GROBNER-SHIRSHOV BASES FOR REPRESENTATIONS OF LIE
ALGEBRAS AND HECKE ALGEBRAS OF TYPE A

KYU-HWAN LEEf

ABSTRACT. In this paper we discuss the Grébner-Shirshov basis theory for represen-
tations of Lie algebras and Hecke algebras of type A. We describe Grébner-Shirshov
pairs and monomial bases for the Weyl modules over the special linear Lie algebras, and
present the structure of the Specht modules over the Hecke algebras through Grobner-
Shirshov pairs and monomial bases.

0. INTRODUCTION

An efficient way to understand a (commutative, associative or Lie) algebra defined
by generators and relations is to find a Grobner-Shirshov basis for the algebra. Once a
Grobner-Shirshov basis is determined it automatically gives a linear basis of the algebra
and an algorithm to write down an element into a linear combination of basis elements.
The Grobner-Shirshov basis theory was developed by Buchberger for commutative alge-
bras ([8]) and by Shirshov for Lie algebras ([19]). It was also generalized by Bergman
([1]) and Bokut ([2]) to the case of associative algebras.

The theory can also be used to study representations of associative (and Lie) algebras.
Among the representations the irreducible ones play the role of building blocks. For the
irreducible representations of an algebra, it is enough to consider the following situation.
Let A be a free associative algebra and let (S,T’) be a pair of subsets of monic elements
of A. Let J be the two-sided ideal of A generated by S and A = A/J be the quotient
algebra. We denote by I the left (or right) ideal of A generated by (the image of) T'. Then
the left (or right) A-module M = A/I is said to be defined by the pair (S, T). Then the
pair (S, T) is closed under composition if and only if the set of (S, T')-standard monomials
forms a linear basis of M. In [13], such a pair (S, T) was called a Grébner-Shirshov pair
for M.

t This research was supported by KOSEF Grant # 98-0701-01-5-L.
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The purpose of this work is to describe Grobner-Shirshov bases for representations of
Lie algebras and Hecke algebras of type A. In the first section, we recall the Grobner-
Shirshov basis theory for (cyclic) representations of associative algebras. We discuss in
the next section the application of the theory to the Weyl modules over the special linear
Lie algebra sl,,41. In [14] Grobner-Shirshov pairs were determined for the Weyl modules
over the ground field C. We modify those Grobner-Shirshov pairs to have coefficients in
Z, and obtain from them linear bases of the Weyl modules over sl,,(1F for any field F of
characteristic not equal to 2. The last section is devoted to describe the Specht modules
over Hecke algebras of type A using Grobner-Shirshov pairs. For each partition A of n,
there exists a Specht module. In [15] the set of cozy tableaux was identified with the set
of standard monomials of the corresponding Specht module. We introduce the notion
of semicozy tableau and identify the set of semicozy tableaux with the set of standard
monomials of the Hecke algebra H,,(¢). Hereby we explain the results of [15] in a much

simpler way.

1. GROBNER-SHIRSHOV PAIR

In this section we present the Grobner-Shirshov basis theory for (cyclic) representations
of associative algebras. Although we deal with left modules in this section, the theory

can be easily modified to be fit for the right modules.

Let X be a set and let X* be the set of associative monomials on X including the
empty monomial 1. We denote the length of a monomial u by [(u) with a convention

I(1) = 0.

Definition 1.1. A well-ordering < on X* is called a monomial order if x < y implies
axb < ayb for all a,b € X*.

Example 1.2. Let X = {x1, 29, -} be the set of alphabets and let
U=T4 Ty Ty, U=2TjTjp-Tj, € X"

We define © <geg-1ex v if and only if k <l or k = [ and i, < j, for the first r such that

i, # jJr; it is a monomial order on X* called the degree lexicographic order.

Fix a monomial order < on X* and let Ax be the free associative algebra generated

by X over a field F. Given a nonzero element p € Ay, we denote by p the maximal
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monomial appearing in p under the ordering <. Thus p = ap + Y fyw; with «, §; € F,
w; € X*, a#0and w; <p. If @ =1, pis said to be monic.

