=z
— _[2]=y
— _[3]=x
— _[4]=1
vdim(i) ;
— 4

ideal j=x,z-1;
j=std(j);
kbase(j,3);

— _[1]=y3

See Section 6.2.1 [ideal (plural)], page 152; Section 6.2.3 [module (plural)], page 159;
Section 6.3.32 [vdim (plural)], page 194.

6.3.16 lift (plural)

Syntax:

Type:

Purpose:

Note:

Example:

1lift ( ideal_expression, subideal_expression )
lift ( module_expression, submodule_expression )

matrix

computes the (left) transformation matrix which expresses the (left)
generators of a submodule in terms of the (left) generators of a
module. Uses different algorithms for modules which are (resp. are
not) represented by a Groebner basis.

More precisely, if m is the module, sm the submodule, and T the
transformation matrix returned by lift, then transpose (matrix(sm))
= transpose(T) *transpose (m) and  module(transpose(sm)) =
module (transpose(T)*transpose(m)). If m and sm are ideals,
ideal(sm) = ideal (transpose(T)*transpose(m)).

Gives a warning if sm is not a submodule.

ring r = (0,a),(e,f,h), (c,dp);
matrix D[3][3];
D[1,2]=-h; DI[1,3]=2%e; D[2,3]=-2%f;
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ncalgebra(1,D); // this algebra is a parametric U(sl_2)
ideal i = e,h-a; // consider this parametric ideal

i = std(i);

print (matrix(i)); // print a compact presentation of i
— h+(-a),e

poly Z = 4xexf+h"2-2%h; // a central element

Z =72 - NF(Z,i); // a central character

ideal j = std(Z);

s

— jl[1]=4*ef+h2-2%h+(-a2-2a)

matrix T = 1ift(i,j);

print(T);

— h+(a+2),

= 4xf

ideal tj = ideal(transpose(T)*transpose(matrix(i)));
std(ideal(j-tj)); // test

— _[1]=0

See Section 6.2.1 [ideal (plural)], page 152; Section 6.3.17 [liftstd (plural)], page 178;
Section 6.2.3 [module (plural)], page 159.

6.3.17 liftstd (plural)

Syntax:

Type:

Purpose:

Example:

liftstd ( ideal_expression, matrix_name )
liftstd ( module_expression, matrix_name )

ideal or module

returns a Groebner basis of an ideal or module and the transformation
matrix from the given ideal, resp. module, to the Groebner basis.

That is, if m is the ideal or module, sm is the Groebner basis of
m, returned by liftstd, and T is the transformation matrix, then
transpose (matrix(sm))=transpose(T)*transpose(matrix(m)) and
sm=module (transpose (transpose (T) *transpose (matrix(m)))).

If m is an ideal, sm=ideal (transpose (T)*transpose (matrix(m)))

LIB "ncalg.lib";

def A = makeUsl2();

setring A; // this algebra is U(sl_2)
ideal i = e2,f;

option(redSB);

option(redTail);

matrix T;

ideal j = liftstd(i,T);

// the Groebner basis in a compact form:
print (matrix(j));

— £f,2h2+2h,2eh+2e,e2

print(T); // the transformation matrix
— 0,f2, -f,1,
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— 1,-e2f+4eh+8e,e2,0

ideal tj = ideal(transpose(T)*transpose(matrix(i)));
std(ideal(j-tj)); // test

— _[1]=0

See Section 6.2.1 [ideal (plural)], page 152; Section 6.2.7 [ring (plural)], page 167;
Section 6.3.28 [std (plural)], page 191.

6.3.18 minres (plural)

Syntax: minres ( list_expression )

Type: list

Syntax: minres ( resolution_expression )
Type: resolution

Purpose: minimizes a free resolution of an ideal or module given by the

list_expression, resp. resolution_expression.

Example:

LIB "ncalg.lib";

def A = makeUsl2();

setring A; // this algebra is U(sl_2)
ideal i=e,f,h;

i=std(i);

resolution F=nres(i,0); F;
=1 3 3 1
— A <—— A <— A <— A
—

— 0 1 2 3
—

resolution not minimized yet
—

print (matrix(F[1])); // print F’s compactly

— h,f,e

print (matrix(F[2]));
— f, e, -1,

—~ -h-2,0, e,

— 0, -h+2,-f
print (matrix(F[3]));
— e,

— -f,

— h

resolution MF=minres(F); MF;
1 3 3 1
A<— A<K— A<K— A

1111

—

print (matrix(MF[1]1));
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— f,e
print (matrix(MF[2]));
— —ef+2h+2,-e2,

— f2, ef+h-2
print (matrix(MF[3]));
= e,

S

See Section 6.3.20 [mres (plural)], page 180; Section 6.3.22 [nres (plural)], page 184.

6.3.19 modulo (plural)

Syntax: modulo ( ideal_expression, ideal_expression )

modulo ( module_expression, module_expression )
Type: module

Purpose: modulo(hl,h2) represents hy/(h; N hy) = (hy + hy)/hy , where h; and
hy are considered as submodules of the same free module R* (s=1 for
ideals).

Let H; (resp. Hy) be the matrix of size [ X k (resp. | x m), having the
generators of hy (resp. hs) as columns.

Then hy/(hy N hy) = R*/ker(H,) , where H, : R* — R*/Im(H,) =
R?/hy is the induced map.

modulo (hl,h2) returns generators of the kernel of this induced map.

Example:

LIB "ncalg.lib";

def A = makeUsl2();

setring A; // this algebra is U(sl_2)
option(redSB);

option(redTail);

ideal I = e2,f2,h2-1;

I = twostd(I);

print (matrix(I)); // print I in a compact form
— h2-1,fh-f,eh+e,f2,2ef-h-1,e2

ideal E = std(e);

ideal T = modulo(E,I);

T = NF(std(I+T),I);

T = std(T);

T;

— T[1]=h-1

— T[2]=e

See also Section 6.3.30 [syz (plural)], page 192.

6.3.20 mres (plural)

Syntax: mres ( ideal_expression, int_expression )
mres ( module_expression, int_expression )
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Type:

Purpose:

Note:

Example:

resolution

computes a minimal free resolution of an ideal or module M with the
Groebner basis method. More precisely, let A=matrix(M), then mres
computes a free resolution of coker(A) = Fy/M

B2 AY s Fy/M — 0,

where the columns of the matrix A; are a (possibly) minimal set of
generators of M . If the int expression k is not zero, then the computa-
tion stops after k steps and returns a list of modules M; = module(A4;),
i=1...k

mres (M,0) returns a resolution consisting of at most n+2 modules, where
n is the number of variables of the basering. Let list L=mres(M,0);
then L[1] consists of a minimal set of generators of the input, L[2]
consists of a minimal set of generators for the first syzygy module of
L[1], etc., until L[p+1], such that L[i] # 0 for ¢ < p, but L[p+1] (the
first syzygy module of L[p]) is 0 (if the basering is not a qring).

Accessing single elements of a resolution may require that some partial
computations have to be finished and may therefore take some time.

LIB "ncalg.lib";

def A = makeUsl2();

setring A; // this algebra is U(sl_2)
option(redSB);

option(redTail);

ideal i = e,f,h;

i = std(i);

resolution M=mres(i,0);

A <—- A<— AK<K— A

1111 1E

print (matrix(M[1])); // print M’s in a compact way
— f,e

print (matrix(M[2]));

— ef-2h-2,e2,

= -f2, -ef-h+2

// see the exactness at this point

std(ideal (transpose (M[2]) *transpose(M[1])));
— _[1]=0

print (matrix(M[3]));

— e,

— —f

// see the exactness at this point

std(ideal (transpose (M[3]) *transpose(M[2])));
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— _[1]1=0

See Section 6.2.1 [ideal (plural)], page 152; Section 6.3.18 [minres (plural)], page 179;
Section 6.2.3 [module (plural)], page 159; Section 6.3.22 [nres (plural)], page 184.

6.3.21 ncalgebra

Syntax:

Type:

Purpose:

Remark:

Example:

ncalgebra( matrix_expression C, matrix_expression D )
ncalgebra( number_expression n, matrix_expression D )
ncalgebra( matrix_expression C, poly_expression p )
ncalgebra( number_expression n, poly_expression p )

ring

Executed in the basering r, say, in k variables x1,...,x;, ncalgebra
creates the noncommutative extension of r subject to relations {z;x; =
cij - xixy +dij, 1 <i < j <k}, where ¢;; and d;; must be put into two
strictly upper triangular matrices C with entries ¢;; from the ground
field of r and D with polynomial entries d;; from r. See all the details
in Section 6.4.33 [G-algebras], page 195.

If Vi < j, ¢;j = n , one can input a number n instead of matrix C.

If Vi < j, d;j = p , one can input a poly p instead of matrix D.

At present, PLURAL does not check the non-degeneracy conditions (see
Section 6.4.33 [G-algebras|, page 195) while setting an algebra.

LIB "nctools.lib";

/] —==—= first example: C, D are matrices —---—--
0, , (x,y,2z),Dp;

minpoly = rootofUnity(6);

matrix C[3][3];

matrix D[3][3];

Cc[1,2]1=Q2; C[1,3]=1/Q2; C[2,3]1=Q2;
D[1,2]=-Q*z; D[1,3]=1/Q*y; D[2,3]=-Q*x;
ncalgebra(C,D);

ring ri

// this algebra is a quantum deformation U’_q(so_3),
// where Q is a 6th root of unity

// noncommutative relations:
// yx=(Q-1) *xy+(-Q) *z
// zx=(-Q) *xz+(-Q+1) xy

rl;

— //  characteristic : 0

— // 1 parameter 1 Q

— // minpoly ¢ (Q2-Q+1)

— // number of vars : 3

= // block 1 : ordering Dp
= // : names Xy z
= // block 2 : ordering C
—

—

—
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= //
kill ri;

/] —----

d[3,7]=Xc;

zy=(Q-1) xyz+(-

183
Q) *x

- second example : number n=1, D is a matrix
ring r2=0, (Xa,Xb,Xc,Ya,Yb,Yc,Ha,Hb) ,dp;

matrix d[8][8];
d[1,2]=-Xc; d[1,4]=-Ha; d[1,6]=Yb; d[1,7]1=2%Xa;
d[1,8]=-Xa; d[2,5]=-Hb; d[2,6]=-Ya; d[2,7]=-Xb;
d[2,8]=2*Xb; d[3,4]=Xb; d[3,5]=-Xa; d[3,6]=-Ha-Hb;

d[4,8]=Ya; d[5,7]=Yb;

d[6,7]1=-Yc; d[6,8]=-Yc;
ncalgebra(1,d);

d[3,8]=Xc;

d[4,5]=Yc; d[4,7]=-2%Ya;
d[5,8]=-2%Yb;

// this algebra is U(sl_3)

r2;

— // characteristic : 0

— // number of vars : 8

= // block 1 : ordering dp
= // : names Xa Xb Xc Ya Yb Yc Ha Hb
= // block 2 : ordering C
— // noncommutative relations:
= // XbXa=Xa*xXb-Xc

= // YaXa=Xa*Ya-Ha

= // YcXa=Xa*Yc+Yb

— // HaXa=Xa*Ha+2*Xa

— // HbXa=Xa*Hb-Xa

= // YbXb=Xb*Yb-Hb

= // YcXb=Xb*Yc-Ya

= // HaXb=Xb*Ha-Xb

— // HbXb=Xb*Hb+2*Xb

= // YaXc=Xc*Ya+Xb

= // YbXc=Xc*Yb-Xa

= // YcXc=Xc*Yc-Ha-Hb

— // HaXc=Xc*Ha+Xc

— // HbXc=Xc*Hb+Xc

— // YbYa=Ya*xYb+Yc

= // HaYa=Ya*Ha-2*Ya

= // HbYa=YaxHb+Ya

= // HaYb=Yb*Ha+Yb

= // HbYb=Yb*Hb-2*Yb

= // HaYc=Yc*Ha-Yc

— // HbYc=Yc*Hb-Yc

kill r2;

// --- third example : C is a matrix, p=0 is a poly

ring r3=0, (a,b,c,d),1lp;

matrix c[4][4];
cl1,21=1; c[1,3]1=3; cl[1,4]1=-2;
c[2,3]=-1; c[2,4]1=-3; c[3,4]1=1;
ncalgebra(c,0); // it is a quasi--commutative algebra

r3;
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kill r3;

//
//
//
//
//
//
//
//
//
//
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characteristic : 0O
number of vars : 4
block 1 : ordering lp
! names abcd
block 2 : ordering C
noncommutative relations:

ca=3ac
da=-2ad
cb=-bc
db=-3bd

// -- fourth example: number n = -1, poly p = 3w

ring r4=0, (u,v,w) ,dp;

ncalgebra(-1,3w);

1111 TTTTTR

kill r4;

[

//
//
//
//
//
//
//

characteristic : 0
number of vars : 3

block 1 : ordering dp

! names uvw

block 2 : ordering C
noncommutative relations:
vu=-uv+3w
wu=-uw+3w
wv=-vw+3w

See also Section 6.5.41 [ncalg_lib], page 213; Section 6.5.43 [nctools_lib], page 226;
Section 6.5.44 [qmatrix_lib], page 236.

6.3.22 nres (plural)

Syntax:

Type:

Purpose:

Example:

nres ( ideal_expression, int_expression )

nres ( module_expression, int_expression )

resolution

computes a free resolution of an ideal or module which is minimized

from the second module on (by the Groebner basis method).

LIB "ncalg.lib";

def A = makeUsl2();

setring A; // this algebra is U(sl_2)
option(redSB);

option(redTail);

ideal i = e,f,h;
std(i);
resolution F=nres(i,0);

i

F;

—

1
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!

A<— A<— A<-— A

0 1 2 3
resolution not minimized yet

1111

// print the resolution componentwise:

print (matrix(F[1]));

— h,f,e

print (matrix(F[2]));

— £, e, -1,

— -h-2,0, e,

— 0, -h+2,-f

// see the exactness at this point:
std(ideal (transpose (F[2])*transpose(F[1])));
— _[1]=0

print (matrix(F[3]1));

— e,

— -f,

— h

// see the exactness at this point:
std(ideal (transpose (F[3])*transpose(F[2])));
— _[1]=0

See Section 6.2.1 [ideal (plural)], page 152; Section 6.3.18 [minres (plural)], page 179;
Section 6.2.3 [module (plural)], page 159; Section 6.3.20 [mres (plural)], page 180.

6.3.23 oppose

Syntax:

Type:

Purpose:

Remark:

oppose ( ring_name, name )

poly, vector, ideal, module or matrix (the same type as the second ar-

gument)

for a given object in the given ring, creates its opposite object in the op-
posite (Section 6.3.24 [opposite], page 186) ring (the last one is assumed
to be the current ring).

for any object O, (O°PP)°Pr = (.