Let (S,T) be a pair of subsets of monic elements of Ax, let J be the two-sided ideal
of Ax generated by S, and let I be the left ideal of the algebra A = Ax/J generated by
(the image of) T. Then we say that the algebra A = Ax/J is defined by S and that the
left A-module M = A/I is defined by the pair (S,T). The images of p € Ax in A and in
M under the canonical quotient maps will also be denoted by p.

Definition 1.3. Given a pair (5,7 of subsets of monic elements of Ax, a monomial
u € X* is said to be (S,T)-standard if u # asb and u # ct for any s € S, t € T and
a,b,c € X*. Otherwise, the monomial u is said to be (S,T)-reducible. If T = ), we
simply say that u is S-standard or S-reducible.

Lemma 1.4. ([13, 14]) Every p € Ax can be expressed as

(1.1) p=Y masibi+ > Biciti+ Y Y,

where Ozi)ﬁja’yk € IF7 aiabivcjauk S X*7 S; € S; tj € T7 azs_zbz j ﬁ7 CJE j 2_9; U j p and
uy are (S,T)-standard.

Remark. The proof of the above lemma actually gives us an algorithm of writing an
element p of Ay into the form of (1.1).

The term ) vxuy in the expression (1.1) is called a normal form of p with respect to
the pair (S,7") (and with respect to the monomial order <). In general, a normal form

is not unique.

As an immediate corollary of Lemma 1.4, we obtain:

Corollary 1.5. ([13, 14]) The set of (S, T)-standard monomials spans the left A-module
M = A/I defined by the pair (S,T).

Definition 1.6. A pair (5, 7T) of subsets of monic elements of Ax is a Gréobner-Shirshov
pair if the set of (5, T)-standard monomials forms a linear basis of the left A-module
M = AJ/I defined by the pair (S,T"). In this case, we say that (S,T") is a Grébner-
Shirshov pair for the module M defined by (S,T). If a pair (S,0) is a Grobner-Shirshov
pair, then we also say that S is a Grébner-Shirshov basis for the algebra A = Ax/J
defined by S.
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Let p and ¢ be monic elements of Ax with leading terms p and g. We define the
composition of p and ¢ as follows.

Definition 1.7. (a) If there exist a and b in X* such that pa = bg = w with I(p) > (D),
then the composition of intersection is defined to be (p,q). = pa — bg. Furthermore, if
a = 1, the composition (p, q),, is called right-justified.

(b) If there exist @ and b in X* such that a # 1, apb = § = w, then the composition of
inclusion is defined to be (p, q)., = apb — q.

Let p,g € Ax and w € X*. We define a congruence relation on Ax as follows: p = ¢
mod (S, T;w) ifand only if p—q = > aya;8:b,+ ) Bjc;t;, where o, B; € F, a;, b, ¢; € X¥,
s; €S, t; €T, a;5b; < w, and ¢;t; < w. When T = (), we simply write p = ¢ mod (S; w).

Definition 1.8. A pair (5,7") of subsets of monic elements in Ax is said to be closed
under composition if
(i) (p,q)w =0 mod (S;w) for all p,q € S, w € X* whenever the composition (p, q),
is defined,
(ii)) (p,q)w =0 mod (S, T;w) for all p,q € T, w € X* whenever the right-justified
composition (p, q),, is defined,
(iii) (p,q¢)w =0 mod (S, T;w) forallp € S, q € T, w € X* whenever the composition
(P, q)w is defined.

If T = (), we say that S is closed under composition.

The following lemma is a variation of Composition-Diamond Lemma ([1, 2, 19]).

Lemma 1.9. ([13]) Let (S,T) be a pair of subsets of monic elements in the free asso-
ciative algebra Ax generated by X, let A = Ax/J be the associative algebra defined by
S, and let M = A/I be the left A-module defined by (S,T). If (S,T) is closed under
composition and the image of p € Ax is trivial in M, then the word p is (S, T)-reducible.

As an immediate consequence, we obtain:

Theorem 1.10. ([14]) Let (S,T) be a pair of subsets of monic elements in Ax. Then
the following conditions are equivalent :

(a) (S,T) is a Grébner-Shirshov pair.

(b) (S,T) is closed under composition.

(¢) For each p € Ax, the normal form of p is unique.
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2. SPECIAL LINEAR LIE ALGEBRAS

In this section we apply the Grobner-Shirshov basis theory developed in the previous
section to the Weyl modules over the special linear Lie algebra si,,1F. The special
linear Lie algebra si,,11F is the Lie algebra of (n + 1) x (n + 1) matrices with trace 0.
We assume that the base field I is not of characteristic 2. We fix our monomial order to
be the degree lexicographic order <geg.1ex and denote it by < for simplicity.

2.1. Weyl modules. To begin with we fix the notations. Recall that the Lie algebra
slp1F is generated by {e;, hy, fi|1 < i < n} with defining relations

W [hibg] (0> 35),  [eif;] — dihi,
leihj] + ajiei,  [hifj] + ai; f;,
Sy [eileipied],  [leeded] (1<i<n—1),
(2.1) o
leie;] (i >j+1),
S_ o [fimlfinfill, (firnfilfil 1 <i<n—1),
[

fifi] (i>5+1),
where the Cartan matrix (a;;)1<; <, is given by
(22) Qi = 2, Qit1,5 = Qii41 = —1, Q5 = 0 for ’Z — ]| > 1.

Let U be the universal enveloping algebra of si,1F and let U* (resp. U~) be the
subalgebra of U with 1 generated by E = {ey, - ,e,} (resp. F ={f1,---, fa}). Thus
the algebra U™ (resp. U™) is the associative algebra defined by the set Sy (resp. S_) of
relations in the free associative algebra Ag generated by E (resp. Ap generated by F).

For i > j, we define

[T =1[[ - [ejejn] - -Jeimledl, e = ejejin---e
(2.3) i) = Uilfial - Uy i)l fog = fifiea - 1
hij = hi +hiy + -+ + hy.
Hence [¢] = € = ¢; and [fi] = fu = fi. We also set [e"T'] = ¢t = 1 and

[fiit1] = fiiz1 = 1. We define f; < f; if and only if ¢ < j, and (4, j) > (k,[) if and only
ifir>kori=k,j>1L

In [4], Bokut and Klein extended the set S_ to obtain a Grébner-Shirshov basis S—
for the algebra U~ as given in the following proposition.
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Proposition 2.1. ([4], [16]) Assume that char F # 2 and let

(2.4) So=Allfyl, ulll (.5) > (k1), k#j—1}.
Then S_ is a Grobner-Shirshov basis for the algebra U~. In addition, in U™, we have
(2.5) [Lfis] -1kl = [fiw].

Remark. 'The Grobner-Shirshov bases for classical Lie algebras first appeared in the
paper of Lalonde and Ram ([16]), and were completely determined by Bokut and Klein
in a series of papers ([4, 5, 6]). (See also [9].) For classical Lie superalgebras, the
Grobner-Shirshov bases were determined in [3].

For the time being we work over C and Z, and then we will pass to an arbitrary field
by extension of base. The following proposition is well-known and standard.

Proposition 2.2. ([10, 20]) The set
{[e”] hi, [fy] 11 < j <i<n}
1s a Chevalley basis of sl,+1C.

We use the following abbreviation: for m € Zxg

)y _ ™
gl = Lo

We fix the Chevalley basis given in the above proposition. Let U, be the corresponding

Z-form of U™, that is, the subring of U~ (with 1) generated by all [f;;](™ (m € Zso,1 <

Jj <i<n)over Z.

Recall that the finite dimensional irreducible representations of s/, ,1C are indexed by
partitions with at most n nonzero parts. Let A = (A > A > -+ > X\, > Ay = 0)
be a partition with at most n nonzero parts and let V() denote the finite dimensional
irreducible representation of sl,,.;C with highest weight . Set

(2.6) m; =N — N\ipq1 fori=1,2,--+ n.

It is well-known (see [12], for example) that the si,,11C-module V(\) can be regarded
as a U~ -module defined by the pair (S_,T)), where

(2.7) Ty = {f™*i=1,--- ,n}.

We define Vz(A) to be the Uz-submodule of Vo (A) generated by the highest wight vector
1 € Ve(A). Thus we have Vz(A\) = U5 -1 and Vz()) is an admissible lattice.
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Now we accomplish the passage to an arbitrary field and define the Weyl modules over

sl,+1F. We fix a partition A having at most n nonzero parts. We define
V|:(>\> =F®, Vz()\)
Then Vi(A) naturally becomes an sl,,1F-module (cf. [10]).