LIB "ncalg.lib";

def r = makeUsl2();
setring r;

matrix m[3] [4];

poly p = (h"2-1)*fx*e;
vector v = [1,exh,0,p];

ideal i = hxe, f"2%e,hxfx*e;

m =e,f,h,1,0,h"2, p,0,0,1,e72,exfxh+1;
module mm = module(m);

def b = opposite(r);

// we will oppose these objects: p,v,i,m,mm
setring b; b;
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+— //  characteristic : O

+— // number of vars : 3

= // block 1 : ordering a

= // : names HF E
= // : weights 111
= // block 2 : ordering 1s

= // : names HF E
= // block 3 : ordering C

+— // noncommutative relations:

= // FH=HF-2F

= // EH=HE+2E

= // EF=FE-H

poly P = oppose(r,p);

vector V = oppose(r,v);

ideal I = oppose(r,i);

matrix M = oppose(r,m);
module MM = oppose(r,mm);
setring r; // now let’s check the correctness:

// print compact presentations of objects
print (matrix(oppose(b,P)-p));
— 0

print (matrix(oppose(b,V)-v));
— 0

print (matrix(oppose(b,I)-1i));
— 0,0,0

print (matrix(oppose(b,M)-m));
— 0,0,0,0,

— 0,0,0,0,

— 0,0,0,0

print (matrix(oppose (b,MM)-mm)) ;
—~ 0,0,0,0,

— 0,0,0,0,

— 0,0,0,0

See Section 6.3.11 [envelope], page 173; Section 6.3.24 [opposite], page 186.

6.3.24 opposite

Syntax:

Type:

Purpose:

Note:

Remark:

opposite ( ring_name )
ring
creates an opposite algebra of a given algebra.

activate the ring with the setring command.

An opposite algebra of a given algebra ( A ,.) is an algebra ( A ;*) with
the same vectorspace but with the opposite multiplication, i.e.

YV f,g € A°PP anew multiplication x on A°? is defined to be fxg :=g-f.

Starting from the variables x_1,...,x_N and the ordering < of the given
algebra, an opposite algebra will have variables X_N,...,.X_1 (where the
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case and the position are reverted). Moreover, it is equipped with an
opposed ordering <_opp (it is given by the matrix, obtained from the
matrix ordering of < with the reverse order of columns).
LIB "ncalg.lib";
def B = makeQso3(3);
// this algebra is a quantum deformation of U(so_3),
// where the quantum parameter is a 6th root of unity
setring B; B;

— //  characteristic : O
// 1 parameter : Q
//  minpoly ¢ (Q2-Q+1)
//  number of vars : 3
// block 1 : ordering dp
// : names Xy z
// block 2 : ordering C

// noncommutative relations:
// yx=(Q-1) *xy+(-Q) *z

// zx=(-Q) *xz+(-Q+1) *y

// zy=(Q-1) *yz+(-Q) *x

def Bopp = opposite(B);

1111111111

setring Bopp;

Bopp;

— //  characteristic : O

— // 1 parameter 1 Q

— // minpoly : (Q2-Q+1)

— // number of vars : 3

= // block 1 : ordering a

= // : names ZYX
= // : weights 111
= // block 2 : ordering 1s

= // : names ZYX
= // block 3 : ordering C

— // noncommutative relations:

= // YZ=(Q-1)*ZY+(-Q) *X

= // XZ=(-Q) *ZX+ (-Q+1) *Y

1

// XY=(Q-1)*YX+(-Q) *Z
See Section B.2.6 [Matrix orderings], page 257; Section 6.3.11 [envelope], page 173;
Section 6.3.23 [oppose], page 185.

6.3.25 preimage (plural)

Syntax: preimage ( ring_name, map_name, ideal_name )
preimage ( ring_name, ideal_expression, ideal_name )
Type: ideal

Purpose: returns the preimage of an ideal under a given map. The second argu-
ment has to be a map from the basering to the given ring (or an ideal
defining such a map), and the ideal has to be an ideal in the given ring.
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Note: To compute the kernel of a map, the preimage of zero has to be deter-
mined. Hence there is no special command for computing the kernel of
a map in PLURAL.

Remark: In the noncommutative case, it is implemented only for maps A -> B |
where A is a commutative ring.

Example:

LIB "ncalg.lib";
ring R = 0,a,dp;

def Usl2 = makeUsl2();
setring Usl2;
poly C = 4*xexf+h~2-2x*h;

// C is a central element of U(sl2)
ideal I = e~3, £73, h~3-4x*h;

ideal J = twostd(I); // two-sided GB
ideal K = std(I); // left GB

map Phi = R,C;

setring R;

ideal PreJ = preimage(Usl2,Phi,J);

// PreJ gives the central character of J

PrelJ;

— PreJ[1]=a2-8a

factorize(PreJ[1],1);

// hence, there are two simple characters for J
— _[1]=a

— _[2]=a-8

ideal PreK = preimage(Usl2,Phi,k);

// the central character of K

PrekK;

— PreK[1]=a3-32a2+192a

factorize(PreK[1],1);

// hence, there are three simple characters for K

— _[1]=a
— _[2]=a-8
— _[3]=a-24

See Section 6.2.1 [ideal (plural)], page 152; Section 6.2.2 [map (plural)], page 156;
Section 6.2.7 [ring (plural)], page 167.

6.3.26 quotient (plural)

Syntax: quotient ( ideal_expression, ideal_expression )
quotient ( module_expression, module_expression )

Type: ideal
Syntax: quotient ( module_expression, ideal_expression )

Type: module
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Purpose:

Note:

Example:

computes the ideal quotient, resp. module quotient. Let R be the base-
ring, I,J ideals and M a module in R". Then
quotient(I,J)={a € R|aJ C I},
quotient(M,J)= {be R" | bJ C M}.

It must used for two-sided ideals (bimodules) only, otherwise the result

may have no meaning.

//—===== a very easy example —-----------
ring r=(0,9), (x,y),Dp;
ncalgebra(q,0); // this algebra is a quantum plane

option(returnSB);

poly f1 = X73+2¥x*xy~2+2%x" 2%y ;
poly f2 =1y;

poly f1’ = x72;

poly £2’ = x+y;

ideal i = f1,f2;

ideal I = twostd(i);

ideal j = f1’,f2’;

ideal J = twostd(j);
quotient(I,J);

— _[1]=y

= _[2]=x2

kill r;

//-====== a bit more complicated example

LIB "ncalg.lib";

def Usl2 = makeUsl2();

// this algebra is U(sl_2)
setring Usl2;

ideal i = e3,f3,h3-4%h;

ideal I = std(i);

poly C = 4xexf+h~2-2x%h;
ideal H = twostd(C-8);
option(returnSB);

ideal Q = quotient(I,H);

// print a compact presentation of Q:
print (matrix(Q));

— h,f3,ef2-4f,e2f-6e,e3

See Section 6.2.1 [ideal (plural)], page 152; Section 6.2.3 [module (plural)], page 159.

6.3.27 reduce (plural)

Syntax:

reduce ( poly_expression, ideal_expression )

reduce ( poly_expression, ideal_expression, int_expression )
reduce ( vector_expression, ideal_expression )

reduce ( vector_expression, ideal_expression, int_expression )
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reduce ( vector_expression, module_expression )

reduce ( vector_expression, module_expression, int_expression )
reduce ( ideal_expression, ideal_expression )

reduce ( ideal_expression, ideal_expression, int_expression )
reduce ( module_expression, ideal_expression )

reduce ( module_expression, ideal_expression, int_expression )
reduce ( module_expression, module_expression )

reduce ( module_expression, module_expression, int_expression )
Type: the type of the first argument

Purpose: reduces a polynomial, vector, ideal or module to its left normal form
with respect to an ideal or module represented by a left Groebner basis.
Returns 0 if and only if the polynomial (resp. vector, ideal, module)
is an element (resp. subideal, submodule) of the ideal (resp. module).
The result may have no meaning if the second argument is not a left
Groebner basis.
The third (optional) argument 1 of type int forces a reduction which
considers only the leading term and does no tail reduction.

Note: The commands reduce and NF are synonymous.

Example:

ring r=(0,a),(e,f,h),Dp;

matrix d[3][3];

d[1,2]=-h; d[1,3]=2e; dI[2,3]=-2f;
ncalgebra(l,d);

// this algebra is a parametric U(sl_2)
ideal I=e2,f2,h2-1;

I=std(I);

// print a compact presentation of I
print (matrix(I));

— h2-1,fh-f,f2,ehte,2%xef-h2-h,e2
ideal J=e,h-a;

J=std (J);

// print a compact presentation of J
print (matrix(J));

— h+(-a),e

poly z=4*exf+h~2-2xh;

// z is the central element of U(sl_2)
NF(z,I); // the central character of I:
— 3

NF(z,J); // the central character of J:
— (a2+2a)

poly nz = z - NF(z,J); // nz will belong to J
NF(nz,J);

— 0

See also Section 6.2.1 [ideal (plural)], page 152; Section 6.2.3 [module (plural)],
page 159; Section 6.3.28 [std (plural)], page 191.
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6.3.28 std (plural)

Syntax:

Type:

Purpose:

Note:

Example:

std ( ideal_expression)

std ( module_expression)

std ( ideal_expression, poly_expression )
std ( module_expression, vector_expression )

ideal or module

returns a left Groebner basis (see Section 6.4.34 [Groebner bases in G-
algebras], page 196 for a definition) of an ideal or module with respect
to the monomial ordering of the basering.

Use an optional second argument of type poly, resp. vector, to construct
the Groebner basis from an already computed one (given as the first
argument) and one additional generator (the second argument).

To view the progress of long running computations, use option(prot).
(see Section 4.1.91 [option], page 206(prot)).

LIB "ncalg.lib";

def R = makeUsl2();

// this algebra is U(sl_2)
setring R;

ideal I = e2, f2, h2-1;

I=std(I);

I;

— I[1]=h2-1

— I[2]=fh-f

— I[3]=eh+e

— I[4]=f2

— I[5]=2ef-h-1

— I[6]=e2

kill R;

A

def RQ = makeQso3(3);
// this algebra is U’_q(so_3),
// where Q is a 6th root of unity

setring RQ;

RQ;

— // characteristic : O

— // 1 parameter : Q

— // minpoly : (Q2-Q+1)

— // number of vars : 3

= // block 1 : ordering dp
= // : names Xy z
= // block 2 : ordering C
— // noncommutative relations:

= // yx=(Q-1) *xy+(-Q) *z
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= // zx=(-Q) *xz+(-Q+1) xy
= // zy=(Q-1) *yz+(-Q) *x
ideal J=x2, y2, z2;
J=std(J);

J;

— J[1]=z

— J[2]=y

— J[3]=x

See also Section 6.2.1 [ideal (plural)], page 152; Section 6.2.7 [ring (plural)], page 167.

6.3.29 subst (plural)

Syntax:

Type:
Purpose:

Example:

subst ( poly_expression,ring_variable, poly_expression )
subst ( vector _expression,ring_variable, poly_expression )
subst ( ideal_expression,ring_variable, poly_expression )
subst ( module _expression,ring_variable, poly_expression )

poly, vector, ideal or module (corresponding to the first argument)

substitutes a ring variable by a polynomial.

LIB "ncalg.lib";

def R = makeUsl2();

// this algebra is U(sl_2)
setring R;

poly C = exfxh;
poly C1 = subst(C,e,h"3);
C1;

— fh4-6fh3+12fh2-8fh
poly C2 = subst(C,f,e+f);
C2;

— e2h+efh

6.3.30 syz (plural)

Syntax:

Type:

Purpose:

Note:

Example:

syz ( ideal_expression )

syz ( module_expression )
module

computes the first syzygy (i.e., the module of relations of the given
generators) of the ideal, resp. module.

if S is a matrix of a left syzygy module of left submodule given by matrix
M, then transpose(S)*transpose(M) = 0.

LIB "ncalg.lib";
def R = makeQso3(3);
setring R;
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option(redSB);
// we wish to have completely reduced bases:
option(redTail);
ideal tst;
ideal J = x3+X,xX*y*z;
print (syz(J));
= -yz,
= x2+1
ideal K = x+ytz,y+z,z;
module S = syz(K);

print(S);

— (Q-1), (-Q+1) *z, Q-1 *y,

= (Q)*z+(-Q+1), (Q-1) *z+(Q) , (Q) *x+(-Q+1) *y,
= y+(-Q)*z, x+(-Q), (-Q)*x-1

tst = ideal (transpose(S)*transpose(X));

// check the property of a syzygy module (tst=0):
size(tst);

— 0

// now compute the Groebner basis of K ...

K = std(K);

// ... print a matrix presentation of K ...
print (matrix(XK));

= Z,¥,X

S = syz(X); // ... and its syzygy module
print(S);

=y, (-Q) xyz+(Q) *x,y2+1,

= (Q)*z,-z2-1, (Q *yz+(-Q) *x,

— (Q-1),0, 0

tst = ideal(transpose(S)*transpose(K));

// check the property of a syzygy module (tst=0):
size(tst);

= 0

// but the "commutative" syzygy property does not hold
size(ideal (matrix (K)*matrix(S)));

— 1

See also Section 6.2.1 [ideal (plural)], page 152; Section 6.3.18 [minres (plural)],
page 179; Section 6.2.3 [module (plural)], page 159; Section 6.3.20 [mres (plural)],
page 180; Section 6.3.22 [nres (plural)], page 184.

6.3.31 twostd

Syntax:
Type:

Purpose:

twostd( ideal_expression);
ideal or module

returns a left Groebner basis of the two-sided ideal, generated by the
input, treated as a set of two-sided generators. see Section 4.1.125 [std],
page 240
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Remark: There are algebras with no two-sided ideals except 0 and the whole
algebra (like Weyl algebras).

Example:

LIB "ncalg.lib";

def U = makeUs12(); // this algebra is U(sl_2)

setring U;

ideal i= e"3, £7°3, h"3 - 4xh;

option(redSB);

option(redTail);

ideal I = std(i);

// print a compact presentation of I:

print (matrix(I));

+— h3-4h,fh2-2fh,eh2+2eh,2efh-h2-2h,f3,e3

ideal J = twostd(i);

// print a compact presentation of J:

print (matrix(J));

— h3-4h,fh2-2fh,eh2+2eh, f2h-2f2,2efh-h2-2h, \
e2h+2e2, £3,ef2-fh,e2f-eh-2e,e3

// compute the set of elements present in J but not in I

ideal K = NF(J,I);

K = K+0; // simplify K

print (matrix (X)) ;

— f2h-2f2,e2h+2e2,ef2-fh,e2f-eh-2e

6.3.32 vdim (plural)

Syntax: vdim ( ideal_expression )
vdim ( module_expression )

Type: int

Purpose: computes the vector space dimension of the factor-module that equals
ring (resp. free module) modulo the ideal (resp. submodule), generated
by the leading terms of the given generators.

If the factor-module is not of finite dimension, -1 is returned.

If the generators form a Groebner basis, this is the same as the vector
space dimension of the factor-module.

Note: In the noncommutative case, a ring modulo an ideal has a ring stucture
if and only if the ideal is two-sided.

Example:
ring R=0, (x,y,z),dp;
matrix d[3][3];
d[1,2]=-z; dl[1,3]1=2x; d[2,3]=-2y;
ncalgebra(l,d); //U(sl_2)
option(redSB); option(redTail);
ideal I=x3,y3,z3-z;
I=std(I);
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(]

I[1]=2z3-z

I[2]=y3

I[3]=x3

I[4]=y2z2-y2z

I[5]=x2z2+x2z
I[6]=x2y2z-2xyz2-2xyz+222+2z
vdim(I);

— 21

11111

1

See also Section 6.2.1 [ideal (plural)], page 152; Section 6.3.15 [kbase (plural)],
page 176; Section 6.3.28 [std (plural)], page 191.