Definition 2.3. The sl,1F-module V&(A) is called the Weyl module of highest weight
A over sl, 1F.

2.2. The natural relations in Vz()\). As we mentioned in the introduction, Grébner-
Shirshov pairs for V() were determined in [14]. We modify the relations in the Grébner-
Shirshov pairs for Vc(\) so that they may hold in Vz()). The proofs are similar to those
in [14] and we omit them.

The following relations in U, play an important role in deriving the other relations in

Vz(A).
Lemma 2.4. ([14]) The following relations hold in U, :

(2.8) i Uit ™ = [ ™D fin] + fioinl ™ i) (m > 1).

We fix a partition A = (A} > Ag > -+ > A, > A1 = 0) with at most n nonzero

parts, and set m; = \; — A\iy1 (1 <4 < n) as before. For 1 < j <i <n and as, 75 € Z,

we define

n

n
as,j+1 + Trs
Bi,j = H ( s |T’z = § Ts,
T's s=1

bi,j =1m; + 1+ Z (CLSJ'_H — a&j) and
s=i+1
n 7j—1 s
= 1 ([t i [ ),
s=i \l=1 t=j+2

Lemma 2.5. The following relations hold in Vz(\) for k > 0.

(1)
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(2) For1 <j<n and asy € Z>o,

bn,j +k n
S F g O gl o) TT (e =0,
rn=0 t=j+2

(3) For1<j<mn and as; € Z>o such that b;; > 0,

an,j aji1,

(bjj+k+Irlj+1) _
d > Bl Hj15=0.
rn=0 rj+1=0

(4) For 1 <j<i<n and asy € Z>o such that b;; > 0,

Qn,j ai11,5 btk
Z . Z Z Bi—l—l,jf;‘rli)
rn=0 rit1=07r;=—a; j+1
7
X [fi] O R[] et ( H [fi,t](ai’t)> Hiq1;=0,
t=j+2

where the summand is 0 whenever |r|; < 0.

2.3. Monomial bases for VE()). In this subsection we determine a Grébner-Shirshov
pair and the standard monomial basis for the Weyl module V¢ (), and give a 1-1 corre-
spondence between the standard monomial basis and the set of semistandard tableaux of
given shape. Modifying the standard monomial basis for Vz(\), we obtain bases of Vz(\)
and Vi () consisting of monomials in divided powers of the elements in the negative part
of the Chevalley basis.

Since Vz(A) is a submodule of V¢()\), all the relations in Vz(A) hold also in V().
Hence the relations in Lemma 2.5 hold in V¢ (A). We will see that those relations (with
k = 0) actually consist of a Grobner-Shirshov pair for Vo (A).

Recall that a Grobner-Shirshov pair consists of monic elements, so we need to make
the relations in Lemma 2.5 to be monic by multiplying appropriate scalars. Let 7, be the
subset of Ay consisting of the following monic elements, which are just scalar multiples
of the left-hand side of the relations with £ = 0 in Lemma 2.5:

(1)

k(n, n)féb”’"),
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bn,j n
£ 3) 3 S )5 fgaa) @) TT (o)
rpn=0 t=j42
for 1 Sj < n and st € Zzo,
(3)
ST o (b +Irl 1)
ﬁ(],]) Z ... Z Bj+1,jfj 5,7 j+1 Hj+1,j
rn=0 rj+1=0
for 1 <j < n and as; € Z>( such that b;; > 0, and
(4)
an,j Qit1,5 bi
k(i, 5) Z Z Z Bi+17jfj(|7"z)
=0 rip1=07;=—a; j+1
X [figl I fi g ] it ( H [fi,t](ai’t)> Hii,
t=j+2

for 1 <j <i<mnandass € Z> such that b, ; > 0,

where

KJ(Z,]) :bi,j! H ai,t! H Hasjt!

t=j+1 s=i+1 t=1

for1 <j<i<n.

Note that the maximal monomial of each relation in 7, appears when ry, = 0 for all s,
and that it is of the form

e T e T T a<i<i<n).

t=j+1 s=i+1 t=1

Our observation yields the following proposition.
Proposition 2.6. ([14]) The set Gw () of (S—,7))-standard monomials is given by
(2.9) GwN) ={[[] 5 10<aiy <bi;—1},
i=1 j=1

where by =m; +1+ 377 . (asjp1 — Gsj).
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The diagram of a composition A = (A1, Ay, - - - ) is defined to be the set
N = {6, )1 <j < A andi> 1},

If A is a composition of m then a A-tableau is a map t : [\] — {1,2,---,m}; we also
denote by [t] the diagram [A] corresponding to the tableau t. Given a partition A, a
A-tableau t is semistandard if

t(i,7) <t(i,j+1) and t(i,5) <t(i+1,j) foralliand j.

As usual, we can present a semistandard tableau by an array of colored boxes.

Suppose that A is a partition with at most n nonzero parts. Let SST()\) denote the
set of all semistandard tableaux of shape A\. We define a map ¥ : Gy (\) — SST(A) as
follows.

(a) Let W(1) be the semistandard tableau 7* defined by 72(i, j) = ¢ for all ¢ and j.

(b) Let w =[]\, H;':1 fis? be an (S_, T,)-standard monomial in Gy (A). We define
¥ (w) to be the semistandard tableau 7 obtained from 7* by applying the words f; ;’s
successively (as a left U~ -action) in the following way:

the word f;; changes the rightmost occurrence of the box j in the j-th row of T
to the box i+1.

For example, for the monomial w = fi f5 f31f3 in Gw((4,3,2)), ¥(w) is the semistandard

1124
tableau 9 3 3

4 4
It is now straightforward to verify that W is a bijection between Gy () and SST'()).

We have just proved the following proposition.

Proposition 2.7. The set Gy () is in 1-1 correspondence with the set SST(N) of all

semistandard tableaux of shape A.

By Corollary 1.5, Gy () is a spanning set of Ve (A), and since dim V(X)) = #SST'(N),
it is actually a linear basis of V(). Therefore, we conclude:

Theorem 2.8. ([14]) The pair (S_, 7)) is a Grébner-Shirshov pair for the irreducible
slp1C-module Vo (\) with highest weight X, and the set Gy (\) is a monomial basis for
Ve(A).
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Now we can easily obtain a basis of Vz(A) and Vi()A) from the set Gy (). We define

GwN) ={JTT1fs) 10 < @iy < bijy—1},
i=1 j=1
where b, ; = m; +1+ ZZ:Z.H(CLSJH — as;). Since the leading monomial of each element
in Gy (\) is just the corresponding element in Gy (A), the set Gy ()) is another basis of

Ve(A). Furthermore, we have the following theorem.
Theorem 2.9. The set Gy (\) is a basis of Vz()\), and also a basis of Ve()).

Proof. Since GW(A) is linearly independent over C, it is also linearly independent over
Z. We show that Gy (\) spans Vz(A) over Z. From the definition of Vz(\) and the
relations in S_, it is enough to consider elements fc of the form f. = [], [l fij)(asa),
We use induction. If f. = 1, there is nothing to prove. Assume that f. > 1 and
that all the elements f, of the form f, = [T, [;[fi,] with f, < fc are Z-linear
combination of elements in Gy (A). If a; ; < b;; for all ¢, j, then f. € Gy (A). Otherwise
we can use relations in Lemma 2.5 to write f: into a Z-linear combination of elements
fo=TL1L fm](“;u‘) with f, < fc. By induction f, is a Z-linear combination of elements
in Gy (A). Thus Gy (\) spans Vz(A) over Z. The second assertion immediately follows
from the first. 0

3. HECKE ALGEBRAS

In this section we apply the Grobner-Shirshov basis theory to the Specht modules
over the Hecke algebras H,(q) of type A. As in the previous section, we take <geg lex
as our monomial order and denote it simply by <. From now on we consider only right

modules.

3.1. Specht Modules. Let F be a field, and fix n € Z-y and a nonzero q € F*. The
Hecke algebra H,,(q) of type A is defined to be the associative algebra over F generated
by X = {11,T5,--- ,T,_1} with defining relations

T, =TT, fori>j5+1,
(3.1) Ry« T}=(¢—-1T+q for 1 <i<n-—1,

T T =TT T for1<i<n-—2.