6.4 Mathematical background (plural)

This section introduces some of the mathematical notions and definitions used
throughout the PLURAL manual. For details, please, refer to appropriate articles
or text books (see Section 6.4.36 [References (plural)], page 199). A detailed dis-
cussion of the subjects in this section can be found in the doctoral thesis [LV] of V.
Levandovskyy (see Section 6.4.36 [References (plural)], page 199).

All algebras are assumed to be associative K -algebras for some field K .

6.4.33 G-algebras

Definition (PBW basis)

Let K be a field, and let a K-algebra A be generated by variables x4, ..., x, subject
to some relations. We call A an algebra with PBW basis (Poincaré-Birkhoff-Witt

basis), if a K—basis of A is Mon(z1,...,z,) = {z{*z5* ... 2% | a; € NU{0}}, where
a power-product x{'z5*...z% (in this particular order) is called a monomial. For

example, x1x, is a monomial, while xoz; is, in general, not a monomial.

Definition (G-algebra)

Let K be a field, and let a K-algebra A be given in terms of generators subject to
the following relations:

A=K(x,...,z, | {zjo; = ¢;j - xixj + dij}, 1 < i < j < n), where ¢;; € K*,d;; €
Klxy,...,x,).

A is called a G—algebra, if the following conditions hold:
e there is a monomial well-ordering j such that Vi < j LM(d;;) < x;z;,

e non-degeneracy conditions: V1 <i<j<k<n : NDC;; =0, where

NDCiji = circji - dijoy — Tpdij + Cjt, - Tidig — Cij - ATy + djp; — CijCip, - Tidjp..
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Theorem (properties of G-algebras)

Let A be a G-algebra. Then
A has a PBW (Poincaré-Birkhoff-Witt) basis,
A is left and right noetherian,

A is an integral domain.

Setting up a G-algebra

In order to set up a G-algebra in Plural, one has to do the following steps:

define a commutative ring R = K[z, ..., z,], equipped with a global monomial
ordering < (see Section 6.2.7.1 [ring declarations (plural)], page 168).
This provides us with the information on a field K (together with its parame-
ters), variables {x;} and an ordering <.
From the sequence of variables we will build a G-algebra with the PBW basis
{xfx5? .. aln .
Define strictly n x n upper triangular matrices (of type matrix)
1. C ={¢yj,i < j}, with nonzero entries ¢;; of type number (¢;; for i > j will
be ignored).
2. D ={dy,
ignored).

i < j}, with polynomial entries d;; from R (d;; for i > j will be

Call the initialization function ncalgebra(C,D) (see Section 6.3.21 [ncalgebral,
page 182) with the data C' and D.

At present, PLURAL does not check automatically whether the non-degeneracy con-
ditions hold but it provides a procedure Section 6.5.43.3 [ndcond], page 229 from
the library Section 6.5.43 [nctools_lib], page 226 to check this.

6.4.34 Groebner bases in (G-algebras

We follow the notations, used in the SINGULAR Manual (e.g. in Section C.1 [Stan-
dard bases], page 261).

For a G—algebra A, we denote by (g1, ...,9s) the left submodule of a free module
A", generated by elements {g;,...,g,} C A".

Let < be a fixed monomial well-ordering on the G—algebra A with the PBW basis
{z® = x*'x5* ... 2% }. For a given free module A" with the basis {e,...,e,.}, <
denotes also a fixed module ordering on the set of monomials {z%¢; | & € N",1 <
i <r}.

Definition

For a set S C A", define L(S) to be the K—vector space, spanned on the leading
monomials of elements of S, L(S) = &{Kz%¢; | Is € S,LM(s) = x¢;}. We call
L(S) the span of leading monomials of S.
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Let I C A" be a left A-submodule. A finite set G C I is called a left Groebner
basis of I if and only if L(G) = L(I), that is for any f € I\ {0} there exists a
g € G satisfying LM(g) | LM(f), i.e., if LM(f) = z“¢;, then LM(f) = z”¢; with
B <oy, 1< <n.

Remark: In the non-commutative case we are working with well ordering only (see
Section 6.1 [Getting started with PLURALJ, page 151, Section B.2 [Monomial or-
derings|, page 254 and Section 2.3.3 [Term orderings|, page 37).

A Groebner basis G C A" is called minimal (or reduced) if 0 ¢ G and if LM(g) ¢
L(G \ {g}) for all g € G. Note, that any Groebner basis can be made minimal by
deleting successively those g with LM(h) | LM(g) for some h € G\ {g}.

For f € A" and G C A" we say that f is completely reduced with respect to G if
no monomial of f is contained in L(G).

Left Normal Form

A map NF : A" x {G | G a (left) Groebner basis} — A", (f|G) —
NF(f|G), is called a (left) normal form on A" if for any f € A" and any
left Groebner basis G the following holds:

(i) NF(0|G) =0,

(ii) if NF(f|G) # 0 then LM(g) does not divide LM(NF(f|G)) for all
geG,

(iii) £ — NF(f]G) € 4(G).

NF(f|G) is called a left normal form of f with respect to G (note that
such a map is not unique).

Remark: As we have already mentioned in the definitions ideal and module (see
Section 6.1 [Getting started with PLURAL]|, page 151), PLURAL works with left

normal form only.

Left ideal membership

For a left Groebner basis G' of I the following holds: f € I if and only
if the left normal form NF(f|G) = 0.

6.4.35 Syzygies and resolutions (plural)
Syzygies

Let K be a field and < a well ordering on A" = @!_, Ae;. A left (resp. right) syzygy
between k elements {fi,..., fv} C A" is a k-tuple (g1,...,gx) € A satisfying

k k
Zgifi =0 resp. Z Jigi = 0.
1=1 i=1
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The set of all left (resp. right) syzygies between {fi, ..., fr} is a left (resp. right)
submodule S of AF.

Remark: With respect to the definitions of ideal and module (see Section 6.1
[Getting started with PLURALJ, page 151), PLURAL works with left syzygies only
(by syz we understand a left syzygy). If S is a matrix of a left syzygy module of
left submodule given by matrix M, then transpose(S)*transpose(M) = 0 (but, in
general, M - S #0).

Note, that the syzygy modules of I depend on a choice of generators {gi,...,gs},
but one can show that they depend on I uniquely up to direct summands.

Free resolutions

Let I = 4{g1,...,9s) € A" and M = A"/I. A free resolution of M is a long exact
sequence

2R 2SR M —0,

with transpose(B;,) - transpose(B;) =0

and where the columns of the matrix B; generate I . Note, that resolutions over
factor-algebras need not to be of finite length.

Generalized Hilbert Syzygy Theorem

For a G—algebra A, generated by n variables, there exists a free resolution of length
smaller or equal than n .

Example:

ring R=0, (x,y,2),dp;

matrix d[3][3];

d[1,2]=-z; dI[1,3]=2x; d[2,3]=-2y;
ncalgebra(l,d); // this algebra is U(sl_2)
option(redSB); option(redTail);

ideal I=x3,y3,z3-z;

I=std(I);

I

— I[1]=23-z

— I[2]=y3

— I[3]=x3

— I[4]=y2z2-y2z
— I[5]=x2z2+x2z
s

I1[6]=x2y2z-2xyz2-2xyz+222+2z
resolution resIl = mres(I,0);
resl;
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— 0 1 2 3

—

// The matrix A_1 is given by

print (matrix(resI[1]));

— z3-z,y3,x3,y2z2-y2z,x222+x2z

// We see that the columns of A_1 generate I.
// The matrix A_2 is given by

print (matrix(resI[2]));

0, 0, y2, x2, 6yz, -36xy+18z+24,-6xz,
z2+11z+30,0, 0, 0, 2x2z+12x2, 2x3, O,

0, z2-11z+30,0, 0, 0,-2y3, 2y2z-12y2,

-y, 0, -z-5, 0, x2y-6xz-30x, 9x2, x3,

0, -x, 0, -z+5,-y3, -9y2, -xy2-4yz+28y
// now, let us show that the resolution is exact
ideal tst;

matrix TST;

// the 2nd term ...

TST = transpose(resI[3])*transpose(resI[2]);
tst = std(ideal(TST));

tst;

— tst[1]=0

// the 1st term ...

TST = transpose(resI[2])*transpose(resI[1]);
tst = std(ideal(TST));

tst;

— tst[1]=0

11111

6.4.36 References (plural)

The Centre for Computer Algebra Kaiserslautern publishes a series of
preprints which are electronically available at http://www.mathematik.uni-
kl.de/"zca/Reports_on_ca. Other sources to check are the following books and
articles:

Text books

e Y. Drozd and V. Kirichenko. Finite dimensional algebras. With an appendix
by Vlastimil Dlab. Springer, 1994

e [GPS] Greuel, G.-M. and Pfister, G. with contributions by Bachmann, O. ;
Lossen, C. and Schénemann, H. A SINGULAR Introduction to Commutative
Algebra. Springer, 2002

e [BGV] Bueso, J.; Gomez Torrecillas, J.; Verschoren, A. Algorithmic methods in
non-commutative algebra. Applications to quantum groups. Kluwer Academic
Publishers, 2003

e Kredel, H. Solvable polynomial rings. Shaker, 1993

e [Li] Huishi Li. Noncommutative Grobner bases and filtered-graded transfer.
Springer, 2002
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e [MR] McConnell, J.C. and Robson, J.C. Noncommutative Noetherian rings.
With the cooperation of L. W. Small. Graduate Studies in Mathematics. 30.
Providence, RI: American Mathematical Society (AMS)., 2001

Descriptions of algorithms and problems

e Havlicek, M. and Klimyk, A. and Posta, S. Central elements of the algebras
U, (s0,) and U, (iso,,). arXiv. math. QA /9911130, (1999)

e J. Apel. Grobnerbasen in nichtkommutativen algebren und ihre anwendung.
Dissertation, Universitat Leipzig, 1988.

e Apel, J. Computational ideal theory in finitely generated extension rings.
Theor. Comput. Sci.(2000), 244(1-2):1-33

e O. Bachmann and H. Schonemann. Monomial operations for computations of
Grobner bases. In Reports On Computer Algebra 18. Centre for Computer
Algebra, University of Kaiserslautern (1998)

e D. Decker and D. Eisenbud. Sheaf algorithms using the exterior algebra. In
Eisenbud, D.; Grayson, D.; Stillman, M.; Sturmfels, B., editor, Computations
in algebraic geometry with Macaulay 2, (2001)

e Jose L. Bueso, J. Gomez Torrecillas and F. J. Lobillo. Computing the Gelfand-
Kirillov dimension II. In A. Granja, J. A. Hermida and A. Verschoren eds. Ring
Theory and Algebraic Geometry, Lect. Not. in Pure and Appl. Maths., Marcel
Dekker, 2001.

e Jose L. Bueso, J. Gomez Torrecillas and F. J. Lobillo. Re-filtering and exactness
of the Gelfand-Kirillov dimension. Bulletin des Sciences Mathematiques 125(8),
689-715 (2001).

e J. Gomez Torrecillas and F.J. Lobillo. Global homological dimension of mul-
tifiltered rings and quantized enveloping algebras. J. Algebra, 225(2):522-533,
2000.

e N. Iorgov. On the Center of g-Deformed Algebra U; (so3) Related to Quantum
Gravity at ¢ a Root of 1. In Proceedings of IV Int. Conf. "Symmetry in
Nonlinear Mathematical Physics",(2001) Kyiv, Ukraine

e A. Kandri-Rody and V. Weispfenning. Non-commutative Grobner bases in
algebras of solvable type. J. Symbolic Computation, 9(1):1-26, 1990.

e Levandovskyy, V. On Grobner bases for non-commutative G-algebras. In Kre-
del, H. and Seiler, W.K., editor, Proceedings of the 8th Rhine Workshop on
Computer Algebra, 2002.

e [L1] Levandovskyy, V. PBW Bases, Non-degeneracy Conditions and Applica-
tions. In Buchweitz, R.-O. and Lenzing, H., editor, Proceedings of the ICRA X
conference, Toronto, 2003.

e [LS] Levandovskyy V.; Schonemann, H. Plural - a computer algebra system for
noncommutative polynomial algebras. In Proc. of the International Symposium
on Symbolic and Algebraic Computation (ISSAC’03). ACM Press, 2003.



Chapter 6: Singular:Plural Manual 201

[LV] Levandovskyy, V. Non-commutative Computer Algebra for polynomial al-
gebras: Grobner bases, applications and implementation. Doctoral Thesis, Uni-
versitat Kaiserslautern, 2005.

[L2] Levandovskyy, V. On preimages of ideals in certain non-commutative al-
gebras. In Pfister G., Cojocaru S. and Ufnarovski, V. (editors), Computational
Commutative and Non-Commutative Algebraic Geometry, I0S Press, 2005.

Mora, T. Grobner bases for non-commutative polynomial rings. Proc. AAECC
3 Lect. N. Comp. Sci, 229: 353-362, 1986.

Mora, T. An introduction to commutative and non-commutative Groebner
bases. Theor. Comp. Sci., 134: 131-173, 1994.

T. Niifller and H. Schénemann. Grobner bases in algebras with zero-divisors.
Preprint 244, Universitat Kaiserslautern, 1993.

Ringel, C. M. PBW-bases of quantum groups. J. Reine Angew. Math., 470:51-
88, 1996.

Schonemann, H. Singular in a Framework for Polynomial Computations. In
Joswig, M. and Takayama, N., editor, Algebra, Geometry and Software Systems,
pages 163-176. Springer, 2003.

T. Yan. The geobucket data structure for polynomials. J. Symbolic Computa-
tion, 25(3):285-294, March 1998.

6.5 PLURAL libraries

PLURAL comes with a set of standard libraries. Their content is described in the

following subsections.

Use the LIB command for loading of single libraries.

Note: For any computation in PLURAL, the monomial ordering must be a global

ordering.

6.5.37 center_lib

Library:  center.lib

Purpose: computation of central elements of G-algebras and their factor-algebras.

Author: Oleksandr Motsak, motsak@mathematik.uni-kl.de.

Overview: This is a library for computing the central elements and centralizers of

elements in various noncommutative algebras. Implementation is based
on algorithms, written in the frame of the diploma thesis by O. Motsak
(advisor: Prof. S.A. Ovsienko, support: V. Levandovskyy), at Kyiv
Taras Shevchenko University (Ukraine) with the title ’An algorithm for
the computation of the center of noncommutative polynomial algebra’.

Support:  Forschungsschwerpunkt "Mathematik und Praxis’, University of Kaiser-

slautern

Procedures:
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6.5.37.1 center

Procedure from library center.1ib (see Section 6.5.37 [center_lib], page 201).
Return: ideal, generated by elements of degree at most MaxDeg
Purpose: computes a minimal set of central elements up to degree MaxDeg.

Note: In general, one cannot predict the number or the heighest degree of
central elements. Hence, one has to specify a termination condition via
arguments MaxDeg and/or N.
If MaxDeg is positive, the computation stops after all central elements
of degree at most MaxDeg has been found.
If MaxDeg is negative, the termination is determined by N only.
If N is given, the computation stops if at least N central elements has
been found.
Warning: if N is given and bigger than the real number of generators,
the procedure may not terminate.