We write T; ; = ;1,1 -- -1 for i > j (hence T;; = T;) with a convention 7;,;.; =1

(1 >0).
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Proposition 3.1. ([15]) A Grébner-Shirshov basis for H,(q) with respect to the mono-
maal order < is given by
T, — 15T, for i>j5+1,
(3.2) Ry : T?—(¢—1T;—q for 1<i<n-—1,
Tiv1Ti1 — T35 fori>j.
Hence the set of Ry-standard monomaials s

By ={Tva,Tou  Th-1a, 1 <ap,<k+1,k=12--- ,n—1}

Suppose that A\ is a composition. A A-tableau t is row standard if the entries in ¢
increase from left to right in each row. The set of row standard A-tableaux will be
denoted by RS(A). A row standard A-tableau ¢ is standard if X is a partition, t is
bijective as a map and the entries in ¢ also increase from top to bottom in each column.
We denote the set of standard A-tableaux by ST'()).

Let p and v be compositions. Write p > v if

Z,ujZZyj for all 7 > 1.
j=1 j=1

Given a row standard tableau ¢ and an integer m < n, let t | m be the tableau obtained

from ¢ by deleting all of entries greater than m. Note that t | m is also row standard.

Given a row standard A-tableaux s and ¢, write s>t if [s | m|>[t | m]form =1,2,--- n.
Given a composition A = (A, Ay, - -+ ) of n, we define

0y=0 and i,\:Z)\l for ¢ > 1.
=1

For example, if A = (3,4,1) |= 8, then we have
O)\ZO, 1>\:3, 2>\:7 and 3)\:8.

We call a A-tableau semicozy if 1 < t(i,7) < (i — 1) + 7. The set of semicozy -
tableau will be denoted by SC(\). For a fixed composition A, we identify an element
T Toay - Th-1,a,_, € By with the semicozy A-tableau defined by (i, j) — ag—1),+j-1
(ap = 1). In this way the set SC'()) of semicozy A-tableau is identified with the set By.

Example 3.2. If A = (3,2,1) I 6, then

T 9T5 31341y 5156 =1 +—

(S TG
S
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N DO

and T1,2T2,3T3,1T4,2T5,5:T3,1T4,2T5 —

CU = =

Let t* be the tableau defined by
t*(i,j) = (i — 1)y +j for all i and j.
For example, 321 is the tableau given below :

12345
6 7 8
9 10
11

For a given partition A\ = (A1, Ag,---) and for each ¢ > 2 and j > 1, we define the
(1, 7)-Garnir tableau tl’-\J by

t*(a, b) if a#iorb>j,

tf\j (CL, b) =
’ (1—2)A+7J+b—1 otherwise.

We also define Y3(t};) € Ax to be the sum of A-tableau ¢ (or corresponding monomials)
such that
t€ RS(A)NSC(N) and t*<t <t
Let e be the order of ¢ € F*, so e € NU{oco}. We define the H,,(¢)-module g;‘ by the
pair (R, R}y), where R}, is the set of elements:

Ti—q (@#L121),

(3.3) 2(th) (i>2),
So(the) (e<o0,i>2, k>1).

The module 5’5\ will turn out to be isomorphic to the Specht module. To do this, we use
Murphy’s construction ([17]) of Specht modules. So let us recall the construction.

Let S,, be the symmetric group on n letters and let 7; = (é,7+1) be the transposition of
iand i+1. We define for T'=T,, T}, - - - T;, € Hn(q), T* =T, T;
an anti-automorphism of H,,(¢) by linearity. For a reduced expression w = 7;,7;, - - 73, €
Sn, we define T, € H,(q) to be

w1 - 15, and extend * to

T, =TT, T,

k

Then T, is well-defined and T, = T},-1.
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The symmetric group S, acts naturally from the right on the set of all A-tableaux
which is bijective as a map. If ¢ is row-standard and bijective, we denote by d(¢) the
element of S, for which ¢ = t*d(t). We denote by W) the group of row stabilizers of *.
Let A be a composition of n. By a A\-pair we mean a pair (s,t) of bijective row standard
A-tableaux. A A-pair is called standard if both s and ¢ are standard.

For a composition A of n and for any A-pair (s,t), we define

(3.4) wa= Y T, and g =Tj 2 Tuq).

weWy

Hence z;5,» = x5. From now on, whenever the subscript is ¢*, we will abbreviate it to \.
For example, we will write z;x 0 = 2\ = ) and xp, = Ty,

For a partition A F n, let N* (resp. N*) be the F-submodule of H,,(q) spanned by .,
where (7, s) runs over all standard p-pair for a partition g b n with > X (resp. pu> A).
Let M* = 2,H,(q) be the cyclic H,(¢)-module generated by zy and set M* = M* (| N*.