Example:

LIB "center.1lib";

ring A = 0,(x,y,2z,t),dp;

matrix D[4] [4]=0;

D[1,2]=-z; DI[1,3]1=2%x; D[2,3]=-2%y;

ncalgebra(1,D); // this algebra is U(sl_2) tensored with K[t]
ideal Z = center(3); // find all central elements of degree <= 3
Z;

— Z[1]=t

— Z[2]=4xy+z2-2z

inCenter(Z);

— 1

// find the generator of the center of the lowest degree
ideal ZZ = center(-1, 1);

Z7;

— ZZ[1]=t

inCenter(ZZ);

— 1

Section 6.5.37.2 [centralizer|, page 202, Section 6.5.37.3 [inCenter|, page 204

6.5.37.2 centralizer

Procedure from library center.1lib (see Section 6.5.37 [center_lib], page 201).
Return: ideal, generated by elements of degree <= MaxDeg
Purpose: computes a minimal set of elements centralizer(S) up to degree MaxDeg.

Note: In general, one cannot predict the number or the heighest degree of cen-
tralizing elements. Hence, one has to specify a termination condition
via arguments MaxDeg and/or N.
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If MaxDeg is positive, the computation stops after all centralizing ele-
ments of degree at most MaxDeg has been found.

If MaxDeg is negative, the termination is determined by N only.

If N is given, the computation stops if at least N centralizing elements
has been found.

Warning: if N is given and bigger than the real number of generators,
the procedure may not terminate.

Example:

LIB "center.lib";
ring A = 0,(x,y,2),dp;
matrix D[3] [3]=0;
D[1,2]=-z; D[1,3]=2*x; D[2,3]=-2*y;
ncalgebra(1,D); // this algebra is U(sl_2)
poly f = 4*xxy+z~2-2%z; // a central polynomial
f;
— 4xy+z2-2z
// find generators of the centralizer of f:
ideal c¢ = centralizer(f, 2);
// of degree <= 2
c; // since f is central, these are the generators of A
— c[1]=z
— c[2]=y
— c[3]=x
inCentralizer(c, f);
— 1
// find at least two generators of the centralizer of f:
ideal cc = centralizer(f,-1,2);
cc;
— ccl[l]l=z
— ccl[2]=y
— cc[3]=x
inCentralizer(cc, f);
— 1
poly g = z"2-2%z; // some non-central polynomial
// find all elements of the centralizer of g:
// of degree <= 2
c = centralizer(g, 2);
c;
— c[1]=z
— c[2]=xy
inCentralizer(c, g);
— 1
// find the element of the lowest degree in the centralizer:
centralizer(g,-1,1);
— _[1]=z
// find at least two elements of the centralizer of g:
cc;
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cc = centralizer(g,-1,2);
— ccll]=z

— ccl[2]=xy
inCentralizer(cc, g);

— 1

Section 6.5.37.1 [center], page 202, Section 6.5.37.4 [inCentralizer|, page 204

6.5.37.3 inCenter

Procedure from library center.1ib (see Section 6.5.37 [center_lib], page 201).
Return: integer, 1 if a in the center, 0 otherwise
Purpose: check whether a given element is central

Example:
LIB "center.lib";
ring r=0, (x,y,z),dp;
matrix D[3][3]=0;

D[1,2]=-z;
D[1,3]=2*x;
D[2,3]=-2xy;

ncalgebra(1,D); // this is U(sl_2)
poly p=4*x*xy+z~2-2%z;

inCenter (p);

=1

poly f=4xx*y;

inCenter(f);

— 0

list 1= 1list( 1, p, p~2, p~3);
inCenter (1) ;

=1

ideal I= p, f;

inCenter(I);

= 0

6.5.37.4 inCentralizer

Procedure from library center.1lib (see Section 6.5.37 [center_lib], page 201).
Return:  integer, 1 if a in the centralizer(S), 0 otherwise

Purpose: check whether a given element is centralizing with respect to elements
of S

Example:

LIB "center.lib";

ring r=0, (x,y,z),dp;

matrix D[3] [3]=0;

D[1,2]=-z;

ncalgebra(1,D); // the Heisenberg algebra
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poly f = x72;

poly a = z; // we know this element if central
poly b = y~2;

inCentralizer(a, f);

=1

inCentralizer (b, f);
— 0

list 1 = list(1, a);
inCentralizer(l, f);
= 1

ideal I = a, b;
inCentralizer (I, f);
— 0

6.5.37.5 isCartan

Procedure from library center.1lib (see Section 6.5.37 [center_lib], page 201).
Purpose:  check whether f is Cartan’s element
Return: 1 if f is Cartan’s element and 0 otherwise.

Note: f is Cartan’s element <=> Vg € A, Ja € K such that [f,g] = a*xg. <=>
Vv, (variables of A), 3o € K such that [f,v;] = a * v,

Example:

LIB "center.lib";
ring r=0, (x,y,z),dp;
matrix D[3][3]=0;

D[1,2]=-z;
D[1,3]=2*x;
D[2,3]=-2xy;

ncalgebra(1,D); // this is U(sl_2) with cartan - z
isCartan(z); // yes!

=1

poly p=4*x*y+z~2-2%z;

isCartan(p); // central elements are cartans!

=1

poly f=4xx*y;

isCartan(f); // no way!

— 0

isCartan( 10 + p + z ); // scalar + central + cartan
=1

6.5.37.6 sa_reduce

Procedure from library center.1ib (see Section 6.5.37 [center_lib], page 201).

Purpose: subalgebra reduction of a set of pairwise commuting polynomials.
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6.5.37.7 sa_poly_reduce

Procedure from library center.1lib (see Section 6.5.37 [center_lib], page 201).

Purpose: subalgebra reduction of a given polynomial f wrt a set of pairwise com-
muting polynomials.

6.5.38 involut_lib

Library:  involut.lib
Purpose: Procedures for Computations and Operations with Involutions

Authors:  Oleksandr Iena, yena@mathematik.uni-kl.de,
Markus Becker, mbecker@mathematik.uni-kl.de,
Viktor Levandovskyy, levandov@mathematik.uni-kl.de

Theory: Involution is an antiisomorphism of a noncommutative algebra with the
property that applied an involution twice, one gets an identity. In-
volution is linear with respect to the ground field. In this library we
compute linear involutions, distinguishing the case of a diagonal matrix
(such involutions are called homothetic) and a general one.

Support:  Forschungsschwerpunkt "Mathematik und Praxis’ (Project of Dr. E.
Zerz and V. Levandovskyy), Uni Kaiserslautern

Note: This library provides algebraic tools for computations and operations
with algebraic involutions and linear automorphisms of noncommutative
algebras

Procedures:

6.5.38.1 findInvo

Procedure from library involut.1lib (see Section 6.5.38 [involut_lib], page 206).
Usage: findInvo();

Return: a ring containing a list L of pairs, where
L[i][1] = Groebner Basis of an i-th associated prime,
L[i][2] = matrix, defining a linear map, with entries, reduced with respect
to L[i][1]

Purpose: computed the ideal of linear involutions of the basering

Note: for convenience, the full ideal of relations idJ and the initial matrix with
indeterminates matD are exported in the output ring

Example:
LIB "involut.lib";
def a = makeWeyl(1l);
setring a; // this algebra is a first Weyl algebra
def X = findInvo();
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setring X;
// ring with new variables,
// which correspond to unknown coefficients

L;

— [1]:

— [1]:

— _[1]=a11+a22

= _[2]=a12%a21+a22"2-1
— [2]:

= _[1,1]=-a22

— _[1,2]=a12

— _[2,1]=a21

— _[2,2]=a22

// look at the matrix in the new variables,

// defining the linear involution

print (L[1][2]);

— -a22,al2,

— a1, a22

L[1]1[1]; // where new variables obey these relations
— _[1]=al1+a22

— _[2]=al12*a21+a22"2-1

Section 6.5.38.2 [findInvoDiag], page 207, Section 6.5.38.5 [involution], page 210

6.5.38.2 findInvoDiag

Procedure from library involut.1lib (see Section 6.5.38 [involut_lib], page 206).

Usage: findInvoDiag();

Return: a ring together with a list of pairs L, where

L[i][1] = Groebner Basis of an i-th associated prime,
L[i][2] = matrix, defining a linear map, with entries, reduced with respect
to L[i][1]

Purpose: compute the ideal of homothetic (diagonal) involutions of the basering

Note:

for convenience, the full ideal of relations idJ and the initial matrix with
indeterminates matD are exported in the output ring

Example:

LIB "involut.lib";

def a = makeWeyl(1);

setring a; // this algebra is a first Weyl algebra

def X = findInvoDiag();

setring X; // ring with new variables,

// which correspond to unknown coefficients

// print matrices, defining linear involutions
print(L[1]1[2]); // a first matrix: we see it is constant
— -1,0,

— 0, 1
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print(L[2][2]); // a second possible matrix; it is constant too

—~ 1,0,

— 0,-1

L; // let us take a look on the whole list
— [1]:

— [1]:

— _[1]=a22-1
— _[2]=a11+1
— [2]:

= _[1,1]1=-1
= _[1,2]1=0
= _[2,1]1=0
= _[2,2]=1
— [2]:

— [1]:

— _[11=a22+1
— _[2]=a11-1
— [2]:

= _[1,1]=1
= _[1,2]1=0
= _[2,1]1=0
— _[2,2]=-1

Section 6.5.38.1 [findInvo], page 206, Section 6.5.38.5 [involution], page 210

6.5.38.3 findAuto

Procedure from library involut.1lib (see Section 6.5.38 [involut_lib], page 206).
Usage: findAuto(n); n an integer

Return: a ring together with a list of pairs L, where
L[i][1] = Groebner Basis of an i-th associated prime,
L[i][2] = matrix, defining a linear map, with entries, reduced with respect
to L[i][1]

Purpose: computes the ideal of linear automorphisms of the basering, given by a
matrix, n-th power of which gives identity (i.e. unipotent matrix)

Note: if n=0, a matrix, defining an automorphism is not assumed to be unipo-
tent. For convenience, the full ideal of relations idJ and the initial
matrix with indeterminates matD are exported in the output ring

Example:

LIB "involut.lib";

def a = makeWeyl(1);

setring a; // this algebra is a first Weyl algebra

def X = findAuto(2);

setring X; // ring with new variables - unknown coefficients
// look at matrices, defining linear automorphisms:
print(L[1]1[2]); // a first one: we see it is constant
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—~ 1,0,

— 0,1

print(L[2][2]); // a second possible matrix; it is constant too
-1,0,

0, -1

// let us take a look on the whole list

[1]:

[1]:
_[1]=a22-1
_[2]=a21
_[3]=a12
_[4]=a11-1

[2]:

_[1,1]1=1

_[1,2]=0

_[2,1]=0

_[2,2]=1
[2]:

[1]:
_[1]=a22+1
_[2]=a21
_[3]=a12
_[4]=a11+1

[2]:
_[1,1]=-1
_[1,2]=0
_[2,11=0
_[2,2]=-1

Section 6.5.38.1 [findInvo], page 206

1111711711711 11111111T11111T1TST01

6.5.38.4 ncdetection

Procedure from library involut.1lib (see Section 6.5.38 [involut_lib], page 206).
Usage: ncdetection();
Return: ideal, representing an involution map

Purpose: compute classical involutions (i.e. acting rather on operators than on
variables) for some particular noncommutative algebras

Assume:  the procedure is aimed at noncommutative algebras with differential,
shift or advance operators arising in Control Theory. It has to be exe-
cuted in the ring.

Example:

LIB "involut.lib";

ring r=0,(x,y,z,D(1..3)),dp;
matrix D[6] [6];

D[1,4]=1; D[2,5]=1; DI[3,6]=1;



210

ncalgebra(1,D);

ncdetection();

— _[1]=x

— _[2]=y

— _[3]=z

— _[4]=-D(1)

— _[56]=-D(2)

— _[6]=-D(3)

kill r;
Rt

ring r=0, (x,S),dp;
ncalgebra(1,-S);
ncdetection();

— _[1]=-x

— _[2]=8

kill r;

ring r=0,(x,D(1),S),dp;
matrix D[3][3];
D[1,2]=1; DI[1,3]=-S;
ncalgebra(1,D);

ncdetection();
— _[1]=-x

— _[2]=D(1)
— _[3]=8

6.5.38.5 involution
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Procedure from library involut.1lib (see Section 6.5.38 [involut_lib], page 206).

Usage:
a map
Return: object of the same type as m
Purpose:
Theory:
field
Example:

involution(m, theta); m is a poly/vector/ideal/matrix/module, theta is

applies the involution, presented by theta to the object m

for an involution theta and two polynomials a,b from the algebra,

theta(ab) = theta(b) theta(a); theta is linear with respect to the ground

LIB "involut.lib";
ring r = 0,(x,d),dp;

ncalgebra(1,1); // Weyl-Algebra

map F = r,x,-d;
poly £ = =x*d"2+d;

poly If = involution(f,F);

f-If;

— 0

poly g = x72xd+2*x*d+3*x+7*d;
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poly tg = —-d*x"2-2%d*xx+3*x-7*d;
poly Ig = involution(g,F);
tg-1g;

= 0

ideal I = £,g;

ideal II = involution(I,F);

I1;

— II[1]=xd2+d

— II[2]=-x2d-2xd+x-7d-2

I - involution(II,F);

— _[1,1]1=0

— _[1,2]=0

module M = [f,g,0],[g,0,x"2%d];
module IM
print (IM);
— xd2+d, -x2d-2xd+x-7d-2,
— -x2d-2xd+x-7d-2,0,

— 0, -x2d-2x

print(M - involution(IM,F));

— 0,0,

— 0,0,

— 0,0

involution(M,F);

6.5.39 gkdim_lib

Library: GKdim.lib
Purpose:  Procedures for calculating the Gelfand-Kirillov dimension

Authors:  Lobillo, F.J., jlobillo@ugr.es
Rabelo, C., crabelo@ugr.es

Support: ’'Metodos algebraicos y efectivos en grupos cuanticos’, BFM2001-3141,
MCYT, Jose Gomez-Torrecillas (Main researcher).

Procedures:

6.5.39.1 GKdim

Procedure from library gkdim.1lib (see Section 6.5.39 [gkdim_lib], page 211).
Usage: GKdim(L); L is a left ideal/module/matrix
Return: int

Purpose: compute the Gelfand-Kirillov dimension of the factor-module, whose
presentation is given by L

Note: if the factor-module is zero, -1 is returned

Example:
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LIB "gkdim.1lib";
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ring r = 0,(x,y,z),Dp;

matrix C[3][3]=0,1,1,0,0,-1,0,0,0;
matrix D[3][3]=0,0,0,0,0,x;
ncalgebra(C,D);

r;

1

11111

—

—

//
//
//
//
//
//
//

2

characteristic : O

number of vars : 3
block 1 : ordering Dp

. names Xy z

block 2 : ordering C

noncommutative relations:

Zy=-yz+Xx
ideal I=x;
GKdim(I);

ideal J=x2,y;
GKdim(J);

—

1

module M=[x2,y,1], [x,y2,0];
GKdim(M) ;

—

ideal A = x,y,2;

3

GKdim(A);

—

0

ideal B
GKdim(B) ;

—

-1

=1’

6.5.40 ncall_lib

The library ncall.lib provides a convenient way to load all libraries, featuring

noncommutative algorithms of the SINGULAR distribution.

Example:

option(loadLib);
"ncall.lib";

IIIIIIIIIIIIE

//
//
//
//
//
//
//
//
//
//
//
//

*k
*k
*k
*k
*k
*k
*k
*k
*k
*k
*k
*k

loaded
loaded
loaded
loaded
loaded
loaded
loaded
loaded
loaded
loaded
loaded
loaded

ncall.lib (1.4,2005/06/07)
involut.lib (1.8,2005/06/10)
primdec.lib (1.105,2005/05/06)
triang.lib (1.9,2005/05/10)
matrix.lib (1.30,2005/05/06)
ring.1lib (1.26,2005/05/18)
inout.lib (1.25,2005/05/10)
random.lib (1.16,2001/01/16)
elim.1ib (1.18,2005/05/18)
general.lib (1.47,2005/05/10)
poly.lib (1.37,2005/05/18)
gmatrix.lib (1.12,2005/05/18)
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//
//
//
//
//
//

1111110

*x loaded gkdim.lib (1.9,2005/05/09)

%% Jloaded nctools.lib (1.17,2005/08/12)
** loaded ncdecomp.lib (1.11,2005/05/18)
** loaded ncalg.lib (1.15,2005/08/12)

*% loaded toric.lib (1.11,2001/02/06)

**x loaded center.lib (1.16,2005/05/18)

6.5.41 ncalg_lib

Library:  ncalg.lib

Purpose:  Definitions of important GR-algebras

Authors:  Viktor Levandovskyy, levandov@mathematik.uni-kl.de,
Oleksandr Motsak, motsak@mathematik.uni-kl.de.

Conventions:
This library provides pre-defined important noncommutative algebras.
For universal enveloping algebras of finite dimensional Lie algebras sl_n,
gl_n and g_2 there are functions makeUsl, makeUgl and makeUg2.
There are quantized enveloping algebras U_q(sl-2) and U_q(sl_3) (via
functions makeQs12, makeQs13)
and non-standard quantum deformation of so_3, accessible via makeQso3
function.

Procedures:

6.5.41.1 makeUsl

Procedure from library ncalg.1ib (see Section 6.5.41 [ncalg_lib], page 213).

Usage:

Return:

Purpose:

Note:

Example:

makeUsl(n,[p]); n an integer, n>1; p an optional integer (field character-
istic)

ring

set up the U(sl.n) in the variables ( x(i),y(i),h(i) | i=1..n+1) over the
field of char p

activate this ring with the setring command

This presentation of U(sl_.n) is the standard one, i.e. positive resp.
negative roots are denoted by x(i) resp. y(i) and the Cartan elements
are denoted by h(i).

The variables are ordered as x(1),...x(n),y(1),...,y(n),h(1),...h(n).

LIB "ncalg.lib";

= makeUsl(3);

setring a;

def a
a;
= //

= //

characteristic : 0O
number of vars : 8
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// block 1: ordering dp
// : names x(1) x(2) x(3) y(1) y(2) y(3) h(1) h(2)
// block 2: ordering C

//  noncommutative relations:
// x(2)x(1)=x(1)*x(2)-x(3)
// y(Dx(1)=x(1)*y(1)-h(1)
// y(3)x(1)=x(1)*xy(3)+y(2)
// h(1)x(1)=x(1)*h(1)+2*x (1)
// h(2)x(1)=x(1)*h(2)-x(1)
// y(2)x(2)=x(2)*y(2)-h(2)
// y(3)x(2)=x(2)*y(3)-y (1)
// h(1)x(2)=x(2)*h(1)-x(2)
// h(2)x(2)=x(2)*h(2)+2*x(2)
// y(1)x(3)=x(3) *y (1) +x(2)
// y(2)x(3)=x(3)*y(2)-x(1)
// y(3)x(3)=x(3)*y(3)-h(1)-h(2)
// h(1)x(3)=x(3)*h (1) +x(3)
// h(2)x(3)=x(3)*h(2)+x(3)
// y(2)y (1) =y (1) *y(2)+y(3)
// h(1D)y(1)=y(1)*h(1)-2*xy(1)
// h(2)y(1)=y(1)*h(2)+y(1)
// h(1)y(2)=y(2)*h(1)+y(2)
// h(2)y(2)=y(2)*h(2)-2*y(2)
// h(1)y(3)=y(3)*h(1)-y(3)
= // h(2)y(3)=y(3)*h(2)-y(3)

Section 6.5.41.2 [makeUsl2], page 214, Section 6.5.41.3 [makeUg2], page 215, Sec-

tion 6.5.41.4 [makeUgl], page 216, Section 6.5.41.8 [makeQsl3], page 220, Sec-
tion 6.5.41.5 [makeQso3], page 217

1171117111711 1171T1117111111

1

6.5.41.2 makeUsl2

Procedure from library ncalg.1ib (see Section 6.5.41 [ncalg_lib], page 213).
Usage: makeUsl2([p]), p an optional integer (field characteristic)
Return: ring

Purpose: set up the U(sl-2) in the variables e,f;h over the field of char p
Note: activate this ring with the setring command

Example:

LIB "ncalg.lib";
def a=makeUsl2();
setring a;

//  characteristic : 0

//  number of vars : 3

// block 1 : ordering dp

// : names efh

11 11e
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—

=

—

—

—

//
//
//
//
//

215

block 2 : ordering C
noncommutative relations:
fe=ef-h
he=eh+2e
hf=fh-2f

Section 6.5.41.1 [makeUsl], page 213, Section 6.5.41.3 [makeUg2|, page 215, Sec-

tion 6.5.41.4 [makeUgl|, page 216

6.5.41.3 makeUg?2

Procedure from library ncalg.lib (see Section 6.5.41 [ncalg_lib], page 213).

Usage:
Return:

Purpose:

Note:

Example:

makeUg2([p]), p an optional int (field characteristic)

ring

set up the U(g_2) in variables (x(i),y(i),Ha,Hb) for i=1..6 over the field

of char p

activate this ring with the setring command
the variables are ordered as x(1),...x(6),y(1),...,y(6),Ha,Hb.

LIB "ncalg.lib";

= makeUg2();

setring a; a;

1171117111711 1 1711117111111

//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//

characteristic : 0O
number of vars : 14
block 1 : ordering dp
: names x(1) x(2) x(3) x(4) x(5) x(6) \
y(1) y(2) y(3) y(4) y(5) y(6) Ha Hb
block 2 : ordering C

noncommutative relations:
x(2)x(1)=x(1)*x(2)-x(3)

x(3)x(1)=x(1)*x(3)-2*x(4)
x(4)x(1)=x(1)*x(4)+3*x(5)
y(Dx(1)=x(1)*y(1)-Ha
y(3)x(1)=x(1)*y(3)+3*y (2)
y(4)x(1)=x(1)*xy (4)+2*y (3)
y(5)x(1)=x(1)*y(5)-y(4)
Hax (1)=x(1)*Ha+2*x (1)

Hbx (1)=x(1) *Hb-x (1)
x(5)x(2)=x(2)*x(5)+x(6)
y(2)x(2)=x(2)*y(2)-Hb
y(3)x(2)=x(2)*y(3)-y(1)
y(6)x(2)=x(2)*y(6)-y(5)
Hax (2)=x(2) *Ha-3*x(2)

Hbx (2)=x(2) *Hb+2*x (2)
x(4)x(3)=x(3)*x(4)+3*x(6)
y (1) x(3)=x(3)*xy (1) +3*xx(2)
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//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//

L A
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y(2)x(3)=x(3)*y(2)-x(1)
y(3)x(3)=x(3)*y(3)-Ha-3*Hb
y(4)x(3)=x(3) *xy (4)-2*y (1)
y(6)x(3)=x(3)*y(6)-y(4)
Hax (3)=x(3)*Ha-x(3)

Hbx (3)=x(3) *Hb+x (3)
y(1)x(4)=x(4) *y (1) +2*x(3)
y(3)x(4)=x(4) *y (3)-2*x (1)
y(4)x(4)=x(4)*y(4)-2*Ha-3*Hb
y(5)x(4)=x(4)*y(5)+y (1)
y(6)x(4)=x(4)*y(6)+y(3)
Hax (4)=x(4) *Ha+x (4)

y (D) x(5)=x(5)*y (1) -x(4)
y(4)x(5)=x(5)*y (4)+x(1)
y(6)x(5)=x(5)*y(5)-Ha-Hb
y(6)x(5)=x(5)*y(6)+y(2)
Hax (5)=x(5) *Ha+3*x(5)

Hbx (5)=x(5) *Hb-x(5)
y(2)x(6)=x(6)*y(2)-x(5)
y(3)x(6)=x(6)*y(3)-x(4)
y(4)x(6)=x(6)*y (4)+x(3)
y(5)x(6)=x(6)*y(5)+x(2)
y(6)x(6)=x(6)*y(6)-Ha-2*Hb
Hbx (6)=x(6) *Hb+x (6)

y(2)y (D) =y (1) *xy(2)+y(3)
y(3)y (D) =y (1) *y(3)+2*y(4)
y(4)y (1) =y(1)*y(4)-3*y(5)
Hay (1) =y (1) *Ha-2xy (1)

Hby (1) =y (1) *Hb+y (1)
y(B)y(2)=y(2)*y(5)-y(6)
Hay (2) =y (2) *Ha+3*y (2)

Hby (2) =y (2) *Hb-2xy (2)

y (D) y(3)=y(3)*y(4)-3*y(6)
Hay (3)=y(3) *Ha+y (3)

Hby (3) =y (3) *Hb-y (3)

Hay (4)=y(4)*Ha-y (4)

Hay (5) =y (5) *Ha-3*y (5)

Hby (5) =y (5) *Hb+y (5)

Hby (6) =y (6) *Hb-y (6)

Section 6.5.41.1 [makeUsl|, page 213, Section 6.5.41.4 [makeUgl], page 216

6.5.41.4 makeUgl

Procedure from library ncalg.1lib (see Section 6.5.41 [ncalg_lib], page 213).

Usage:

Return:

makeUgl(n,[p]); n an int, n>1; p an optional int (field characteristic)
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Purpose:  set up the U(gl_-n) in the (e_ij (1<i,j<n)) presentation (where e_ij corre-
sponds to a matrix with 1 at i,j only) over the field of char p

Note: activate this ring with the setring command
the variables are ordered as e_12,e_13,...,e_1n,e_21,...,e_nn.

Example:

LIB "ncalg.lib";
def a=makeUgl(3);
setring a; a;

1

// characteristic : 0O
// number of vars : 9

// block 1 : ordering dp

// ! names e_l1 1 e 1 2e.1.3e.2_1e.2.2\
e_ 2.3 e_3_1 e_3_2 e_3_3

// block 2 : ordering C

//  noncommutative relations:

// e_1 2e_1_1=e_1_1*e_1_2-e_1_2

// e_1_3e_1_1=e_1_1%xe_1_3-e_1_3

// e_2_le_1_1=e_1_1xe_2_1+e_2_1

// e_3_le_1_1=e_1_1%*e_3_1+e_3_1

// e_2_le_1_2=e_1_2%e_2_1-e_1_1+e_2_2
// e_2_2e_1_2=e_1_2*e_2_2-e_1_2

// e_2_3e_1_2=e_1_2*e_2_3-e_1_3

// e_3_le_1_2=e_1_2*xe_3_1+e_3_2

// e_2_le_1_3=e_1_3*e_2_1+e_2_3

// e_3_le_1_3=e_1_3*e_3_1-e_1_1+e_3_3
// e_3_2e_1_3=e_1_3%*e_3_2-e_1_2

// e_3_3e_1_3=e_1_3%*e_3_3-e_1_3

// e_2_2e_2_1=e_2_1%e_2_2+e_2_1

// e_3_2e_2_1=e_2_1%e_3_2+e_3_1

// e_2_3e_2_2=e_2_2xe_2_3-e_2_3

// e_3_2e_2_2=e_2_2%e_3_2+e_3_2

// e_3_le_2_3=e_2_3*e_3_1-e_2_1

// e_3_2e_2_3=e_2_3*e_3_2-e_2_2+e_3_3
// e_3_3e_2_3=e_2_3*e_3_3-e_2_3

// e_3_3e_3_1=e_3_1x*e_3_3+e_3_1

// e_3_3e_3_2=e_3_2xe_3_3+e_3_2

Section 6.5.41.1 [makeUsl|, page 213, Section 6.5.41.3 [makeUg2|, page 215

L A A

1

6.5.41.5 makeQso3

Procedure from library ncalg.1ib (see Section 6.5.41 [ncalg_lib], page 213).
Usage: makeQso3([n]), n an optional int

Purpose:  set up the U_q(so_3) in the presentation of Klimyk; if n is specified, the
quantum parameter Q will be specialized at the (2n)-th root of unity

Return: ring
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Note:

Example:

LIB "
def K
setri

//
//
//
//
//
//
//
//
//
//
//

1171111111 11%
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activate this ring with the setring command

ncalg.lib";
= makeQso3(3);
ng K;
characteristic : 0O
1 parameter : Q
minpoly ¢ (Q2-Q+1)

number of vars : 3

block 1 : ordering dp

: names Xy z

block 2 : ordering C
noncommutative relations:
yx=(Q-1) *xy+(-Q) *z
zx=(-Q) *xz+(-Q+1) *xy
zy=(Q-1) *yz+(-Q) *x

Section 6.5.41.1 [makeUsl], page 213, Section 6.5.41.3 [makeUg2|, page 215, Sec-
tion 6.5.41.4 [makeUgl], page 216, Section 6.5.41.7 [makeQsl2], page 219, Sec-
tion 6.5.41.8 [makeQsl3], page 220, Section 6.5.41.6 [Qso3Casimir]|, page 218

6.5.41.6 Qso3Casimir

Procedure from library ncalg.lib (see Section 6.5.41 [ncalg_lib], page 213).