Definition 3.3. The H,,(¢)-module S = M*/M?* is called the Specht module over H,(q)

corresponding to the partition A.

Proposition 3.4. ([17]) The Specht module S} has a basis consisting of the vectors
Tys + M?, where s runs over all standard \-tableauz.

3.2. Grobner-Shirshov pairs for the Specht modules. In this subsection we deter-
mine Grobner-Shirshov pairs for the modules 5”;‘ It is achieved by showing that SY;\ is
isomorphic to the Specht module S;‘. The monomial basis for 5’;‘ is identified with the

set of cozy A-tableaux.

A connection between 52‘ and S ;‘ is made in the following proposition.

Proposition 3.5. ([15, 17]) In S} the following relations hold.

(1)

(2)
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The above proposition gives us a surjection from 5’;‘ to S;. Indeed, we define an
H.,.(q¢)-module homomorphism V¥ : S‘;‘ — S;‘ by 1+ x). Then it is assured in the above
proposition that U is well-defined. Naturally, ¥ is surjective.

To obtain a Grobner-Shirshov pair for S’;‘ we need more relations holding in S‘;‘
Lemma 3.6. ([15])
(1) For each t € SC(X) such that t(i,j) > t(i,j + 1) for some 1,7, we have in 52‘
t=qt,
where

t(@ j+1) if (a,b) = (i,4),

ti,g)+1 if (a,0) = (1,5 + 1),

t(a, otherwise.

(2) For each t € SC(A\) N RS()) such that t(i,j) +j > t(i + 1,7) for some i,7, we
can write in S;‘

t= Zanss (s € SC(N\),ars € F).

s=<t
Let R} be the set of relations from Lemma 3.6. That is,
t—qt’ (t € SC(N),t(i,7) > t(i,j + 1) for some 1, j),
Riy t—Zaws (te SCA)NRS(N),t(i,j)+ 7 >t(i+1,7) for some 14, 7).

s<t
A semicozy A-tableau t € SC()) is said to be cozy if it is row standard and satisfies
the condition ¢(i,7) +j < t(i+ 1,7) for all i and j. We denote by C'Z(\) the set of cozy
A-tableaux. For example, the following tableaux are cozy :

1234567 1234567
246 810 346 910
369 4 7 9

4 812 71015

Lemma 3.7. ([15]) The set CZ(\) of cozy A-tableaux is in one-to-one correspondence
with the set ST(X) of standard \-tableaux.

Proof. A cozy A-tableau ¢ is identified with a monomial T}, ---T;, in H,(q), and the
monomial 7;, ---T;, corresponds to the element 7;, ---7;, in .S,. It is easy to check that
2 7;, 1s a standard A-tableau, and that this is a one-to-one correspondence between

CZ(\) and ST(N). 0
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Now we state the main theorem of this section.

Theorem 3.8. ([15])

a) The set of (Ry, R} )-standard monomials is exactly the set of cozy A-tableauz
H
CZ(\) under the identification of By with SC(X).
b) The module S defined by (R, RY,) is isomorphic to the Specht module S?.
q H q
(¢) The pair (Ri,RY) is a Grébner-Shirshov pair for S’;‘ with respect to <.

Proof. From the definition of a cozy A-tableau, it is clear that the set of (Ru, R%)-
standard monomials is exactly the set of cozy A-tableaux C'Z(\) under the identification
of By with SC()). Since there is a surjection ¥ from S’? onto S, we have dim 5’;‘ >
dim S). It follows from Corollary 1.5 that C'Z()) spans S’é\ and so #CZ(\) > dim S;
On the other hand, dim S} = #ST(\) from Proposition 3.4. Thus from Lemma 3.7 we

obtain
#ST(N) = #CZ(A) > dim S} > dim S = #ST(N).

Now 5’;‘ is isomorphic to S}, and C'Z()) is a linear basis of 5’;‘ The part (c) follows from
the definition of a Grobner-Shirshov pair. 0

Remark. The monomial basis CZ(\) is mapped onto the linear basis of S given in
Proposition 3.4 under the isomorphism V.
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