Usage:
Return:

Purpose:

Assume:

Example:
LIB "
def R
setri
list

Q

[1

[2

[3

LR A A

list
Cnorm
— [1

Qso3Casimir(n [,m]), n an integer, m an optional integer
list (of polynomials)

compute the Casimir (central) elements of U_q(so-3) for the quantum
parameter specialized at the n-th root of unity; if m!=0 is given, poly-
nomials will be normalized

the basering must be U_q(s0-3)

ncalg.lib";
= makeQso3(5);
ng R;
C = Qso3Casimir(5);

]:

1/5*x5+(1/5Q3-1/5Q2+2/5) *x3+(1/5Q3-1/5Q2+1/5) *x
]:

1/5*%y5+(1/5Q3-1/5Q2+2/5) *y3+(1/5Q3-1/5Q2+1/5) *y
1:

1/5%z5+(1/5Q3-1/5Q2+2/5) *z3+(1/5Q3-1/5Q2+1/5) *z
Cnorm = Qso3Casimir(5,1);

]:
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x5+ (Q3-Q2+2) *x3+ (Q3-Q2+1) *x
[2]:
y5+(Q3—Q2+2)*y3+(Q3—Q2+1)*y
[3]:
— z5+(Q3-Q2+2) *z3+ (Q3-Q2+1) *z

Section 6.5.41.5 [makeQso3], page 217

R A

6.5.41.7 makeQsl2

Procedure from library ncalg.lib (see Section 6.5.41 [ncalg_lib], page 213).
Usage: makeQsl2([n]), n an optional int
Return: ring

Purpose:  define the U_q(sl_2) as a factor-ring of a ring V_q(s1_2) modulo the ideal
Qideal

Note: the output consists of a ring, presenting V_q(sl_2) together with the
ideal called Qideal in this ring
activate this ring with the setring command
in order to create the U_q(sl_2) from the output, execute the command
like qring Us12q = Qideal;
If n is specified, the quantum parameter q will be specialized at the n-th
root of unity

Example:

LIB "ncalg.lib";

def A = makeQsl2(3);
setring A;

Qideal;

— Qideal[1]=Kex*Kf-1
qring Usl2q = Qideal;

Usl2q;
— //  characteristic : 0
// 1 parameter i q

//  minpoly : (q72+gq+1)

//  number of vars : 4

// block 1 : ordering dp

// : names E F Ke Kf
// block 2 : ordering C

//  noncommutative relations:
FE=E*F+(2/3%q+1/3) *Ke+(-2/3%q-1/3) *Kf
// KeE=(-q-1) *ExKe

// KfE=(q) *ExKf

// KeF=(q) *F*Ke

//  KfF=(-q-1)*F*Kf

// quotient ring from ideal

_[1]=Kex*Kf-1

1171117111711 11
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Section 6.5.41.1 [makeUsl], page 213, Section 6.5.41.8 [makeQsl3], page 220, Sec-
tion 6.5.41.5 [makeQso3], page 217

6.5.41.8 makeQsl3

Procedure from library ncalg.lib (see Section 6.5.41 [ncalg_lib], page 213).

makeQsl3([n]), n an optional int

define the U_q(sl_3) as a factor-ring of a ring V_q(sl_3) modulo the ideal

the output consists of a ring, presenting V_q(sl_3) together with the

activate this ring with the setring command

in order to create the U_q(sl_3) from the output, execute the command

If n is specified, the quantum parameter q will be specialized at the n-th

0
P q
(q~4+q~3+q~2+q+1)
10

: ordering wp

: names f12 f13 £23 ki1 k2 11 12 el2 el3 e23
:weights 2 3 2 1 1 1 1 2 3 2

: ordering C

relations:

£23f12=(q~2) *f12%x£23+(-q) *£13

12f12=(-q"3-q"2-q-1) *£12x12
e12f12=f12xe12+(1/5%q"3-3/5%q~2-2/5%q-1/5) *k1"2+ \
(-1/5%q~3+3/5%q"2+2/5%q+1/5)*11°2
e13f12=f12xe13+(q~3+q~2+q+1)*11"2*e23

k1f13=(-q"3-q~2-q-1) *£13*k1
k2f13=(-q"3-q~2-q-1) *£13+k2

Usage:
Return: ring
Purpose:
Qideal
Note:
ideal called Qideal in this ring
like qring Usl3q = Qideal;
root of unity
Example:
LIB "ncalg.lib";
def B = makeQsl3(5);
setring B;
gqring Usl3q = Qideal;
Usl3q;
— //  characteristic :
— // 1 parameter
— //  minpoly
— // number of vars :
= // block 1
= //
= //
— // block 2
— // noncommutative
= // f13f12=(q"3) *f12x£13
= //
= // k1f12=(q"3)*f12xk1
— //  k2f12=(q)*f12+k2
= // 11£12=(q"2) *£12%11
= //
= //
—
= //
= // £23£13=(q~3) *£13*£23
= //
= //
= // 11£13=(q) *£13%11
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//  12£13=(q)*f13%12

// e12f13=f13*e12+(q) *£23*k1"2

//  e13f13=f13%e13+(-1/5%q~3+3/5%q"2+2/5%q+1/5) *k1"2xk2"2+ \
(1/5%q~3-3/5%q"2-2/5%q-1/5)*1172%12"2

// e23f13=f13*e23+(q~3+q " 2+q+1)*f12*12"2

// k1£23=(q) *f23*k1

// k2f23=(q"3) *f23*k2

// 11£23=(-q~3-q~2-q-1) #2311

// 12£23=(q"~2) *f23%12

// e13£23=£f23%e13+(q) *k2"2*e12

//  e23f23=f23%e23+(1/5%q~3-3/5%q"2-2/5%q-1/5) k2" 2+ \
(-1/5%q~3+3/5%q"~2+2/5%q+1/5) *12"°2

// el12k1=(q"3) *k1*el2

//  e13kl=(-q~3-q"2-q-1)*k1xel3

// e23k1=(q) *k1*e23

// e12k2=(q) *k2*e12

// e13k2=(-q~3-q"2-q-1) *k2*e13

// e23k2=(q"3) *k2x*e23

// e1211=(q"2)*11*el12

// e1311=(q)*11%el3

//  e2311=(-q~3-q"2-q-1)*11xe23

//  e1212=(-q~3-q"2-q-1)*12xe12

// e1312=(q) *12*e13

// e2312=(q"2) *12*e23

// el13e12=(q~3) *el2*el3

// e23e12=(q"~2) *e12*e23+(-q) *el3

// e23e13=(q"~3) *e13*e23

// quotient ring from ideal

_[1]1=k2%12-1

_[21=k1*11-1

Section 6.5.41.1 [makeUsl], page 213, Section 6.5.41.7 [makeQsl2], page 219, Sec-
tion 6.5.41.5 [makeQso3], page 217

A

1

6.5.41.9 GKZsystem

Procedure from library ncalg.1ib (see Section 6.5.41 [ncalg_lib], page 213).
Usage: GKZsystem(A, sord, alg, [,v]); A intmat, sord, alg string, v intvec
Return: ring

Purpose: define a ring (Weyl algebra) and create a Gelfand-Kapranov-Zelevinsky
(GKZ) system of equations in a ring from the following data:
A is an intmat, defining the system,
sord is a string with desired term ordering,
alg is a string, saying which algorithm to use (exactly like in toric_lib),
v is an optional intvec.
In addition, the ideal called GKZid containing actual equations is calcu-
lated and exported to the ring.
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Note: activate the ring with the setring command. This procedure is elabo-
rated by Oleksandr Yena

Assume: This procedure uses toric_lib and therefore inherits its input require-
ments:
possible values for input variable alg are: "ect","pt","blr", "hs", "du".
As for the term ordering, it should be a string sord in Singular format
like "lp","dp", etc.
Please consult the toric_lib for allowed orderings and more details.

Example:

LIB "ncalg.lib";
// example 3.1.4 from the [SST] without vector w
intmat A[2][4]=3,2,1,0,0,1,2,3;

print(A);

— 3 2 1 0

— 0 1 2 3

def D1 = GKZsystem(A,"lp","ect");
setring D1i;

D1;

— //  characteristic : 0

— // 2 parameter : b(1) b(2)
— //  minpoly : 0

— // number of vars : 8

= // block 1 : ordering lp
— // : names x(1) x(2) x(3) x(4) d(1) d(2) d(3) d(4)
= // block 2 : ordering C

— // noncommutative relations:
= // d(D)x(1)=x(1)*d(1)+1

= // d(2)x(2)=x(2)*d (2)+1

= // d(3)x(3)=x(3)*d(3)+1

= // d(4)x(4)=x(4)*d(4)+1

print (GKZid) ;

3xx (1) *d (1) +2*x (2) *d (2) +x(3) *d (3)+(-b (1)),
x(2)*d (2) +2%x (3) *d (3) +3*x (4) *d (4) +(-b(2)),
d(2)*d(4)-d4(3)"2,

d(1)*d(4)-d(2)*d(3),

d(1)*d(3)-d(2)"2

now, consider A with the vector w=1,1,1,1

ST 1T U

intvec v=1,1,1,1;

def D2 = GKZsystem(A,"lp","blr",v);

setring D2;

print (GKZid) ;

= 3*x (1) *d (1) +2*x (2) *d (2) +x(3) *d (3) + (b (1)),
= x(2)*d (2) +2*xx(3) *d (3) +3*x (4) *d (4) +(-b(2)),
— d(2)*d(4)-d(3)~2,

— d(1)*d(4)-d(2)*d(3),

— d(1)*d(3)-d(2)"2

Section D.4.16 [toric_lib], page 489
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6.5.42 ncdecomp_lib

Library:
Purpose:
Authors:

Overview:

Procedures:

6.5.42.1

ncdecomp.lib
Decomposition of a module into its central characters
Viktor Levandovskyy, levandov@mathematik.uni-kl.de.

This library presents algorithms for the central character decomposi-
tion of a module, i.e. a decomposition into generalized weight modules
with respect to the center. Based on ideas of O. Khomenko and V.
Levandovskyy (see the article [L2] in the References for details).

CentralQuot

Procedure from library ncdecomp.1ib (see Section 6.5.42 [ncdecomp_lib], page 223).

Usage:
Assume:
Return:
Purpose:

Theory:

Note:

Example:

LIB "
optio

def a

setri
ideal
I =s=s
poly

ideal
ideal
R;

— R[
— R[
—

R[

Section 6.5.

page 224

CentralQuot(M, G), M a module, G an ideal
G is an ideal in the center

module

compute the central quotient M:G

for an ideal G of the center of an algebra and a submodule M of A~n,
the central quotient of M by G is defined to be
M:G:={vinA™n | z*vin M, for all z in G }.

the output module is not necessarily given in a Groebner basis

ncdecomp.lib";
n(returnSB) ;

= makeUsl2();
ng a;

I = e3,f3,h3-4%h;
td(I);
C=4xexf+h~2-2%*h;

G = (C-8)*(C-24);

R = CentralQuot(I,G);

1]=h
2]=f
3]=e

42.2 [CentralSaturation], page 224, Section 6.5.42.3 [CenCharDec],
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6.5.42.2 CentralSaturation

Procedure from library ncdecomp.1ib (see Section 6.5.42 [ncdecomp_lib], page 223).

Usage:
Assume:
Return:

Purpose:

Note:

Example:

CentralSaturation(M, T), for a module M and an ideal T
T is an ideal in the center
module

compute the central saturation of M by T, that is M:T~{\infty}, by
repititive application of CentralQuot

the output module is not necessarily a Groebner basis

LIB "ncdecomp.lib";
option(returnSB);

def a

= makeUsl2();

setring a;
ideal I = e3,f3,h3-4x%h;

I:

std(I);

poly C=4xexf+h~2-2xh;

ideal G
ideal R

Cx(C-8);
CentralSaturation(I,G);

R=std(R);
vdim(R) ;

1111271

5

R[1]=h
R[2]=ef-6
R[3]=£3
R[4]=e3

Section 6.5.42.1 [CentralQuot|, page 223, Section 6.5.42.3 [CenCharDec|, page 224

6.5.42.3 CenCharDec

Procedure from library ncdecomp.1ib (see Section 6.5.42 [ncdecomp_lib], page 223).

Usage:
Assume:

Return:

CenCharDec(I, C); I a module, C an ideal
C consists of generators of the center

a list L, where each entry consists of three records (if a finite decompo-
sition exists)

L[*][1] (’ideal’ type), the central character as the maximal ideal in the
center,

L[*][2] (‘'module’ type), the Groebner basis of the weight module, corre-
sponding to the character in L[*|[1],

L[*][3] ('int’ type) is the vector space dimension of the weight module
(-1 in case of infinite dimension);
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Purpose: compute a finite decomposition of C into central characters or determine
that there is no finite decomposition

Note: actual decomposition is a sum of L[i|[2] above;
some modules have no finite decomposition (in such case one gets warn-
ing message)

Example:

LIB "ncdecomp.lib";

option(returnSB);

def a = makeUsl2(); // U(sl_2) in characteristic O
setring a;

ideal I = e3,f3,h3-4x*h;

I = twostd(I); // two-sided ideal generated by I
vdim(I); // it is finite-dimensional
— 10

ideal Cn = 4xexf+h"2-2%h; // the only central element
list T = CenCharDec(I,Cn);

T;

— [1]:

— [1]:

= _[1]=4ef+h2-2h-8
— [2]:

= _[1]1=h

= _[2]1=f

— _[31=e

— [3]:

— 1

— [2]:

— [1]:

— _[1]=4ef+h2-2h
— [2]:

— _[1]=4ef+h2-2h-8
— _[2]=h3-4h

= _[31=fh2-2fh
— _[4]=eh2+2eh
= _[5]=f2nh-2f2
— _[6]=e2n+2e2
= _[7]1=£3

— _[8]=e3

> [3]:

— 9

// consider another example

ideal J = ex*xfxh;

CenCharDec(J,Cn);

— There is no finite decomposition

— 0

Section 6.5.42.1 [CentralQuot|, page 223, Section 6.5.42.2 [CentralSaturation],
page 224
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6.5.42.4 IntersectWithSub

Procedure from library ncdecomp.1ib (see Section 6.5.42 [ncdecomp_lib], page 223).
Usage: Intersect WithSub(M,Z), M an ideal, Z an ideal

Assume: 7 consists of pairwise commutative elements

Return: ideal, of two-sided generators, not a Groebner basis

Purpose: computes an intersection of M with the subalgebra, generated by Z
Note: usually Z consists of generators of the center

Example:

LIB "ncdecomp.lib";
ring r=(0,a), (e,f,h),Dp;
matrix @d[3][3];

@d[1,2]=-h;
@d[1,3]=2e;
@d[2,3]=-2f;

ncalgebra(1,@d); // parametric U(sl_2)

ideal I = e,h-a;

ideal C;

C[1] = h~2-2*h+4xexf; // the center of U(sl_2)
ideal X = IntersectWithSub(I,C);

X;

— X[1]=4*ef+h2-2%h+(-a2-2a)

ideal G = exf, h; // the biggest comm. subalgebra of U(sl_2)
ideal Y = IntersectWithSub(I,G);

Y;

— Y[1]=h+(-a)

— Y[2]=ef+(-a)

6.5.43 nctools_lib

Library:  nctools.lib
Purpose:  General tools for noncommutative algebras

Authors:  Levandovskyy V., levandov@mathematik.uni-kl.de,
Lobillo, F.J., jlobillo@ugr.es,
Rabelo, C., crabelo@ugr.es.

Support: DFG (Deutsche Forschungsgesellschaft) and Metodos algebraicos y
efectivos en grupos cuanticos, BFM2001-3141, MCYT, Jose Gomez-
Torrecillas (Main researcher).

Main procedures: Auxiliary procedures:
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6.5.43.1 Gweights

Procedure from library nctools.1lib (see Section 6.5.43 [nctools_lib], page 226).

Usage: Gweights(r); r a ring or a square matrix
Return: intvec
Purpose: compute the weight vector for the following G-algebra:
for r itself, if it is of the type ring,
or for a G-algebra, defined by the square polynomial matrix r
Theory: Gweights returns a vector, which must be used to redefine the G-
algebra. If the input is a matrix and the output is the zero vector then
there is not a G-algebra structure associated to these relations with re-
spect to the given variables. Another possibility is to use weightedRing
to obtain directly the G-algebra with the new weighted ordering.
Example:
LIB "nctools.lib";
ring r = (0,9),(a,b,c,d),1p;
matrix C[4] [4];
C[1,2]=q; C[1,3]=q; C[1,4]=1; C[2,3]=1; C[2,4]=q; CI[3,4]=q;
matrix D[4] [4];
D[1,4]=(q-1/q) *b*c;
ncalgebra(C,D);
r;
— //  characteristic : O
— // 1 parameter i q
— //  minpoly 0
— // number of vars : 4
= // block 1 : ordering lp
= // : names abcd
= // block 2 : ordering C
— // noncommutative relations:
= // ba=(q) *ab
= // ca=(qg)*ac
= // da=ad+(q2-1)/(q) *bc
— //  db=(q)*bd
— // dc=(q) *cd
Gweights(r);
= 2,1,1,1
Gweights(D);
— 2,1,1,1

Section 6.5.43.2 [weightedRing], page 227

6.5.43.2 weightedRing

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).
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Usage:
Return:

Purpose:

Note:

Example:

LIB "
ring
matri
cl1,2
matri
D[1,4
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weightedRing(r); r a ring
ring

equip the variables of a ring with such weights,that the relations of
new ring (with weighted variables) satisfies the ordering condition for
G-algebras

activate this ring with the "setring" command

nctools.lib";

r = (0,9),(a,b,c,d),1p;

x C[4] [4]1;

]=q; C[1,3]=q; C[1,4]1=1; C[2,3]=1; C[2,4]=q; C[3,4]=q;
x D[4][4];

1=(q-1/q) *b*c;

ncalgebra(C,D);

[a]

//
//
//
//
//
//
//
//
//
//
//
//
//
def t
setri
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
//

1 1111111111111

1111171111111 11

characteristic : O
1 parameter 1 q
minpoly 0
number of vars : 4
block 1 : ordering 1lp
! names abcd
block 2 : ordering C
noncommutative relatioms:
ba=(q)*ab
ca=(q)*ac
da=ad+(q2-1)/(q) *bc
db=(q) *bd
dc=(q) *cd
=weightedRing(r) ;
ng t; t;
characteristic : O
1 parameter tq
minpoly : 0
number of vars : 4
block 1 : ordering M
! names abcd
: weights 2111
: weights 00 0 1
: weights 0010
: weights 0100
block 2 : ordering C
noncommutative relations:
ba=(q) *ab
ca=(q)*ac
da=ad+(q2-1)/(q) *bc
db=(q) *bd
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= //

dc=(q) *cd

Section 6.5.43.1 [Gweights|, page 227

6.5.43.3 ndcond

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).

Usage:
Return:
Purpose:

Note:

Example:

ndcond();
ideal
compute the non-degeneracy conditions of the basering

if printlevel > 0, the procedure displays intermediate information (by
default, printlevel=0 )

LIB "nctools.lib";

ring r = (0,q91,92), (x,y,2) ,dp;

matrix C[3][3];

C[1,2]=q2; CI[1,3]=ql; C[2,3]=1;

matrix D[3][3];

D[1,2]=x; DI[1,3]=z;

ncalgebra(C,D) ;

r;

— //  characteristic : O

— // 2 parameter : ql g2

— //  minpoly : 0

— //  number of vars : 3

= // block 1 : ordering dp

= // : names Xy z
= // block 2 : ordering C

— // noncommutative relations:

= // yx=(q2) *x*y+x

= // zx=(ql) *x*z+z

ideal j=ndcond(); // the silent version
s

= j[1]1=(-q2+1) xy*z-z

printlevel=1;

ideal i=ndcond(); // the verbose version
— Processing degree : 1

=1 .2 . 3.

— failed: (-q2+1)*y*z-z

— done

i;

— i[1]1=(-q2+1) *xy*z-z

6.5.43.4 Weyl

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).
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Usage:
Return:

Purpose:

Note:

Example:

Singular:Plural Manual
Weyl([p]); p an optional integer
nothing
create a Weyl algebra structure on a basering

suppose the number of variables of a basering is 2k.

(if this number is odd, an error message will be returned)

by default, the procedure treats first k variables as coordinates x_i and
the last k as differentials d_i

if nonzero p is given, the procedure treats 2k variables of a basering
as k pairs (x.i,d-i), i.e. variables with odd numbers are treated as
coordinates and with even numbers as differentials

LIB "nctools.lib";
ring A1=0,(x(1..2),d(1..2)),dp;

Weyl(Q);

Al

— //  characteristic : 0

— // number of vars : 4

= // block 1 : ordering dp
— // : names x(1) x(2) 4(1) 42
= // block 2 : ordering C
— // noncommutative relations:

= // d(D)x(D)=x(1)*d(1)+1

= // d(2)x(2)=x(2)*d(2)+1

kill A1;

ring B1=0, (x1,d1,x2,d2),dp;

Weyl(1);

B1;

— //  characteristic : O

— // number of vars : 4

= // block 1 : ordering dp
= // : names x1 d1 x2 d2
= // block 2 : ordering C
— // noncommutative relations:

— // dixl=x1*d1+1

— // d2x2=x2*d2+1

Section 6.5.43.5 [makeWeyl|, page 230

6.5.43.5 makeWeyl

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).

Usage:

Return:

Purpose:

makeWeyl(n,[p]); n an integer, n>0; p an optional integer (field charac-
teristic)

ring

create an n-th Weyl algebra
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Note: activate this ring with the "setring" command.
The presentation of an n-th Weyl algebra is classical:
D(i)x(i)=x(i)D(i)+1,
where x(i) correspond to coordinates and D(i) to partial differentiations,
i=1,...

.

Example:
LIB "nctools.lib";
def a = makeWeyl(3);
setring a;

//  characteristic : 0

//  number of vars : 6

// block 1 : ordering dp

// : names x(1) x(2) x(3) D(1) D(2) D(3)
// block 2 : ordering C

// noncommutative relations:
// D(1)x(1)=x(1)*D(1)+1
// D(2)x(2)=x(2)*D(2)+1
// D(3)x(3)=x(3)*D(3)+1

Section 6.5.43.4 [Weyl], page 229

117171171171 11¢%

6.5.43.6 makeHeisenberg

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).

Usage: makeHeisenberg(n, [p,d]); int n (setting 2n+1 variables), optional int p
(field characteristic), optional int d (power of h in the commutator)

Return: nothing

Purpose: create an n-th  Heisenberg algebra in  the  variables
x(1),y(1),...,x(n),y(n),h
Note: activate this ring with the "setring" command

Example:

LIB "nctools.lib";
def a = makeHeisenberg(2);

setring a; a;

— //  characteristic : 0

— // number of vars : 5

= // block 1 : ordering lp

— // : names x(1) x(2) y(1) y(2) h
= // block 2 : ordering C

— // noncommutative relations:

= // y(Dx(1)=x(1)*y(1)+h

= // y(2)x(2)=x(2) *y(2)+h

def H3 = makeHeisenberg(3, 7, 2);
setring H3; H3;
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//
//
//
//
//
//
//
//
//

Section 6.5.43.5

111111171

1

characteristic : 7
number of vars : 7

block 1 : ordering 1lp
: names
block 2 : ordering C

noncommutative relations:
y(Dx(1)=x(1)*y(1)+h"2
y(2)x(2)=x(2)*y(2)+h~2
y(3)x(3)=x(3)*y(3)+h"2

[makeWeyl], page 230

6.5.43.7 Exterior
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x(1) x(2) x(3) y(1) y(2) y(3) h

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).

Usage: Ext

erior();

Return: qring

Purpose: create the exterior algebra of a basering

Note: activate this qring with the "setring" command

Theory:

tions x(j)x(i)=-x(i)x(j) for all j>i,

given a basering, this procedure introduces the anticommutative rela-

moreover, creates a factor algebra modulo the two-sided ideal, generated
by x(i)~2 for all i

Example:
LIB "nct
ring R =
def ER
setring

-

//
//
//
//
//
//
//
//
//
// qu
_[11=
_[21=
_[31=

ITTT1TTTTTITITTT111R

ools.1lib";
0,(x(1..3)),dp;
Exterior();

ER;

characteristic : 0O
number of vars : 3

block 1 : ordering dp
: names
block 2 : ordering C

noncommutative relations:
x(2)x(1)=-x(1)*x(2)
x(3)x(1)=-x(1)*x(3)
x(3)x(2)=-x(2)*x(3)
otient ring from ideal
x(3) "2

x(2) "2

x(1)"2

6.5.43.8 findimAlgebra

x(1) x(2) x(3)

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).
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Return:
Purpose:

Note:

Theory:

Example:
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findimAlgebra(M,[r]); M a matrix, r an optional ring

nothing

define a finite dimensional algebra structure on a ring

the matrix M is used to define the relations x(j)*x(i) = M[i,j] in the
basering (by default) or in the optional ring r.

The procedure equips the ring with the noncommutative structure.
The procedure exports the ideal (not a two-sided Groebner basis!), called
fdQuot, for further qring definition.

finite dimensional algebra can be represented as a factor algebra of a G-
algebra modulo certain two-sided ideal. The relations of a f.d. algebra
are thus naturally divided into two groups: firstly, the relations on the
variables of the ring, making it into G-algebra and the rest of them,
which constitute the ideal which will be factored out.

LIB "nctools.lib";

ring r=(0,a,b), (x(1..3)),dp;
matrix S[3][3];

S[2,3]=a*x(1); S[3,2]=-b*x(1);
findimAlgebra(S);

fdQuot = twostd(fdQuot);

gring Qr = fdQuot;

Qr;
— //  characteristic : 0
— // 2 parameter :ab
— //  minpoly : 0
— // number of vars : 3
= // block 1 : ordering dp
— // : names x(1) x(2) x(3)
= // block 2 : ordering C
— // noncommutative relations:
= // x(3)x(2)=(-b)/ (a)*x(2) *x(3)
— // quotient ring from ideal
— _[1]=x(3)"2
= _[2]=x(2)*x (3)+(-a)*x (1)
— _[3]1=x(1)*x(3)
— _[4]=x(2)"2
= _[6]=x(1)*x(2)
— _[6]=x(1)"2
6.5.43.9 ncRelations

Procedure from library nctools.1lib (see Section 6.5.43 [nctools_lib], page 226).

Usage:

ncRelations(r); r a ring
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Return: list L with two elements, both elements are of type matrix:
L[1] = matrix of coefficients C,
L[2] = matrix of polynomials D

Purpose: recover the noncommutative relations via matrices C and D from a non-
commutative ring

Example:
LIB "nctools.lib";
ring r = 0,(x,y,2z),dp;
matrix C[3][3]=0,1,2,0,0,-1,0,0,0;

print(C);

— 0,1,2,

— 0,0,-1,

— 0,0,0

matrix D[3][3]=0,1,2y,0,0,-2x+y+1;

print(D);

— 0,1,2y,

— 0,0,-2x+y+1,

— 0,0,0

ncalgebra(C,D);

r;

— //  characteristic : O
//  number of vars : 3
// block 1 : ordering dp
// : names Xy z
// block 2 : ordering C

// noncommutative relations:
// yx=xy+1

// zx=2X2z+2y

// zy=-yz—-2x+y+1
def 1l=ncRelations(r);
print (1[11);

— 0,1,2,

— 0,0,-1,

— 0,0,0

print (1[2]);

— 0,1,2y,

— 0,0,-2x+y+1,

—~ 0,0,0

1T 111111

Section 4.1.114 [ringlist], page 227, Section 6.4.33 [G-algebras]|, page 195

6.5.43.10 isCentral

Procedure from library nctools.1lib (see Section 6.5.43 [nctools_lib], page 226).
Usage: isCentral(p); p poly

Return: int, 1 if p commutes with all variables and 0 otherwise
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Purpose:  check whether p is central in a basering (that is, commutes with every
generator of a ring)

Note: if printlevel > 0, the procedure displays intermediate information (by
default, printlevel=0)

Example:

LIB "nctools.lib";
ring r=0, (x,y,z),dp;
matrix D[3] [3]=0;

D[1,2]=-z;
D[1,3]=2%x;
D[2,3]=-2xy;

ncalgebra(1,D); // this is U(sl_2)
poly c = 4*x*xy+z"2-2%z;

printlevel = 0;

isCentral(c);

=1

poly h = x*c;

printlevel = 1;

isCentral(h);

— Noncentral at: y

— Noncentral at: z

— 0

6.5.43.11 isNC

Procedure from library nctools.1lib (see Section 6.5.43 [nctools_lib], page 226).
Usage: isNC();
Purpose: check whether a basering is commutative or not

Return: int, 1 if basering is noncommutative and 0 otherwise

Example:

LIB "nctools.lib";

def a = makeWeyl(2);
setring a;

isNCQO);

= 1

kill a;

ring r = 17,(x(1..7)),dp;
isNCQ);

— 0

kill r;

6.5.43.12 UpOneMatrix

Procedure from library nctools.1ib (see Section 6.5.43 [nctools_lib], page 226).
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Usage: UpOneMatrix(n); n an integer

Return: intmat

Purpose: compute an n x n matrix with 1’s in the whole upper triangle

Note: helpful for setting noncommutative algebras with complicated coefficient
matrices

Example:

LIB "nctools.lib";
ring r = (0,9),(x,y,2z),dp;

matrix C = UpOneMatrix(3);

C[1,31] = q;

print (C);

— 0,1,(q),

— 0,0,1,

— 0,0,0

ncalgebra(C,0);

r;

— //  characteristic : 0

— // 1 parameter i q

— //  minpoly 0

— // number of vars : 3

= // block 1 : ordering dp
= // : names Xy z
= // block 2 : ordering C
— // noncommutative relations:

= // zx=(q) *xz

6.5.44 gmatrix_lib

Library:  qgmatrix.lib
Purpose: Quantum matrices, quantum minors and symmetric groups

Authors:  Lobillo, F.J., jlobillo@ugr.es
Rabelo, C., crabelo@ugr.es

Support: 'Metodos algebraicos y efectivos en grupos cuanticos’, BEM2001-3141,
MCYT, Jose Gomez-Torrecillas (Main researcher).

Main procedures: Auxiliary procedures:

6.5.44.1 quantMat

Procedure from library gmatrix.1ib (see Section 6.5.44 [qmatrix_lib], page 236).
Usage: quantMat(n [, p]); n integer (n>1), p an optional integer

Return: ring (of quantum matrices). If p is specified, the quantum parameter q
will be specialized at the p-th root of unity

Purpose: compute the quantum matrix ring of order n
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Note: activate this ring with the "setring" command.

The usual representation of the variables in this quantum

algebra is not used because double indexes are not allowed

in the variables. Instead the variables are listed by reading

the rows of the usual matrix representation.

Example:

LIB "gmatrix.lib";

def r =
setring
//
//
//
//
//
//
//
//
//
//
//
//
//
kill r;
def r =
setring
//
//
//
//
//
//
//
//
//
//
//
//
//

1

1171111111111

!

1171111111111

quantMat(2); // generate 0_q(M_2) at q generic

T; r;
characteristic : 0O
1 parameter tq
minpoly 0
number of vars : 4

block 1 : ordering Dp
: names y(1) y(2) y(3) y(4)

block 2 : ordering C
noncommutative relations:
y(2)y(D=1/(q)*y (1) *y(2)
y (R y(1)=1/(q)*y (1) *y(3)
y () y (D =y (D) *y(4)+(-q"2+1) /(@) *y (2) *y (3)
y(4)y(2)=1/(q)*y (2) *y(4)
y(4)y(3)=1/(q)*y(3) *y(4)

quantMat (2,5); // generate 0_q(M_2) at q~5=1

T; T;
characteristic : 0
1 parameter :q
minpoly : (q74+q~3+q"2+q+1)

number of vars : 4
block 1 : ordering Dp
: names y(1) y(2) y(3) y(4)
block 2 : ordering C
noncommutative relations:
y(2)y(1)=(-q~3-q"2-g-1) *y (1) *y(2)
y(3)y(1)=(-q~3-q~2-g-1) *y (1) *y (3)
y(4)y(1)=y (1) *xy(4)+(-q~3-q~2-2*q-1) ¥y (2) *y (3)
y(4)y(2)=(-q~3-q"2-g-1) *y(2) *y (4)
y(4)y(3)=(-q~3-q"2-g-1) *y(3) *y(4)

Section 6.5.44.2 [qminor], page 237

6.5.44.2 gminor

Procedure from library gmatrix.1lib (see Section 6.5.44 [qmatrix_lib], page 236).

Usage: gminor(I,J,n); I.J intvec, n int

Return: poly, the quantum minor
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Assume: [ is the ordered list of the rows to consider in the minor,
J is the ordered list of the columns to consider in the minor,
I and J must have the same number of elements,
n is the order of the quantum matrix algebra you are working with
(quantMat(n)).

Example:

LIB "gmatrix.lib";

def r = quantMat(3); // let r be a quantum matrix of order 3
setring r;

intvec u = 1,2;

intvec v = 2,3;

intvec w = 1,2,3;

gminor(w,w,3);

=y (D *y (5) *y (9)+(—q) *y (1) *y (6) xy (8) +(—q) *y (2) xy (4) *y (9)+ \
= (q72)*y (2) *y (6) *xy (7)+(q~2) ¥y (3) *y (4) *y (8) +(-q~3) *y (3) xy (5) *y (7)
gminor (u,v,3);

= y(2)xy(6)+(-q) *y(3)*xy(5)

gminor(v,u,3);

— y(4)*y(8)+(-q)*y(5)*xy (7)

gminor (u,u,3);

— y (D) *y(5)+(-q) *y(2) *xy (4)

Section 6.5.44.1 [quantMat], page 236

6.5.44.3 SymGroup

Procedure from library gmatrix.1lib (see Section 6.5.44 [qmatrix_lib], page 236).
Usage: SymGroup(n); n an integer (positive)

Return: intmat

Purpose: represent the symmetric group S(n) via integer vectors (permutations)
Note: each row of the output integer matrix is an element of S(n)

Example:

LIB "gmatrix.lib";

// "s(3)={(,2,3),(,3,2),(3,1,2),(2,1,3),(2,3,1),(3,2,1)}";
SymGroup (3) ;

1,2,3,

1,3,2,

3,1,2,

2,1,3,

2,3,1,

3,2,1

Section 6.5.44.5 [LengthSym], page 239, Section 6.5.44.4 [LengthSymElement],
page 239

1
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6.5.44.4 LengthSymElement

Procedure from library gmatrix.1lib (see Section 6.5.44 [qmatrix_lib], page 236).
Usage: LengthSymElement(v); v intvec

Return: int

Purpose: determine the length of v

Assume: v represents an element of S(n); otherwise the output may have no sense

Example:
LIB "gmatrix.lib";
intvec v=1,3,4,2,8,9,6,5,7,10;
LengthSymElement (v) ;

— 9

Section 6.5.44.3 [SymGroup], page 238, Section 6.5.44.5 [LengthSym], page 239

6.5.44.5 LengthSym

Procedure from library gmatrix.1lib (see Section 6.5.44 [qmatrix_lib], page 236).
Usage: LengthSym(M); M an intmat
Return: intvec

Purpose: determine a vector, where the i-th element is the length of the i-th row
of M

Assume: M represents a subset of S(n) (each row must be an element of S(n));
otherwise, the output may have no sense

Example:

LIB "gmatrix.lib";

def M = SymGroup(3); M;
— 1,2,3,

— 1,3,2,

— 3,1,2,

= 2,1,3,

— 2,3,1,

— 3,2,1
LengthSym(M) ;
— 0,1,2,1,2,3

Section 6.5.44.3 [SymGroup|, page 238, Section 6.5.44.4 [LengthSymElement],
page 239
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A.6 Noncommutative Algebra: Examples

A.6.1 Left and two-sided Groebner bases

For a set of polynomials (resp. vectors) S in a noncommutative G-algebra, SINGU-
LAR:PLURAL provides two algorithms for computing Groebner bases.

The command std computes a left Groebner basis of a left module, generated by the
set S (see Section 6.3.28 [std (plural)], page 191). The command twostd computes
a two-sided Groebner basis (which is in particular also a left Groebner basis) of a
two-sided ideal, generated by the set S (see Section 6.3.31 [twostd], page 193).

In the example below, we consider a particular set S in the algebra A := U(sl,) with
the degree reverse lexicographic ordering. We compute a left Groebner basis L of
the left ideal generated by S and a two-sided Groebner basis T of the two-sided ideal
generated by S.

Then, we read off the information on the vector space dimension of the factor
modules A/L and A/T using the command vdim (see Section 6.3.32 [vdim (plural)],
page 194).

Further on, we use the command reduce (see Section 6.3.27 [reduce (plural)],
page 189) to compare the left ideals generated by L and T.

We set option(redSB) and option(redTail) to make SINGULAR compute com-
pletely reduced minimal bases of ideals (see Section 4.1.91 [option], page 206 and
Section 6.4.34 [Groebner bases in G-algebras|, page 196 for definitions and further
details).

For long running computations, it is always recommended to set option(prot)
to make SINGULAR display some information on the performed computations (see
Section 4.1.91 [option], page 206 for an interpretation of the displayed symbols).

/] —==== 1. setting up the algebra
ring A = 0,(e,f,h),dp;
matrix D[3][3];
D[1,2]=-h; D[1,3]=2%e; D[2,3]=-2xf;
ncalgebra(1,D);
/] ————= equivalently, you may use the following:
// LIB "ncalg.lib";
// def A = makeUsl2();
// setring A;

/] === 2. defining the set S
ideal S = 73, £73, h"3 - 4%h;
option(redSB);
option(redTail);
option(prot) ; // let us see the protocol
ideal L = std(S);
— 3(2)s
— s
— s
— bs
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1

s

(4)s

4(5)s

(Ms

3(6)s
(8)(7)(6)4(5)(4)(3)(2)s
(3)(2)s

3(3)(2)45

11717111111

product criterion:6 chain criterion:16

L[1]=h3-4h
L[2]=fh2-2fh
L[3]=eh2+2eh
L[4]=2efh-h2-2h
L[5]=£3

L[6]=e3

111111

vdim(L); // the vector space dimension of the module A/L

!

15
option(noprot); // turn off the protocol
ideal T = twostd(S);
T;

T[1]=h3-4h
T[2]=fh2-2fh
T[3]=eh2+2eh
T[4]=f2h-2f2
T[5]=2efh-h2-2h
T[6]=e2h+2e2
T[7]=£3
T[8]=ef2-fh
T[9]=e2f-eh-2e
T[10]=e3

11711111111

vdim(T); // the vector space dimension of the module A/T

— 10

// reduce L with respect to T:
print (matrix(reduce(L,T)));

—~ 0,0,0,0,0,0

241

// as we see, L is included in the left ideal generated by T

// now, reduce T with respect to L:
print (matrix(reduce(T,L)));

— 0,0,0,f2h-2f2,0,e2h+2e2,0,ef2-fh,e2f-eh-2e,0
// the non-zero elements belong to T only
ideal LT = twostd(L);

// LT is the two-sided Groebner basis of L
// LT and T coincide as left ideals:
size(reduce(LT,T));

— 0
size(reduce(T,LT));

— 0
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A.6.2 Right Groebner bases and syzygies

Most of the SINGULAR:PLURAL commands correspond to the left-sided computa-
tions, that is left Groebner bases, left syzygies, left resolutions and so on. However,
the right-sided computations can be done, using the left-sided functionality and
opposite algebras.

In the example below, we consider the algebra A := U(sly) and a set of generators
I={e f}.

We will compute a left Groebner basis LI and a left syzygy module LS of a left ideal,
generated by the set I .

Then, we define the opposite algebra Aop of A, set it as a basering, and create
opposite objects of already computed ones.

Further on, we compute a right Groebner basis RI and a right syzygy module RS of
a right ideal, generated by the set [ in A .

/] ——=—= setting up the algebra:
LIB "ncalg.lib";

def A = makeUsl2();

setring A; A;

— //  characteristic : 0

— // number of vars : 3

= // block 1 : ordering dp

= // : names efh
= // block 2 : ordering C

— // noncommutative relations:

= // fe=ef-h

= // he=eh+2e

= // hf=fh-2f

/] ——=—= equivalently, you may use

// ring A = 0,(e,f,h),dp;

// matrix D[3][3];

// D[1,2]=-h; D[1,3]=2%e; D[2,3]=-2*f;

// ncalgebra(1,D);

option(redSB);

option(redTail);

matrix T;

// —-—- define a generating set

ideal I =e2,f;

ideal LI = std(I); // the left Groebner basis of I

LI; // we see that I was not a Groebner basis
— LI[1]=f

— LI[2]=h2+h

— LI[3]=eh+e

— LI[4]=e2

module LS = syz(I); // the left syzygy module of I

print (LS);

— —ef-2h+6,-f3, -ef2-fh+4f, -e2f2-4efh+16ef-6h2+42h-72,
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— e3, e2f2-6efh-6ef+6h2+18h+12,e3f-3e2h-6e2,e4f
// check: LS is a left syzygy, if T=0
T = transpose(LS)*transpose(I);

//  noncommutative relations:

// FH=HF-2F

// EH=HE+2E

// EF=FE-H

--- we "oppose" (transfer) objects from A to Aop

print(T);

— 0,

— 0,

— 0,

— 0

// —-—- let us define the opposite algebra of A
def Aop = opposite(A);

setring Aop; Aop; // see how Aop looks like
— //  characteristic : O

— // number of vars : 3

= // block 1 : ordering a

= // : names HF E
= // : weights 111
= // block 2 : ordering ls

= // : names HF E
= // block 3 : ordering C

—

—

—

—

//

ideal Iop = oppose(A,I);

ideal RIop = std(Iop); // the left Groebner basis of Iop in Aop
module RSop = syz(Iop); // the left syzygy module of Iop in Aop
module LSop = oppose(A,LS);

module RLS = syz(transpose(LSop));

// RLS is the left syzygy of transposed LSop in Aop

// -—— let us return to A and transfer (i.e. oppose)

// all the computed objects back

setring A;

ideal RI = oppose(Aop,RIop); // the right Groebner basis of I
RI; // it differs from the left Groebner basis LI
— RI[1]=f

— RI[2]=h2-h

— RI[3]=eh+e

— RI[4]=e2

module RS = oppose(Aop,RSop); // the right syzygy module of I
print (RS);

— -ef+3h+6,-f3, -ef2+3fh,-e2f2+defh+def,
— e3, e2f2+2efh-6ef+2h2-10h+12,e3f, e4f
// check: RS is a right syzygy, if T=0

T = matrix(I)*RS;

T

— T[1,1]=0

— T[1,2]=0
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— T[1,3]=0

— T[1,4]=0

module RLS;

RLS = transpose (oppose (Aop,RLS));

// RLS is the right syzygy of a left syzygy of I
// it is I itself?

print (RLS);

— e2,f



Conclusion and Future Work

The implicit aim of this thesis was to create a possibly complete picture
of symbolic methods for G R-algebras, together with numerous motivating
and illustrating examples.

We have presented the Grobner basics, enlisted in Section 2 and elabo-
rated the theory in Chapters 2 and 3. Beyond our scope are Hilbert series
and polynomials, more detailed discussion on dimensions, definition and
computation of a multiplicity e(M) of a module (what is done in the book
[56]). The Betti numbers for graded modules over graded algebras (for ex-
ample, algebras, where the relations can be made quasi-homogeneous) are
implemented in PLURAL, but are also not discussed in details.

The last topics fit into a wide area of computations, related to homo-
logical algebra together with computations of Homy, Exty, Tor® modules
with the applications to computing of torsion submodules, Hochschild co-
homology of algebras and modules, cohomology of modules over universal
enveloping algebras and so on. In the lecture notes [52] we have already
proposed an approach, which differs from the one described in the book
[14]. Meanwhile, yet another way of computations was used in [19], ap-
plying algebraic involutions instead of continuous transitions between an
algebra and it opposite. The work on this topic is in progress and shows a
big potential in the future. I particular, the algorithms, related to homo-
logical algebra will be implemented in the library nchomolog.1ib, which is
already under development.

There are some generalizations of G—algebras, like rings of solvable type
of Kredel [46], enveloping Lie fields of Apel ([3] and references therein),
PBW rings of Bueso et.al. [14], Ore algebras of Chyzak and Salvy [18].

One of the most important setting is the non—commutative localization
of a G-algebra with respect to a subset of a set of variables. Since a left
resp. right quotient fields exists, as soon as the Ore condition is satisfied
and a quotient field is, in particular, a localization, a needed algebra can
be described as follows. Let K be a numeric field (Z,, Q,R,C) and the set
of variables is S = X U D = {z1,...,2,} U{01,...,0,}. Let there be a
set of relations R, such that A := K(S | R) is a G—algebra and, say, B :=
K(X | R |x) is a proper G-subalgebra. Then, there exists a localization
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of A with respect to B; in particular, we are interested in considering the
quotient field of B, thus declaring z; to rational variables, while 9; remain
polynomial. Such an algebra is denoted by A = K(X)(S\X | R). Algebras
of this type play an increasingly important role in modern computer algebra
and its applications. In the theory of linear differential equations it is quite
natural to consider partial differential 0; as polynomial generators, while
the coordinates x; are understood rather as rational generators. Nearly
the same applies to linear operator algebras. In such cases, X is usually
commutative and relations R on D do not involve x.

It seems that the framework of rings of solvable type and PBW rings is
too general to be efficiently implemented in whole generality, on the other
hand there are only a few applications, requiring this. A better perspective
has the approach of Ore algebras, which has been successfully applied to
concrete problems of System and Control Theory ([19]). The Grébner basis
theory in such algebras is a variation of the polynomial case we have pre-
sented, however, only two systems, OPENXM (KAN) and OREALGEBRA
(MGFUN) are able to perform Grobner basis and some related computa-
tions. The efficiency of implementations was merely discussed; we are not
aware of existence of new criteria and of revision of older. There are only
some basic tests to measure the performance and so on. The natural gen-
eralization of our methods and a new task for PLURAL would be to review
the methods, to adopt them into some reasonable framework (like we did
for G—algebras) and implement several possible algorithms for computing
Grobner bases.

The ”Delta Grobner bases” method, proposed by F. Castro in [16] looks
very promising, since it utilizes the commutative subalgebras at a full scale.
The "involutive bases” ([29, 72]) are getting more sophisticated implemen-
tations and sometimes show a better performance, than the Grébner bases.
Since the proof of the equivalence of an involutive basis of a module to its
non-reduced Grobner basis, involutive basis algorithm is often used as an
alternative to Buchberger’s. The involutive approach is quite universal and
exists both in G-algebras ([72]) and in rational PBW algebras described
above.

Summarizing, we note that the movement towards rational noncom-
mutativity is strategically important both for SINGULAR:PLURAL research
group and for the Computer Algebra in general, since numerous applica-
tions in natural sciences require a symbolical intervention, which, however,

should have been done on a fast and reliable computer algebra system.
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